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Abstract

In [4], we initiated the first study of control problems for kinetic equations arising from harmonic chains.
Specifically, we developed impulsive and feedback control mechanisms for harmonic chains coupled with
a point thermostat, effectively enabling control over the boundary conditions of the corresponding kinetic
equations. However, the more intricate and fundamental challenge of internal control - namely, the design
of control strategies that influence the collision operators within the kinetic framework - remained open.

In the present work, we address the internal control problem for stochastic lattice dynamics, with the
objective of controlling the transition kernel of the limiting kinetic equation. A central innovation of our
approach is the development of a novel geometric-combinatorial framework, which enables the systematic
construction of control pathways within the microscopic dynamics. This methodology opens a new avenue
for the internal control of kinetic equations.
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1. Introduction

During the last few years, energy transport in anharmonic chains, including the well-known
Fermi-Pasta-Ulam (FPU) chain with a pinning potential and a quartic nonlinearity, has become
an important topic of research (see [1,6—8]). The Hamiltonian of the FPU-chain is defined by

> (1 1 > /1
HB.a):= Y (—a5+5w3ﬁ3)+ > (5A<ﬂn+1—ﬁn>2+8(ﬂn+l—ﬂn)“) ¢))

2m
n=—0oo

n=—oo
where o = (ap),ez, B = (Bu)nez, and B, € R is the displacement of the particle n from its
equilibrium position, ¢, € R is the canonically conjugate momentum, and m is the mass of each
particle. The pinning potential, represented by the term w%ﬂ,zl, contributes to confining particle
n. In (1), the second sum, which depends only on the displacement differences, consists of a
harmonic nearest neighbor term %A(,B,,H — B.)? (A > 0) and an anharmonic term B(B,4+ —
B.)* (B > 0). The mathematical study of energy transport in the FPU-chain is challenging.
The authors of [1] replaced the nonlinearity in (1) by a stochastic exchange of momentum
between nearest neighboring sites chosen such that the exchange conserves the local energy. In
other words, they took B = 0 and added a small perturbation to the system.
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When B =0, (1) corresponds to a discrete wave equation. The energy transport of the wave
equation has been studied extensively using Wigner distributions (see [1,8]). When the wave
propagates without “noise”, the Wigner distribution is governed by the linear transport equation

d 1, 9
_ = 2
dtW(x,k,t)—i—2 a)(k)axW(x,k,t) 0 2)

where x € R is the position along the chain, the wave number k belongs to T, the unit torus
identified with [—% %] with periodic endpoints. The variable ¢ is time. The dispersion relation
inferred from (1) is

w(k)? = w} +2A(1 — cos(2rk)). 3)
Indeed, in (1), the terms involving B can be rewritten as
1
52 2 BnBn @b +248m = Abyp1 = Abm 1), “)
neZ melZ

where §,, is the Kronecker delta function. The Fourier transform of (4) is
14
Eﬂ(k)Z(wg +2A(1 — cos(27k))).

The coefficient of A2 gives the dispersion relation (3). Equation (2) describes the energy transport
because the local energy density at time ¢ is defined either by

E(k,t) ::/W(x,k, t)dx orby E(x,t) :=/W(x,k,t)dk.
R T

When we take into consideration a “noise” in the discrete wave equation, we get

dBn(t) =a, (t)dt,

()
do,(t) = —o * B, (t)dt + P,‘f,’n(oc, dr),

where o is a coupling between two particles n, n’ depending only on their distance |n — n'|,
0 % Bn =2 ,yc7 On—n By is the discrete convolution, and P]f,,n (o, dt) is the perturbation corre-
sponding to the stochastic exchange of momentum between neighboring particles within distance
N of the particle n conserving the local energy. With the perturbation, (2) becomes, under the
kinetic limit

iW(x,k,t)—l-—1 w’(k)—8 W(x,k, t)=//C(k,k’)(W(x,k’,t)—W(x,k, )dk,  (6)
dt 27 0x
T

where [ is a transition kernel. We refer to [12] for related situations.

