GLOBAL TIME-ANALYTIC STRONG SOLUTIONS FOR A CLASS OF
3-WAVE KINETIC EQUATIONS

NGUYEN GIA HIEN, GIGLIOLA STAFFILANI, AND MINH-BINH TRAN

ABSTRACT. We study a class of 3-wave kinetic equations arising in wave turbulence theory, with
regularized kernels. For radial, nonnegative initial data, we construct an exact global-in-time strong
solution which remains nonnegative and is analytic with respect to time. The proof combines a
careful analysis of the resonant interaction surfaces with a time power-series construction and a
continuation argument based on the conservation of the energy moment.

1. INTRODUCTION

Wave turbulence theory provides a statistical description of the transfer of energy across scales
in weakly nonlinear dispersive wave systems. Since its early development, it has become a central
framework in mathematical physics, with applications to rotating fluids, magnetohydrodynamics,
Alfvén waves in the solar wind, plasma turbulence, and wave processes arising in fusion-related
models. The foundations of the theory can be traced back to the pioneering work of Peierls
[24], and were further developed through the seminal contributions of Benney and Saffman [4],
Zakharov and Falkovich [36], Benney and Newell [3], and Hasselmann [18| [19]. These developments
led to the formulation of wave kinetic equations, in particular the classical 3-wave and 4-wave
kinetic equations, which describe the resonant exchange and redistribution of energy among weakly
interacting modes. In recent years, the rigorous derivation of such kinetic equations from underlying
dispersive wave systems has seen major progress, most notably in a series of works by Deng and Hani
[8, 9L [1T), 12, 10]. For broader accounts of the physical theory, its scaling laws, and its applications,
we refer to [21], 25 [37].

In this work, we consider the following 3-wave kinetic equation

Oif(t,k) = QaulfI(k), (t k) € (0,00) x RY,
f(0,k) = fo(k),keR? d>3

in which the collision operator is of the form

Qsuwlf](k) = //de [Rk:,kl,kz [f] = Ry ok [] = Bo oy [f]] A1 d ez (2)

(1)

with

Ry ko lf] = Vg ka0 (k — k1 — k2)d(wr — wiy — wiy)(frfe — i — ffo) (3)
with the short-hand notation f = f(¢,k) and f; = f(¢,k;). The Dirac delta function 6(-) is to
ensure the following resonant conditions for the wavenumbers:

k =k + ko, Wi = Wk + Wiy, (4)

with wy denoting the dispersion relation of the waves.

3-wave kinetic equations appear in a broad range of physical models and have been investigated
from several analytical perspectives. They arise, for instance, in the study of phonon interactions
in anharmonic crystal lattices [6, [16], 17, 31], capillary wave turbulence [22], and stratified flows in
geophysical fluid dynamics [I7), 20]. Closely related 3-wave kinetic structures also occur in kinetic
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models connected with Bose-Einstein condensation [1l 5 15 [13] 14, 23, 22 27, 29]. Entropy
structures, energy cascade and ergodicity of those equations have been studied in [26, 28, B0].
Alongside these analytical developments, there has been growing numerical interest in 3-wave kinetic
dynamics, including recent computational and data-driven studies [2] [7, 32}, 33| 34} [35].

We consider the following power-law dispersion relation

wr =w(k) = k|7, 1<y <2 (5)
The precise form of the collision kernel Vj, j, r, is

Vi ey := M (k) M (k1) A (k2), (6)
where

M (k) = [k exp(— |k]), (7)

for a constant number & > 0.

Remark 1 (On the choice of the collision kernel). The kernel (6)—(7) should be understood as a
model interaction kernel. The present choice of .# (k) is made in order to retain the resonant 3-wave
collision structure while providing a nonnegative, radial, separable, and high-frequency localized
kernel. The exponential factor gives strong decay at large wave numbers, whereas the power-law
prefactor controls the behavior near the origin and is compatible with the weighted estimates used
below. Thus the results of this paper should be interpreted as applying to a regularized model class
of 3-wave kinetic equations.

The main contribution of this paper is the construction of a global-in-time, nonnegative solution
to the 3-wave kinetic equation which is analytic with respect to time. The theorem is proved
for a regularized radial model, whose kernel retains the essential resonant 3-wave structure while
allowing uniform control of the surface collision integrals.

Definition 1 (Finite-energy strong radial solution). Let T' € (0,00]|. A function
f:[0,7) xR - R
1s called a finite-enerqgy strong radial solution of the 3-wave kinetic equation

Ohf =Qsulfl,  f(0,) = fo,
on [0,T) if the following conditions hold.
(1) For everyt € [0,T), the function f(t,-) is radial. That is, there exists a measurable function
F(t,-):[0,00) = R
such that
[t k) = F(t,[k])

for a.e. k € RY.
(2) One has

J € C([0,7); Lza(RY),
and for every 0 < Ty < T,
sup / £ (8 k)| w(k) dk < oo.
0<t<Tp JRd
FEquivalently, in radial variables,
o0
sup / |F(t, )| r T4 dr < oo
0<t<Tp Jo