Owing to their wide array of applications, control problems in kinetic theory have attracted
considerable attention in recent years, resulting in substantial advances in the field (see [2,11]).

3
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The problem of controlling FPUT chains is also a highly important direction of research in
science and technology [3,9,10,14]. Nevertheless, despite this progress, to the best of our knowl-
edge, there is no work addressing the control of anharmonic chains through their associated
kinetic equations. In our previous contribution [4], we initiated this line of research by devel-
oping impulsive and feedback control strategies for harmonic chains interacting with a point
thermostat, thereby achieving control over the boundary behavior of the corresponding kinetic
equations.

The much more intricate problem of internal control - where the control mechanisms alter
the collision operator within the kinetic framework - has remained uncharted. The current work
represents the first step toward closing this gap. Starting with results of [1] as an example, we
study the internal control problem for perturbed harmonic chains, with the aim of steering the
transition kernel of the limiting kinetic equation.

A key innovation of our approach lies in the development of a novel geometric-combinatorial
proof technique, which enables the construction of effective control paths within the microscopic
dynamics. This method lays the foundation for a general theory of internal control in kinetic
equations arising from complex many-particle systems, including those governed by anharmonic
interactions.

For a given target kernel K:T x T — R, we want to find Pﬁ,,n that leads to (6) with K ~ K.
For this purpose, we design stochastic exchanges of momentum between neighboring particles
of distance N € N. This is significantly harder than the model considered in [1] where N is
equal to 1. Considering a larger N increases the number of free parameters and thus the num-
ber of controls, which is a significant improvement in terms of control theory. Furthermore,
the N-neighboring problem is then extended to the multi-dimensional case. To address the N-
neighboring problem in the multi-dimensional case, we introduce the new concept of simple
index and dual indices for the exchanges of momentum between neighboring particles.

Let us make an additional remark on the transition kernel. Since the kernel satisfies

/lC(k, KYdk' ~ k> for |k| < 1,
T

we consider target kernels of the form

sin? (k) sin (k') v (cos(rk), cos(rk’)),

where v is a polynomial with two variables. In our work, we compute and characterize the set V
of possible achievable polynomials v. For each v € V, we design a control achieving the resulting
kernel.

To be more specific about the nature of our control, we set up 2N controlled parameters
My . Among them we can freely choose values for up to N — | N/2] parameters. Then, there
exists a perturbation and a kernel corresponding to the chosen parameters. The resulting kernel
K My Yields the linear transport equation (6) for the Wigner distribution. Hence, by choosing
appropriate parameters, we design an explicit control for the energy transport problem.

One of the main results of our paper is stated, in an informal way, as follows. We refer the
reader to Theorem 5 in Section 3 for the complete result.
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Theorem 1 (Informal Statement of Theorem 5). We design explicit internal controls steering the
transition kernel of the Boltzmann equation (6) that is the kinetic limit of the controlled stochastic
lattice dynamics (5), to some prescribed target kernel. Moreover, we give a description of a wide
range of possible reachable target kernels, in form of a polynomial family.

Thanks to the notion of a path y introduced in Section 2.3, we also extend the kinetic limit
study to multidimensional problem. For d > 2, we formulate a version of equations (5) and (6)
but with «,,, 8, € Rd, neZ9 and o : T9 — R. The distance on Z% is defined using the Ll-
norm.

We introduce the associated controlled parameters M, € R for simple index and Mj’f’b eR
for dual indices. We will show in Theorem 7 and Theorem § that we can also compute the
transition kernel based on the associated controlled parameters for multidimensional problems.

Finally, to clarify our computational steps, we give an example for small distance. In the
appendix, we perform detailed computations for K, with N =3 and then show explicitly the
achievable target kernels.