(3) For every t € [0,T), the surface integrals defining Qsw[f(t)] are absolutely convergent for
a.e. k€ R, and
Qaulf(1)] € Ligg(RY).
Moreover, t — Qs,[f(t)] belongs to C([0,T); L3, (R?)).
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(4) The map t — f(t,-) belongs to C1([0,T); L2, (R?)), and satisfies

rad
L) = Quulf (1)
dt ) — W3w
in L, (R?) for every t € [0,T).
(5) One has
f(07 ) - fO
in L (RY).
If, in addition,
f(t.k) =0
for a.e. k € R? and every t € [0,T), then f is called a nonnegative strong radial solution.
Theorem 2. Assume thatd >3, 1 <~y <2, and let
wk) = k[, A (k)= kTP exp(— k), o >0.
Let the initial datum fy be radial and nonnegative, and assume that
M = || foll Lo (may < 00
and

M = / fo(r) 71 dr < cc.
0

Then the 3-wave kinetic equation , with collision operator defined by , admits an exact unique
global strong solution f(t,k) such that

ft k) =0

for a.e. k€ R?,

Moreover, t — f(t,-) is real analytic as an L2

rad
att =20 1n Lrojd(Rd). More precisely, for every to > 0, there exist 7, > 0 and coefficients ASO) €
L2 (RY),n =0,1,2,..., such that

rad

(RY)-valued map on (0,00), and is right-analytic

flto+s,) =Y s" AL in Ligg(RY)
n=0

for every |s| < 1. At tg =0, there exist 7o > 0 and coefficients A e L2 (RY) such that

fls,) = s" A in Ly (RY)
n=0

for every 0 < s < 1g.

Let us now turn to the collision operator . The collision operator involves surface integrals.
Precisely, we introduce functions

%’6’“(1}) = Wy + Wy — W, ji”lk(v) = W+ Wy — Wktop- (8)
and the energy surfaces, dictated by the resonant conditions ,
S = {veRd:%”Ok(v) :0}, S = {veRd:qu’f(u) :o}. (9)

The collision operator @3, [f] then reduces to

@l = [ Ruoranalsl o do (k)

2/ R 1 —20\%2) 10
. )] 2 Tt U R ) (10)



4 N. G. HIEN, G. STAFFILANI, AND M.-B. TRAN

2. RESONANCE MANIFOLDS
Our first step is to study the surface integrals.
Proposition 3 (Surface estimates on .73, and . ). Assume thatd >3, 1 <~y <2, and
w(k) = |k|7, M (k) = |k T2 exp(—o |k|), o/ > 0.

Let F : R — R be radial, namely F(k) = F(|k|). Then there exist constants Cs, Dg,Cgr, Dgr > 0,
depending only on d, vy, and <, such that the following estimates hold uniformly for all ky € R?\{0}.
First,

M (y — o) M () A (1) F (o) i it
[, oot Vi g ()] S [, 7Ol
and
M (ky — ky) A (ko)A (K1) F () ) [+ exp(— et
[ aoti N N <Ds [ arlF) exp(—arr).
Second,
M (ky + ko) M (ko) A (k1) F (k) > -1
/Aw%) e A ) <Co [ arlFmlue)
and

/ do(k M (k1 + ko) M (ko) M (k1) F (k2)
o(ka) i’
5 Vi ()|

Proof. We define

<Dy / dr | F(r)| 17+ exp(—atr).
0

A= /y do(kz) Ak~ ko) ﬁ%glf(kl> F(k2)>
B (11)
B |y 0410 ) 5 )

We then estimate A and B separately.
Step 1: Analyzing A.
Step 1 is divided into several substeps.
Substep 1.1. In this step, we will parametrize %%, .
Assume first that k1 # 0, and set
K = ‘k‘l‘
Since the dispersion relation is radial, the surface

Ty = {v e R w(ky —v) +w) =wki)}

is invariant under rotations fixing the axis spanned by k.
Let Ei,...,FE4 1 be an orthonormal basis of ki-. For

q¢=(q1,--,qa1) €8T 2:={geR¥ L ¢ =1},

we define
d—1
€q ‘= Z qJ'Ej.
j=1
Then e, € ki, |eg| = 1. We introduce the parametrization
v = k1 + ey, 0<¢&<, n>0, qe 842

Since e, L k1, we have

o = €K +0?, k= o = (19K + 7
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We define
A (&) = w(ki — ) + w(v) — w(ky).
Using w(k) = |k|7, we obtain

A€ = (1= 92K+ )" + (€K +2) " - K.
We now show that for every 0 < £ < 1, there exists a unique n = g (£) > 0 such that
A (€1 (€)) = 0.

Indeed, we have

A (6,0) = K7 (1-€)7 +€ ~1) <0,
because 1 < v < 2, while %kl (&,m) — 400 as n — +oo. Thus the existence result follows by
continuity. Now, we compute

Oy A (€m) = [((1 2R )P (2K 772)7/271} .

Hence, we conclude 677%’6’“ (&,m) > 0 for every nn > 0. Therefore ji‘f)kl (&,m) is strictly increasing in
7, and the zero nx () is unique.

Since &7%’6]“ (&,nK(€)) > 0, the implicit function theorem implies that ng is smooth for & €
(0,1). Moreover, by homogeneity, we may write

K (§) = Kpy(£),

where p,(§) > 0 is the unique solution of

(1= 8%+ py () + (€ +py (92 =1,

Consequently, we obtain

T \ {0,k } = {gkl + Kpy(€eg:0<E<1, g€ sd—2}.

Substep 1.2.

We next record two elementary properties of the function nx. Namely, ngx is symmetric with
respect to & = 1/2, admits the continuous extension 7y (0) = nx (1) = 0, and is strictly increasing
on (0,1/2). Hence it is invertible on (0,1/2).

The symmetry follows from the identity

%kl (ga 77) = %kl (1 - 55 77)
By uniqueness of the zero in the n-variable, we obtain nx(§) = nix (1 — £),0 < & < 1. Moreover,
from the defining equation
(1=K +nic(€))* + (@K +mie(€))* = K7,

one sees that nx extends continuously to the endpoints with 7y (0) = nx (1) = 0.
It remains to prove monotonicity on (0,1/2). Let

Vg 1= Eky + nK(f)eq € Sk -
We also have

k
Ay (&K (€)) = 0.
Differentiating this identity with respect to &, we obtain

0 = Be A (€, (€)) + i ()OyHF (€, (€)).

Equivalently, we have

0 - 2@ (k1 —vel) W'(|k1 —vel) | w'(Jve])
[k — v

K2 '
+ ( §+77K(§)77K(5)) k1 — ve |ve
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Therefore, we get
W ([ky —vel) — w'(Jvel)

(1-9) —¢
k1 — ve [ve]
i (En (€) = K*
" w(lky = vel) | w(lvel)
k1 — vl |ve]
We now use the power-law form w(r) = 7. We set
r1 = k1 — vel, ro 1= |vel.
Then, we find
/ /
e
1 T2

For 0 < £ < 1/2, we have r; > ro. Moreover,

n_ ((1—5)2K2+77K(£)2>1/2 _1-¢
T2 E2K? + K (§)? 3
Since 1 < v < 2, we have 0 < 2 — v < 1. Hence, we obtain

w'(r2)

o _ (" 1-¢
) <2> ST

W'(r)  w'(r2)
1 _
(1-g=in) gl
Consequently, we have ng (§)nf(§) > 0,0 < € < % Since N (§) > 0 for 0 < & < 1, it follows that
N (€) > 0,0 << % Therefore 1y is strictly increasing, and hence invertible, on (0,1/2).
Substep 1.3.
We next compute the induced surface measure under the parametrization

v(&,q) = Ek1 + K (§)eq, 0<E<, g€ S2.

Here e, € ki, |eq| = 1, and doy_2(q) denotes the standard surface measure on S92, We again use
the notations K := |k1|,v¢ := v(&, q), and introduce the abbreviations

Thus, we have

> 0.

/ /
1= k1 — vel, ro = |ve], a::w(rl), b::w(m).
™ T9
Since
oe]* = €K + (€)%, [k —ve? = (1 - )2K* + i (€)?,

the identity

A Kk (§) =0
is equivalent to w(ry) + w(re) = w(K).
Differentiating this identity with respect to &, we obtain

0= Kb+ (¢ — )a] +nx ()i (€)(a + ).

From here, we find

1 1-— —&b
0Nk (§)* = el =8 f}rab L,
Thus, we get
(1- ) _ ()
Oenic (§)* = 2K* i =

w'(r1) N w'(r2)
T To
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We now compute the surface element. Since the angular directions are orthogonal to both k;
and ey, the induced metric gives

do(v) = ni (§)72\/ K2 + 1) ()2 d€ dog_s(q).

2

Equivalently, we obtain

1 1/2
do(v) = nk(£)*? <K277K(€)2 +3 |0eni (€)?| ) d¢dog_a(q).

Next, we observe that
— kl v
Vot = S5k (R — vel) + o (fuel).
O T ke T e
Using ve = £k1 + 1k (€)eq, we get
Vo' = [€b+ (€ — Vaky + nx(€)(a+ b)eq.
Therefore, we find
Vot = K2 [¢b+ (& = D)a)” + 1 (€)*(a + b)*.
Using
K?[¢b+ (€ — 1)a] = —nx (§)n(€)(a +b),

we obtain
1/2

(K2mc(©)? +  [enc (62

ki _

(a+0).
Consequently, we have
do(v) _ Kni(€)™
|V, | a+b
We now introduce the radial variable

3
d¢ dog—o(q).

u = |ve| = ro.
Since u? = £2K2 + ni (€)?, we have
Oeu? = 26 K2 + Oeni (€)%
_ 2K?

Using the formula for deng (€)%, we find deu® = - Hence
a-+b
d¢ = u du.
K2a
Therefore, we have
do(v 3 U
W% = ﬁK(f(U))d 3ﬂdu dog—2(q)-
v7q
Since a = w'(r1)/r1, this becomes
IO ) ) doy o)
’vv%/ﬂ’ KW' (r1(u)) B '

Thus, for a radial function F', we obtain

ury(u)

K
A [T [ ool mle)' " s by o 0) A (0, ). () F ),

where

v(u,q) = §(wki +ni(§(u))eg,  u=|v(u,q)l,
and r1(u) = |k —v(u, q)|. Equivalently, since w(r1(u))+w(u) = w(K), one has r1(u) = w™ ! (w(K)—
w(u)). For the power law w(r) = r7, this becomes

ri(u) = (KV - u'y)lm.
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Substep 1.4.
We now estimate A. Using the representation obtained in the previous substep, we have, for
K = |k >0,

ury(u)

K
Al < /0 du /Sd_Q dog—2(q) UK(f(U))dfgm//(kl = v(u, q))A (v(u, q)) A (k1) | F(u)].
Here u = |v(u, q)|,r1(u) = |k — v(u, q)|, and, on the resonant surface,
w(ri(u)) + w(u) = w(K).
Since w(r) = r7, we have
r1(u):(K7—u7)1/7, 0<u<K.