2. The setting
2.1. Preliminaries

We normalize the mass m = 1 and consider the harmonic case B = 0. The Hamiltonian (1) is
then

H(B, )= % > o+ % > OnwBuBu-

neZ n,n’

For a function f € ¢2(Z), the Fourier transform is

fU= ek f  VkeT.

neZ
Also, the inverse Fourier transform of a function F € L2(T) is
F,:= / 2k B (k) dk.
T

We use these notations for the Fourier transform of the wave functions &, ,é, ¢A), the coupling &,
and for @, which denotes the inverse Fourier transform of dispersion relation. The wave ¢ is
given by

(1) == % (@ B (1) +iay (1))
or by its Fourier transform
Gk, 1) = % (a)/%(k, 1)+ id(k, z)) . %)

5
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The dispersion relation is defined by

w(k) = /6 (k).

We will specify the assumptions on the coupling ¢ later. An example for the dispersion relation
is shown in (3).

2.1.1. The setting of [1]

Before going into more details, let us briefly report on the construction of the perturbation
Plf/,n in (5) that was done in [1]. The authors considered the 1-distance perturbation with friction.
In this case, the vector field that conserves local momentum and energy is

+ (opg1 —0tp—1) + (op—1 — o)

M= (0 — ¢
n (ap n+l)aan_1 da, aan—H

and the corresponding generator of the system (5) is
d d ec
Zanﬁ - Z O’n—n’lgn’ﬁ + g Z()\n)zv
neZ n n,n'€Z n neZ
where c is the friction. In (5), the perturbation used in [1] is

ec ec
—Alay+op i +andi+ [ — D Gunpatn)Yaraldt)
6 3 d=-1,0,1

EC EcC
= ?(an+2 +opo+ 2041 + 2051 — 6a,) + ? Z ()\n+dan)Yn+d(dt)-
d=-1,0,1

Here, the Y,,’s are independent Wiener processes; we will introduce them more formally in Sec-
tions 2.1.2 and 2.1.3.
At the limit ¢ — 0, we get the Boltzmann transport equation (6) with the transition kernel

4
?c (2 sin?(27rk) sin? (k') + 2 sin?(7rk) sin®(2k’) — sin®(27k) sin2(27tk’)) .

The purpose of our work is to design a control on this transition kernel by modifying the vector
field A, and the perturbation Py, .

2.1.2. The 1-dimensional case

The system that governs the wave is given by equation (5). The problem is one-dimensional,
as we are considering n € Z, oy, B, € R, and k € T. The underlying Hamiltonian operator is

ad ad
H._
0 —E anm_ an—n’ﬁn’@' 3

neZ n,n' €z
Applying O to the wave function defined in (7), we obtain

6
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0"k, 1) = —iw(k)(k, 1). ©)
Now, we state the assumptions on the coupling o.

(o'1) There exists n # 0 such that o, # 0.
(02) o is an even function, i.e., 0, =o_, forall n € Z.
(03) o decays exponentially; that is, there exist constants C1, C; > 0 such that

ol <Cre™ M, VneZ.
(04) The Fourier transform & (k) satisfies either:

e (k) >0forall k € T (pinning case), or
e 6(k)>O0forall ke T\ {0}, 5(0) =0, and 6”(0) > O (no-pinning case).

We denote by {Y,(¢), t > 0},,cz a sequence of independent standard Wiener processes defined
on a probability space equipped with the filtration (2, §;, IP). The notation (-),, denotes the
expectation with respect to the probability measure p., which governs the initial state of the
wave. We write [E, for the expectation that accounts for both the initial distribution p, and the
Wiener processes with probability P.

The wave function ¢ is defined in (7), where the variables « and 8 are governed by a system
driven by a Wiener process. We will specify this system later in (25), and begin by focusing on
the initial state.

The initial state probability measure (. is assumed to satisfy the following conditions:

(ul) ($,(0))y,, =0, foralln e Z.
(12) {$n(0)¢ (0))y, =0, forall n,n’ € Z.
(13) There exists a constant C3 > 0 such that

e(lpOIZ) <Cs, foralle >0,
He
(u4) In the no-pinning case,

£ N

lim Ii ¢ < k.0 2) dk =0.

Am lrgljgp2 / lp(k,0)] .
|k|<R

The Wigner distribution is denoted by W* and is defined by

€ € * wik(n'—n) o* £(n+n/)
(S, W >:=E Z E, [¢n(t/£)¢n,(t/8)]/62 kn'=m) g <#k> dk

n,n ez T

e(n+n") />
—.n—n"),

€ * RE
ZE Z E, [¢n(t/8)¢n’(t/8)]s ( )

n,n'€Z
where S is a test function in the Schwartz space . (R x T') and S is the inverse Fourier transform

7
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S(x,n) = / RS (x k)dk.
T

By Assumption (13) and the conservation of energy, we can show that the Wigner distribution
W¢ is well-defined. In fact, there exists a constant C4 > 0 such that

(5. W) = S Ee 16 @/e)1% ] Y sup[§*crom)| = €.

neZ xeR

We define the space A as the completion of the Schwartz space S(R x T) with respect to the
norm

ISl =Y sup [Sce,m)| .
nEZXER

Then the mapping S +— (S, W¢) defines a continuous linear functional on NV, and hence

WA < o0.

This also implies that the family (W®)g-.~1 is sequentially weak-* compact in . Therefore, by
possibly passing to a subsequence, we may assume that W¢ converges in the weak-* topology.
Therefore, for the initial state, we assume:

(W1) Wé(dx,dk,0) converges (at least along a subsequence) to a non-negative measure
po(dx, dk).

We also define the energy density E*(t) as a measure on T by

(S, ES(1)) 1= (S, We (1)) = g / E. |1k, 1/e)P | Sk dk,
T

where S(k) is a bounded real-valued test function on T. In light of Assumption (W1), we also
conclude that E€(dk, 0) converges to a limiting measure vg(dk).

2.1.3. The multi-dimensional case

In the multi-dimensional setting, the particles are now located on the lattice Z9, and for each
neZd, the position and momentum vectors are o, 8, € R4,

The assumptions on the coupling function o and the initial state . in the multi-dimensional
case mirror those in the one-dimensional case, with the following modifications:

e 7 is replaced by Z4,

e T is replaced by T4,

e the condition 6”(0) > 0 is replaced by the invertibility of Hess(5)(0).
The assumptions on ¢ in the multi-dimensional case are given below:

(01’) There exists n € 74 \ {0} such that o, # 0.

8
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(62’) o is an even function, i.e., 0, =o0_, foralln € z4.
(03’) o decays exponentially; that is, there exist constants C5, Ce > 0 such that

|oy| < Cse™Col, vn e 79,
(04’) One of the following holds:

e Pinning: 6 (k) > 0 forall k € T4,
e No pinning: 6 (k) > 0 for all k € T\ {0}, 6 (0) =0, and Hess(5)(0) is invertible.

We recall the position and momentum functions «,,, 8, € R, and the wave function ¢n € cd,
We denote the a-th component of these vectors by [« ]4, [Br]a, and [¢, ], respectively.

We will use the notations {Y,/(#), t > 0};_,<q ez« (the simple index case discussed in Sec-
tion2.3.2) and {Y,i’,’f,’(t), 1 =0}y p<d, nezd,, (the dual index case from Section 2.3.3) to denote
sequences of independent standard Wiener processes. The symbol y denotes a path, which plays
a crucial role in the control arguments for the multi-dimensional case described in Section 2.3.
The remaining notations - P, u., E, - are the same as in the one-dimensional case.

We will also specify the system governing the wave, as given in equations (28) or (31). The
assumptions on the initial state are as follows:

(1) (¢n(0)),, =0 forall n € Z7.
(12" ([0 (0)]alpw (0)1p),, =0 forall n,n’ € Z9 and 1 < a, b < d.
(13’) There exists a constant C7 > 0 such that

e (IpOI%) <Cr, foralle 0.

e

(u4’) If the coupling corresponds to the no-pinning case, then

I%imlimsup<§>d / <||¢(k O)Hqurd)) dk =0.