Moreover, w’ (r1) = ’er_l. We obtain
K
4] < Cy / i (€)™ (w) K34 e (—f (ry () + K + 1)) | F(w)].
0

Since 0 <u < K,0<7r1(u) <K, and 0 < ng(&(u)) < K, we have, for d > 3,
nK(f(u))d_‘grl(u)derd_?’ exp(—%(rl (u) + K)) < KYF3d=6 exp(—#/K) < C.

Consequently, we get

|A| < Dg /K du |F(u)| w4 exp(—o/u).
In particular, since exp(—«/u) < 1, WZ bound

K K
4] < cs/ du |F(u)| w01 = cs/ du | F (u)] e(u) ud=.
Thus, we have ’ ’
4] < cs/lkl| du |F ()] w(u) ud=?,

and also '

|| < Ds /0 ™ du ) 4 exp(—aa).

Step 2: Analyzing B.
We also divide Step 2 into smaller substeps.
Substep 2.1. We now consider the second resonant surface

H={v eRYw(ki +v) — w(ki) — w(v) = 0}.

Equivalently, up to a harmless sign in the defining function, we set
M (0) = w(ky +v) —w(k) — w(w).
Then, we get
S ={ve R?: M (v) = 0}.
We assume first that k; # 0, and set
K = ‘kl‘
We claim that, for 1 < v < 2, the nontrivial part of 5”,;1 can be parametrized by
v=_Ek+ak(§e,  0<E<oo,  geST?

where e, € ki, |eq| = 1, and where g (£) > 0 is uniquely determined by the resonance condition.
We first explain why only & > 0 occurs. We write, more generally,

U:Ckl‘i‘neq, CGR, 7720

Then
o = K+, b+ o = (14K + 0%,
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If ¢ < —1/2, then |k; + v| < |v|, and hence w(k; + v) — w(k1) — w(v) < 0. Thus no point with
¢ < —1/2 lies on the nontrivial resonant surface.
Next suppose that —1/2 < ¢ < 0. We define

Weln) = (14 OK 4 0?)* — K7 — (CK 4 ?) 7,
At n =0, we have
Te(0) =K' ((1+¢)"—1-[¢) <0,
with equality only at the endpoint { = 0. Moreover, for n > 0,
Opu(n) = |((1+ QP 4+97)" 7 — (K> + 7)) <0,

because (1+¢)*K? +n? > (2K? +n? and  — 1 < 0. Hence W (n) < 0 for n > 0. Therefore, apart
from the degenerate endpoint v = 0, no point with ¢ < 0 belongs to Y,;l. Thus the nontrivial
surface is parametrized by & > 0.

We now fix £ > 0 and prove the existence and uniqueness of 7x (§) > 0. We define

Be(n) = ((1 2K 772)7/2 _ K — (£2K2 + 772)7/2‘
The resonance condition w(ki +v) = w(ky) + w(v) is equivalent to ®¢(n) = 0. At n = 0, we have
Pe(0) =K"((14+&7"—1-¢).
Since 1 < v < 2, the function
§= (1487 -¢
is strictly increasing on (0,00) and has value 1 at £ = 0. Hence, we have
(1+&)7"=1-¢ >0,
and therefore ®¢(0) > 0.
On the other hand, since 1 < v < 2,
((1 LO2K? 4 n2)7/2 _ (£2K2 + 172)7/2 —.0 as 1 — +o0.

Consequently, we obtain
lim ®¢(n) =-K7 <0.

——+00
By the continuity of the function, there exists at least one positive zero of ®.
We compute

Oy®e(n) = [((1 +€)2K? + ,72)7/2*1 _ (§2K2 4 ng)w/zﬂ} .
Since (1+&)2K? 4+ n* > ¢2K? 4+ n* and 3 — 1 < 0, we have

(1+€2K2 +2)* 71 < (K% )P

Therefore 0,®¢(n) < Ofor every n > 0. Thus n +— P¢(n) is strictly decreasing on (0,00). Since it
starts positive at n = 0 and tends to a negative limit as n — +o0, it has exactly one positive zero.
We denote this zero by

n=nk(§).
Moreover, we have

IPe(nK (€)) <0,

so the implicit function theorem implies that & — nx(§) is smooth on (0, c0).
By homogeneity, we may write ng (&) = Kp- (), where p,(§) > 0 is the unique solution of

(1462 +p (D) =14 (E + 1,97

Consequently, we have

S \{0} = {{k:l + Kpo(€)eg: 0< €< o0, g€ SH} .
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We now compute the surface element in this parametrization. We set

ve =&k +nx(§)eg, ry = |k + vgl, = |vgl.
We also introduce
RTICOS IR0
T’+ T

On .7, one has
w(ry) =w(K) +w(r).
Since w(r) = r7, we have a = ’yrl_Z, b = 72, Moreover r, > r, and since v — 2 < 0, it follows
that 0 < a < b. In particular, b —a > 0.
Differentiating the identity j‘ﬁkl (ve) = 0 with respect to &, we obtain

0= K*[(1+&)a— &) + nx (&)n (€)(a — b).
Equivalently, we have

ne(©fc(e) = k2L EIIZEL

We next compute the surface element. The induced surface measure is

do(v) = ni (§)72\/ K2 + 1) ()2 d€ dog_s(q).

d 2 2 1 2|2 12
o) = (€ (K2ni(6 +  eme(©?") a€dou-ato).