-0 .90
lk|<R

The general Wigner distribution is defined by

d ~
(J, WE@t)) = (%) / E£[¢(k—§ S) S*(E, k)¢(k+§ t>]d$dk

RdxTd
end i27k-(n' —n) entn)
- (5) Z Z Ef [[¢”]a[¢:/]b]/el wk-(n"—n Sl;k,a #,k dk
n,n/EZd 1<a,b<d Td

-0y Yo [¢n]a¢]b]sba<s(”T+’”,n—n’>,

nn'eZd 1<a,b<d

where S = (Su.5) 1<a.b<d € S(R‘E1 x T4, M) is a test function valued in the space of complex
d x d matrices.
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As in the one-dimensional case, W* is well-defined and sequentially weak-* compact.
The Wigner distribution can be interpreted as a matrix of distributions; we write it as

W”U)=(Wfﬁanhgﬁsd’

in the sense of distributions. See [5,13] for related formulations and interpretations.
The formulation for each entry of the Wigner distribution matrix is given by

end : n gE t\ &t
WE (k. t =(—) f i2met w16, (k-2 2 k+ 2,0 | ae.
bak=(3) [ e | 161 S ) Bl (k+ 5 ) |
Rd
We also have a similar assumption to (W1) in the multi-dimensional case:

(W1’) For each pair (a, b) with 1 <a, b < d, the component W; p(dx, dk, 0) converges (at least
along a subsequence) to a non-negative measure ((o)q,p(dx, dk).

The Hamiltonian operator is defined as

o .= Z @ - Vg, — Z o(n—n')By - Ve,

neZd n,n'eZd
2.2. Control setting in the I-dimensional case

We now begin setting up our control framework. First, we fix a parameter N € N. The con-
trolled parameters consist of the 2N real numbers:

My(—=N), My(—N+1), ..., My(—=1), My(1), ..., My(N).

We take a small note that we only define the parameters for integer d such that 1 <|d| < N, we
do not define My (0).
We impose the following two assumptions on My :

(M1) My(d)+ My(—d) =0forall 1 <|d| < N;
(M2) Foreach 1 < |d| < N/2, either My(d) =0 or My (2d) = 0.

Assumption (M 1) ensures the antisymmetric (or skew-symmetric) structure of the control,
while Assumption (M?2) addresses a technical issue by ensuring conservation properties of the

perturbation.

Definition 1. Given a controlled My, we define the associated vector field by

My .__
=" My (@) e = ana) 5o—+ > My(d)dnia o

deZ deZ
1<|d|=N 1<|d|<N

(10)

10
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The corresponding controlled perturbation operator is defined as

oMy .= Z ()»,1:/[”>2.

neZ

total energy of the system.

Definition 2. Given a controlled parameter My, we define the coefficient function

Kumy:Z xZ—R

as follows:

Ford =d =0,

N

Ky (0,0):=3> " My(d)>.
d=1

For1<|d| <N andd =0,
, 1
Ky (@, 0) =Ky (0,d):= =My’ =2 37 My@d)My(da).
d1+dy=d
1<ld)|ldy| <N
For N+1<|d|<2N andd =0,
1
Ky, 0) =Ky 0. d):=—> 3 My(d)My(da).
d\+dr=d
1=<|di|,|d2|=N
For 0 < |d| = |d'| < N/2,
, 1
Kyy(d.d) = -7 > My(d)My(dy) — My(d)MyQ2d).
dy+dy=d
1=<|di|,ld2|=N
For 0 < |d| = |d'|, with N/2 < |d| < 2N,
1
Kuy(d.d') = -3 > My@d)My(dy).
di+dy=d

1=|di],|d2|=N

For1<|d|<N <|d'|<2Nand|d—d'| <N,

1
Ky (d,d') = EMN(d)MN(d/ —d).

11
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an

We will show in Section 4 that the operator O™~ conserves both the total momentum and the