Moreover, we observe that

Equivalently, we have

v

ki+wv
Vi vg) = o TR vel) = e (el

N ‘kl + Ug’
Using
ve = Ek1 + i (§)eq,
this becomes
Vo (vg) = [(1+ €)a— €]k + nic(€)(a = b)eg.

Therefore, we find

Vot (we)” = K2 [(1+ ©)a — €8] + nxc(€)*(a — b)*.
Using

E*[(1+&)a—€b] = —nk () (€)(a —b),

we obtain 12
. (K2 () + % |oenic(©)%]°)
Vo7 (ve) | = % b—al.

Since b — a > 0, this gives
do(v) _ Knx(e)"
Vot ()] b-a

We now introduce the radial variable

3
d¢dog_o(q).

ui=|vg| =1
Since u? = €2K? + ng (€)%, we have
Oeu’® = 26 K% + Oenic (€)°.
Using the differentiated resonance equation, we obtain
2K2a
b—a’

8§u2 =



GLOBAL TIME-ANALYTIC STRONG SOLUTIONS FOR A CLASS OF 3-WAVE KINETIC EQUATIONS 11

In particular, 8§u2 > (. Thus the map £ — wu is strictly increasing. Moreover, u — 0 as £ | 0, while
u — +00 as & — +o00. Hence u gives a valid change of variables from (0, 00)¢ onto (0,00)s,.
Since

2K%a
2udu = - d§,
we have .
—a
dé = g u du
Consequently, we find
do(v) d—3_ U
—_ = u —dudog_s(q).
Since a = wlﬁi:*), this becomes
do(v) i urs(u)
= =k (§(u)T < dudog—s(q).
Vot (0)] KW' (ry(u))
Therefore, for a radial function F'(k) = F(|k|), we obtain
_gury(u)
B= d d Ty
A “/ a-ale) €O g )

x M (ky +v(u, q) A (v(u, q))A (k) F(u),

where
U(U, Q) = g(u)kl + nK(f(u))etp u = ‘U(ua Q)|>
and 74 (u) := |k1 + v(u, q)|. On the resonant surface, we have
w(ry(u) = w(K) +w(u).

Thus, we obtain

ry(u) =w! (w(K) 4+ w(w)).
For the power law w(r) = r7, this becomes

ry(u) = (K7 + u”)l/ﬂ’.

Substep 2.2. We now estimate B. From the representation obtained in the previous substep,
with K = |ki| > 0, we have

© ury(u
Bl< [Cau [ douato) meleyt
X A (ki + v(u, Q) (v(u, q)) A (k1) | F(u)].
On the resonant surface, w(ry (u)) = w(K) + w(u). Since w(r) = 77, this gives r4 (u) = (K7 +
u) Al Moreover, we also have w'(r;) = ’yrlﬁl. Using
M (k) = [k exp(—af |K)),
we obtain

|B| < Cq /OOO dun (§(u) " Pry (KR exp (= (r(u) + K+ w))[F(u).

For d > 3, we have
0<nk(€(u) <u<ri(u),  K<ri(u)
Therefore, we obtain

N (§(w) Py (u) K773 exp (= (ry (u) + K)) < C,
where C' depends only on d, v, and «/. Consequently, we have

B| < Dy / |F () 074 exp(—o/u) du,
0
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Since exp(—«/u) < 1, we also obtain
o0
B < Cs: / |F ()| 0 du.
0
Equivalently, because w(u) = u”, we find

|B| < CS// |F(u)] w(u) u?™t du.
0

3. THE COLLISION OPERATOR AS A BILINEAR MAP
We set
X = LZ(RY)
with norm || f{|x := || f|| peo(re)- For f,g € X, we define the bilinear operator

where
Vy 1,R—R1
Bo(F )0 = [ St [ rlh)gth — k)~ £(Rlgth) — F(R)olk k)| doth)
and

V 2,R,R2
B10)0) 5= [ ot [1Watha) = 9tk + k) = 105+ K)o,

Then, we can write

Q3w[f] = B(f?f)

Lemma 4. There exists a constant C'g > 0, depending only on d,~, </ and on the constants in
Proposition[3, such that for all f,g € X,

IB(f,9)llx < Callfllxllgllx-
Consequently,
1Q30[f] = Qawlgllx < Cr(lIfllx + lgllx)Ilf - gllx
forall f,g € X.

Proof. We first observe that B(f, g) is radial whenever f and g are radial. Indeed, for every rotation
R € SO(d), we have

Sri = RS, S = RS,
and the quantities Vi k, k,, |V AL, |[VA4F| are invariant under simultaneous rotations of their ar-
guments. A change of variables on the corresponding resonance surface therefore gives

B(f,9)(Rk) = B(f,g)(k).

Thus B(f,g) € X, provided the integrals are bounded.
We now estimate the Si-part. Since f,g € L™, we find

Vi -
o000 <3Sl | gl doti).