12)

13)

(14)

s)

(16)

a7
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e Forl<|d|<N<|d|<2Nand|d+d| <N,
1
Ky (d.d') := S My (d)My(d +d). (18)

For 1 <|d'| <N <|d| <2N and |d' —d| <N,

1
Kuy(d',d) = EMN(d/)MN(d —d). (19)

Forl<|d|<N <|d| <2N and |d'+d| <N,

1
Kyy(d',d) :=§MN(d’)MN(d+d/). (20)

For1<|d|,|d'|<Nand1<|d" —d|, |d +d| <N,

1
Ky (dd) = Ky (', d) =5 (MN(d/)MN(d —d)+ My@My(d —d)
21
— My(d)YMy(d +d') — My (d)My (d + d/)).

For 1 <|d|,|d|<Nand1<|d —d|<N <|d +d|,

Kuy(d,d") = Kyy(d',d):= = (My(dYMy(d —d') + My(My(d' —d)).  (22)

N | —

For1 <|d|,|d|<Nand1<|d +d|<N <|d —d|,

1
Kuy(d,d)=Kuy(d',d):= —3 (My(@dYMy(d+d)+MydMyd' +d)).  (23)
e For all other cases, define
Kuy(d,d") :=0.
The transition kernel is derived by computing the changes in the energy |<13|2 under the per-
turbed operator OMx Intuitively, the transition kernel is the Fourier transform of Ky, (d, d),
which has the form of a part of a convolution. Specifically, Ky, is sum of some terms of the

form My (d1)Mn (d2) where dy + dy is d or d’. Precise computation of Ky, yields Definition 2.

Definition 3. We define the controlled kernel corresponding to My by

Ruyk. k)= Y e 2iWtd®g, . dy= 3" Kuyy(d.d)cosQrdk)cosQ2rd'k).
d,d' eZ |d|,|d"|<2N
(24)

12
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Referring to (5), the controlled perturbation system governing the wave is
Pu(D) = an (1),

day(t)=—0 *Bu(t)dt =26 [ D" Ky (d. 0 rq(t) | dt
|d|<2N

+v2e D AN (1) Yara(dr).

|d|l<N

(25)

2.3. Control setting in the multi-dimensional case

2.3.1. Notion of path

To define a control on multi-dimensional perturbations, we introduce the notion of a path.
As a path on the lattice resembles a chain, we only need to make a small modification in the
computations to find the transition kernels. We first roughly introduce the controls based on a
path y.

e For a simple index expansion (see Section 2.3.2), we consider a controlled vector M, (d) €
]Rd, for 1 <d < N. Each component [M, (d)], is then used to define a component of the
MV
vector field A, ”.
e For a dual indices expansion (see Section 2.3.3), a pair of indices (a, b) is chosen first, then

the controls M}‘,"b (d) e R, for 1 <d < N. After that, we also define a controlled vector field

a,b
Anly-

Let us now define the notion of a path. The space Z% is partitioned into 29 regions using

the d coordinate hyperplanes {n € 74 | [n]la =0} fora =1, ..., d, where [n], denotes the a-th
component of the vector n.
We index these regions using integers p € {0, 1, ..., 29 — 1}. Each index p is represented in
binary as
p=p1287 4 pp29 7 ot pa = (pip2- . P2,

where each p, € {0, 1}.
For each p, we define the associated set p as the set

{n VA ’ (—1)Pa[n], > O for all a = 1,...,<d}.

Note that for each p € {0, 1, ..., 2d _ 1}, there exists a unique index p’ € {0, 1,..., 2d _ 1}
such that the binary digits of p’ are the bitwise complements of those of p-that is, p,, =1 — p,
for each a. In other words, set p’ is the reflection of set p across all coordinate hyperplanes.