Applying Proposition [3| with the radial function F' = 1, and using the symmetry k1 <> k& — k1 on
Y%, we obtain

Vi k1 k—ky /|k| d—1 —of
—2= = _do(k1) <D Pt =T gy < Dg@G,
| oty aet < s | <Ps

where
o0
G = / pYHale= T gr < oo
0

Therefore, we can bound
1Bo(f,9) (k)| < 3DsG|fl xlgllx-
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Similarly, for the S;-part, we have
Vit ko k ko
Bi£.9) (0] <317 Ixlglly [ O do(l),
7 | VA (ko)
Again by Proposition [3] with F = 1, we get
Vit ko ke ko
Thtkakks g0 k0) < DeiG.
/y,; NEAC]
Hence, we obtain
1B1(f,9)(k)| < 3D G| fllxllgllx-
Combining the estimates and recalling the factor 2 in front of By, we get
IB(F.9)lx < 3G(Ds +2Ds)|fllxlgl x.
Thus one may take Cp := 3G(Dg + 2Dg/).

Finally, since

Qswlf] — Qsuwlgl = B(f, f) — Blg,9) = B(f — 9, f) +B(g, f — 9),

the Lipschitz estimate follows immediately from the bilinear bound. O

4. GLOBAL TIME-ANALYTIC SOLUTIONS OF 3-WAVE KINETIC EQUATIONS

We construct an exact strong solution of the 3-wave kinetic equation in the form

[e.9]

flt k) = " An(k), (12)

n=0

where Ag(k) = fo(k).
Plugging into the 3-wave kinetic equation , we find, by a direct computation

1
Avia(h) = — / [k Vi, 0 = oy = ) e =, = 0)

3 (Ak) Ay (k) = AsCR)A (k1) = AuCR) Ay (k)
£
2

nt 1 //de dk)l dk‘g Vkl,k,kg 5(k1 — /{? — kg) (5(wk1 — Wk — ka)

3 (AR)A (k) = A(R) Ay (k) = Ai(ka) Ay (k).
0<i,j
i+j=n

(13)

Lemma 5. Assume that M := supycga |fo(k)| < 0o and set

o0

G = / 1AL exp(—a/r) dr < oo.
0
Then there exists a positive constant C1, depending only on M, G, and the constants in Proposi-
tion[3, such that for every n =0,1,2,...,
[An (k)| < CT'M

for a.e. k € R,

Proof. We argue by induction. The estimate is immediate for n = 0, since Ayg = fy. Assume that,
for some n > 0,

| Ag(k)| < CIM
for every 0 < ¢ < n and for a.e. k € R%. We prove the estimate for A, ;.
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We fix indices 4,7 > 0 with ¢ + j = n and define
.Al{j(k) = //Rm dkl de Vk,kl,kgé(k — kl — kz)&(wk — Wk, — ka)

X (A A (ko) = Ai(R)A; (r) = Ai(R)A;j (k).
Using the delta constraint ky = k — k1, we may write

do (k)
AL (k)] < /s@ oty Vit (AR A6 = )|+ AR A )]+ AR 14y = k)] )

By the induction hypothesis and i 4+ j = n, we have
A )] A4 ()] < ¢ M2
Therefore, we find

AL (k)] < 3Cp M2 / do(ky)

—— 7 Vkkik—k -
7 VA (k)]

Applying Proposition [3] gives
AL (k)| < 3Ds CPM3G.

Next, we define

A7 (k) = — //de dky dka Vi, gk 0(k1 — k — k2)d(wh, — wi — Wi, )

X (AsR) Ay (k2) = As(k) Ay (k1) = AsChn) A (k) ).
Using the constraint k1 = k + ko, we get

do(k
|A7 (k)| < /y,; ’Vf%q(ki/;)’ Vit ko ke ko (’Ai(kﬂ |Aj(k2)| + [Ai(k)] [Aj(k + k2)| + [Ai(k + ko) \Aj(kz)o-

Again, by the induction hypothesis,

do(k
|AZ (k)| < 3C?M2/ (k2) Vietka e -

gy |VHE (k)|

Applying Proposition [3], yields
|AZ (k)| < 3Dg CY M?G.

We recall the recurrence relation for A,

_ 1 1 2 2
Ant1(k) = nil 2 A; (k) + ] E Ai (k).
4,720 %,j20
1+j=n i+j=n

Since there are n + 1 pairs (i, 7) with i + j = n, we obtain
|Ani1(k)| < 3Ds CPM?G + 6Dg C'M*G < 9C C MG,
where C := max{Dg, Dg'}. We choose C; := 9CGM. Then
Auaa (k)] < CpF ML
This closes the induction and proves the lemma. ]
From , we obtain the bound

M
1—tCy’

|ft, k)| < it”cl"M < (14)
n=0

1
for a.e. k€ R* and all 0 < t < é We conclude that f is analytic in [0, C)'
1
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Lemma 6. We set Let f and g be two radial local strong solutions on [0,T] with the same initial
datum and with

e (If @Oz + lg@)llLe) < oo
Then f =g on [0,T].

Proof. Using the surface estimates of Proposition [3] the collision operator is locally Lipschitz in
L2°.. Hence there exists a constant Cr > 0 such that

1Q3wlf ()] = Qswlg(®)]l| e < Crl[f(t) — g(t)]| Lo

rad*

Therefore, we find

1560 = oo < Cr [ 156 - g(s) i ds.
Gronwall’s inequality gives || f(t) — g(t)||z = 0 for every 0 <t < T. Hence f = g. O

Lemma 7. Let
X =L%MRY, X, :={heX:h>0ae}.
Assume that h € X . Let u € C1([0,T); X) be the unique strong radial solution of
O = Qs ul, u(0) = h.
Then u(t,-) € X4 for every 0 <t <T.

Proof. We write the equation in gain-loss form. For a radial function f, we define

GLAk) ::/ Vi k—kr [ (k1) f(k — k1) da(k1)+2//Vk+k2,k,k2f(k+k2)f(k2) do (k).

S VA (k1) NEA)]
and
o Viedr k—kr (f (k1) + f(k — k1)) > Vietko e oo f (F2) o
clw= [ S et i) +2 [ S doti),
and
- Vietko ko f (K + k2)
RIfIE) =2 R )

Then, we have
Qswlfl(k) = G[f1(k) — (L[f1(k) — R[fI(K)) f (k).

We now set

Thus the equation becomes
O f + Alflf = Glf].

We first prove a local positivity result. By the surface estimates of Proposition [3| there exist
constants Cg, Ca > 0, depending only on d, v, .o/, such that for all f,g € X,

IG[f1lIx < Callfllx  IG1f] = Gllllx < Ca(llfllx + lgllx)Ilf — gllx,
and

IAfIlx < Callfllx, AT = Alglllx < Callf — gllx-
Moreover, if f € X, then G[f] > Oa.e.
We fix R > 0. We claim that there exists 7z > 0 such that, whenever h € X, ||h|[x < R, the
Cauchy problem has a unique solution on [0, 7], and that solution is nonnegative.
We set

Err={veC(0,T];X) : v(t) € Xy for every t € [0,T], |[[v|lcqor.x) < 2R} .

For v € &7 g, we define

(Dv)(t, k) == h(k) exp< / Alv > / Glo(r)](k) exp <— / tA[v(s)](k:) ds> dr.
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The exponential factors are strictly positive. Since h > 0 and G[v] > 0 whenever v > 0, we have
Pu(t) € Xy for every t € [0,T].
We next show that ® maps &7 g into itself for 7' small. If v € £ g, then we bound

[ A[v(t)]l|x < 2CaR, IG[v(t)]]|x < 4CaR>.

Therefore, we find
[@v(t)||x < exp(2CART)(R +4CGRT).
Choosing T' > 0 sufficiently small, depending only on R, we obtain

exp(2CART) (R + 4CGR’T) < 2R.

Thus ®&7 r C E7,r. We now prove that ® is a contraction for T still smaller. Let v,w € &7 R.
Using
[A[] = Afw]llx < Callv —w|x, [[G[v] - Gw][x <4CeR|lv — w]|x,

we obtain
1@V — dw|lcor1x) < exp(2CART) (CART + 4CcRT + 4CACgR2T2) Il = wll ooy

Choosing T' > 0 smaller if necessary, the coefficient on the right-hand side is strictly less than 1.
Therefore ® is a contraction on £ g.

By the Banach fixed-point theorem, ® has a unique fixed point v € & r. Since u = ®u,
differentiating the variation-of-constants formula gives

Ou + Alulu = Glul,

or equivalently
O = Qs ul, u(0) = h.

Moreover, because u € 7 g, we have u(t) € X, for every t € [0,T]. This proves local positivity.

Now let u € C1([0,7); X) be the strong radial solution with nonnegative initial datum h. We
define

Ty :=sup{s € [0,T) : u(t,-) € X; for every 0 <t < s}.

It is clear that T, > 0.

We claim that T, = T. Suppose, for contradiction, that T, < T. Since u € C([0,T); X), and
since X, is a closed cone in X, we have u(7}, ) € Xy. We set hy := u(T%,-). Then h, € X1 and

h. € X. Applying the local positivity result with initial datum h,, we obtain a nonnegative strong
radial solution w € C1([0,7]; X) of

Ow = Qzy[w], w(0) = h,

for some 7 > 0.
On the other hand, the shifted function u(s,-) := u(Ty + s,-) also solves the same Cauchy
problem on the interval where it is defined. By local uniqueness in X = L%, (R%), @(s,-) = w(s, )

for 0 < s < min{r,T—T.,}. Hence u(Ty+s,-) € Xy for all such s. This contradicts the definition of
Ty. Therefore T, = T, and the solution remains nonnegative on the whole interval of existence. [

Lemma 8. Let h € X = L%, (R?), and set H := ||h||x. If H > 0, then there exists a unique strong
radial solution u € CY((=Ty,Ty); X) of

O = Qs ul, u(0) = h,

1 . . . .
for some Ty, > YR Moreover, u is real analytic as an X -valued function of time.
More precisely, u admits the power-series representation
o

u(t) =Y t"Ay,

n=0
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in X for|t| < 1/(CpH), where Ay = h and

1
Angr = —— Z B(A;,A;)), n>0.
4,520
i+j=n
The coefficients satisfy
A, € X, ALl x < (CpH)"H.

If H =0, then the unique solution is u = 0.

Proof. We first construct the formal coefficients. Since Ag = h € X, and since B: X x X — X
is bilinear and bounded by Lemma [ the recursive formula implies inductively that A, € X for
every n > (0. In particular, every coefficient is radial.
We prove the coefficient estimate by induction. The estimate is immediate for n = 0. We assume
that
|4ellx < (CpH)'H
for 0 < ¢ < n. Then we have

1 Cp
< . . < . .
[Awallx € = D 1BALA)Ix < =20 37 [ 4llxll4)lx

4,520 4,20
1+J=n 1+j=n

< ncfl > (CpH)'H(CpH)'H = Cp(CpH)"H? = (CpH)" "' H.
,j >0
i+j=n

This closes the induction.
Therefore the series > 7 (t" A, converges absolutely in X whenever |t| < %%' Furthermore,

for every 0 < p < 1/(CpH),

(o]
> "M An|lx < 0.