Definition 4. On the set p and for a number N € N, we define:

13
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p= 10‘2 5+ p:OO‘Q
There are two types
il of moves on 00|2:
(z,y) = (z+ 1,y);
(z,y) = (z,y +1).
3 +
path v of length 8
2 +
1 1
-3
-7 -6 -5 -4 -2 -1 1 2 3 4 5 6 7
—1 +
—9 |
—
_31
41
p=11|2 =51 p =012

Fig. 1. A path and its opposite when d = 2.
e A move on the a-th coordinate is the map

ni—>n-+(—=1)Pe,,

where ¢, is the vector in 79 with 1 at the a-th coordinate and 0 elsewhere.

e A path is a sequence of points obtained by making consecutive moves. We say a path is of
length N if the L'-distance between its endpoints is N. We denote by I'y. p the family of all
paths of length N on the set p starting from the origin. For each y € 'y ,, we denote by yy
the point reached after d moves, for d > 1.

o The symmetric of a path y with respect to the origin is denoted by —y. For each y € 'y,
we have —y € 'y, where p’ is the complement of p defined previously (see Fig. 1).

We note that a path that lies on an axis belongs to multiple regions. For this reason, when we
mention a path, we also assume that the set p is predetermined.

Let us establish a combinatorial lemma on the number of paths passing through a given point.

Lemma 2. Given a point D = ([D]a)1<4<d inthe set p € {0,1, ..., 2d 1y, if

IDllgr =[Dli| + -+ -+ |[Dlal € [1, N1,

then the number of paths in Iy, passing through D is

(”D“Ll)! dN-IDI 1
ALD1D!--- AIDIah!

14
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Proof. If [D], <0 forsome 1 <a < d, then we use the symmetry with respect to the hyperplane
{n € Z% | [n], = 0} and define p by

py=ppforbz#a, and p,=1-— p,.

The point D has the symmetric D such that

[D], =[D]y forb#a, and [D],=—[Dla.

The number of paths through D in p is equal to the number of paths through D in j. Therefore,
without loss of generality, we assume that D is in the set 0, i.e., [D], >0 forall | <a <d.

From the origin, we have to take [D]; moves of +ej, [D]; moves of +e», ..., [D]q moves
of +eq to reach D. The number of paths of length || D|| ;1 having the endpoint D is equal to the
number of different arrangements of those moves, which is

DY L0!
((D1D!--- ([D1)!

For each path of length || D|;1 ending at D, we define a path of length N by adding N —
ID||;1 moves picked from +e;, +e2, ..., +eq. There are dN-IPIL ways to pick them. The
conclusion of the lemma follows. O

2.3.2. Simple index expansion

Now, we have the framework to define the control parameters M, (d) € ]Rd; we refer to it as
parameter M for short. For each number p and path y € I'y ,, M), (d) is zeroifd <1ord > N.
Similarly to (M 1) and (M2), we impose two assumptions on the parameter M:

(M1’) For pand y €'y p,
M,(d)+M_,(d)=0.

(M2’) For D € Z% with 1 < | D||;1 < N/2,

2d_1 2d_1
Y D> MyUDI =0 or Y Y My(2Dl|)=0.

p:O VEFN,p p:O )/EFN_p
Dey 2Dey

Similarly to (M 1), Assumption (M1’) ensures the antisymmetry of the control. Assumption
(M2’) is analogous to (M2) and addresses the technical issue related to the conservation of the
perturbation. We interpret the second assumption as follows: when 1 < || D|;1 < N/2, either the
total controlled coefficients over all the paths passing through D or over all the paths passing
through 2D sum to zero.

Definition 5. Given p, N, y € I'y p, and parameter M, we define the a-th component of the
MV
vector field A,, ” by

15
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N

[ Ta = > _IMy @] (ln]a — [otn-,1a)

al 9
+ E [My (d)]a [an+yd]a
d=1 d=1

8[an—yd]a Ao la .