n=1

Hence the series may be differentiated term by term for |t| < 1/(CpH), and

d oo oo
- Z A, = Z(n + 1)t Apyr.
n=0 n=0
It remains to check that the collision operator may be applied termwise. We let
o
u(t) = Zt”An.
n=0

Since B is a bounded bilinear map on X, absolute convergence of the series gives

Blu(t),u(t)) = > 1" > B(Ai,A)
n=0 1,5>0
i+j=n

in X. By the defining recursion for A,1, this becomes

o0

Blu(t),u(t) = 3 (n+ Di" Ay = dyu(?).

n=0

Since Q3y[u] = B(u,u), we obtain dyu = Qsw[u] in X, and u(0) = h.
Uniqueness follows from the Lipschitz estimate in Lemma[4] Indeed, if u and v are two solutions
on a common interval and are bounded in X, then

1Qsw[u(®)] = Qsuwlv®)]llx < Cr(llu®)lx + [lv(®)lx)lu(t) — v(t)llx-

Gronwall’s inequality gives © = v. The power-series representation proves real analyticity in time
as an X-valued function. O
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5. PROOF OF THEOREM [

Let Thax € (0,400] be the maximal time of existence of the nonnegative strong radial solution
constructed by the local theory. We will prove that

Tinax = +00.
We now set N (t) := || f(t, )| oo (ra)- By the local positivity result, the solution remains nonneg-
ative on its maximal interval of existence:
f(t.k) >0

for a.e. k € R? and every 0 <t < Tyax.
By the standard energy conservation (see [22 23]), we have

/Of(t,r) dldr—/ fo(r)w(r)ri=tdr = My

for every 0 <t < Tiax.
We now derive an a priori estimate for N(¢). We now recall

atf(t7 k) + (E[f] (ta k) - R[f] <t7 k))f<t7 k) - g[.f](tv k)
Since f > 0 and L[f] > 0, we have, for a.e. k,

atf(t7 k) < g[f] <t7 k) + R[.ﬂ (tv k)f(t7 k)

Therefore, we can bound

104 < ob) + [ (910 + RN B F 1))

We estimate the integrand. Since f > 0, we have

GUII(L )+ RIFI(ER)F(t. k) = /y dor(ky) Vkrk= kiv(;f ’;(L ‘t k— k)

Vietko b ko f (8, F + K2) f (¢, k2) / Vit ko ko f (6 k + k2)
+2 [ do(k k, vort k) | do(k -k,
[, dot VA )] R N ]

Using 0 < f(t,-) < N(t), we obtain

(t,
)

GLf1(t, k) + RIfI(E k) f (k) §N(t)/y do (k1) Vkvfg%’i{lg;(ﬁ)

Vietko o ko f (£, k2) Vierka ko f (8, F + k2)
[V AF (ko) |Vt (k)|

The first integral is controlled by Proposition

Vie kg k—ky f (t, k1)
do(ky) Lok < CoM,.
|, dotin) FEE S < ey

+2N(t) / do(ky) +2N(t) / do(ky)

Similarly, we can also bound

Vk-‘rk‘Q k k2f(t7 k2)
do(k2) > < Co M.
/=,5 VA (k)]

It remains to estimate the last term. Using the parametrization of .7}, we write
wi=|ka|, ri(u):=|k+ ko
On the resonant surface, we have w(r(u)) = w(|k|) + w(u). Thus, for w(r) =77, ry(u) = (|k|" +

uV) Y7 The surface estimate gives

Vitko ko f (8, K + ko) /Oo d—1
do(k 2572 < Cq t 7=l qy.
/zé o (ko) VA () < Cs | ft,ry(u)u u
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We change variables r = ry(u) = (|k]” + u”)l/v. Then, we find
u= (" — kM, du=r7"Y — k)Y dr
Hence, we obtain
W dy = u® e < YL gy

Therefore, we have

[e.9]

/ (e () 0 du < / F(t ) dr < My
0 k|

Thus the last term is bounded by Cg M.
Combining the three estimates, we obtain

GLFI(E k) + RIFI(E k) f(E, k) < CoMiN (1),
where Cp := Cg + 4Cgr. Consequently, we have

f(t, k’) < fo(k') + Co M, /Ot N(T) dr.

Taking the essential supremum over k, we get
t
N(t) < N(0) + CoMy / N(r)dr.
0

By Gronwall’s inequality, we have
N(t) < N(0) exp(CoMt)

for every 0 <t < Thax.
If Thhax < +00, then the previous estimate gives
limsup N (t) < N(0) exp(CoM1Tmax) < +00.
This contradicts the blow-up alternative. Therefore, we deduce Tiax = +00. Hence the nonnegative
strong radial solution is global in time.
Finally, we prove the asserted time analyticity. We fix to > 0, and set h := f(t,-) € L (R%).
By Lemma 8 the Cauchy problem with initial datum A has a unique L{;;-valued analytic solution

near s = 0. On the other hand, the shifted function f(s,-) := f(to + s,-) is also a strong radial
solution with the same initial datum h, for all s sufficiently small such that ty + s > 0. Therefore,

Flo.) =D smal
n=0

in L;’;’d(Rd) for s sufficiently small. If ¢5 > 0, this gives a two-sided analytic expansion around tg.

If tp = 0, it gives right-analyticity at the initial time. This completes the proof of Theorem [2}
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