The total vector field on M, is

d
M. M
An Y= Z[)\n y]a-
a=1
Then, the vector field of length N is defined by

W=,
Y

. . 2(1 —1
where the notation ), abbreviates > 7 " >°, Ty
The perturbed operator is defined as

oM:=%"0"% (26)

Definition 6. For N € N, a parameter M and (a, b) such that 1 < a, b < d, we define the kernel
coefficients [K (D, D')]p. 4 as follows:

e D=D'=0,

3
(K ©.0lpai=3 D" [Myi(d)lalMy2(d2)]s.

yLy?.di.d
Y =V,
e For1<|D|,1 <N,
[Km(0,D)]pa =Ky (D,0)]pq:=— Z (M, 1 (I DIl ) ]alM,2 (I D )]s
yly?

1 —a2 —
Yioi, =il =P

1
—5 2 IMu@)kIMe @)
ylytdid
Yay +7iy =P

e For N4+ 1<|D| ;1 <2N,
1
(Km0, D)]pa = [Km(D,0)]p.a = ) Z (M1 (d1)]a[M,2(d2)]p.
yLytdid
Yay t¥a, =D

16
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e For 1 <||D||;1 <N,

[Km(D, D)lp,a :=— > (M, (1Dl )]al M2 (D1 )]s
Vi, =Vipi,; =P

1
-5 2 IMuE@)kIM @)

yLyidid
y(}|+ydzz:D
e For 1 <||D| 1 <N/2,
[Ky (D, =D)p.q := > IMaADI )M, (1D )]s
1,2
Yoy

1 —.,2 —
Yioi, =Yioi,, =P

- > (M, (1Dl p)]a[M,2 (12Dl )]s

yLy?

Yioi, =P:¥iaoy,  =2P
- > [M,1 (12Dl ,)1alM,2 (| D]l )]s
yhy?

1 — 2 —
Yiaoi,  =2P-Yipy, =P

e For N/2<|D|;1 <N,

[Km(D,—D)lp,a = > (M, (1Dl )]alM,2 (DN L)]Tp-
vhy?
Vi, =Vipy,, =P

e For N+ 1< |DJ;1 <2N,

1
(Kn(D, D)lpai==5 D> [My1(@)]alM,2(d2)ls.

yhytdida
Vi, P =D

e For 1 <|[D|;1,D'll;1 <N and D # +D’,

1
[Km(D, D"pa =3 > (M1 (IDNI)1alM,2(II1D" = DIl )]s
vy
Yiby,, =P

2 —D—
Yip'-pi,

17
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? y'y?
VHID/—DHLI =D'-D
VuzuuL] =
1
T3
v'y?
V\IID’IILl =
VHZD—D’HLl =b-0f
+
yhy?
”nlD—D/HLl =b-0f
VHZD’MLI =D’

1
—5 2 MDD I)llM2 (D)

IVIJ/Z
i =

2 —
Yiby, ;=P

/

1
—5 2 MM, (1D ).

IVI,Vz
Yipi, =P

/

2
Yip =
10711

o Ky (D, D') :=0 for other cases.

1
+= D IMuID = DlIp)ladM,2 (1D )]s

S MDD )IM,2 (1D = D'l )

1
> 2 MDD =Dl kM2 (1D 1)

Journal of Differential Equations 453 (2026) 113798

By using notion of path, the computation for the coefficient function in Definition 6 is similar
to the computation for the coefficient function in Definition 2 as the purpose of our model. A key
difference is that, for simple index expansion, we can no longer simplify some terms due to a

loss of symmetry, and this makes the coefficients more complicated.

Definition 7. For a parameter M, our kernel is the matrix of coefficients

Ku(k,k'y:= [ D [Ku(D, D)lapcos2m(D -k + D' - k)]

D,D’

This kernel corresponds to the system

dp,(t) = a,(t)dt,

day(t) = —o *By(t)dt =2¢ | Y~ diag ((Ky(D,0)laa) nyp | dt

1Dl 1 <N

18

27

(28)



A. Hannani, M.-N. Phung, M.-B. Tran et al. Journal of Differential Equations 453 (2026) 113798

d
+0Y T MM e Y ),

a=1|Dl 1=N
where the Y, ;,’s are independent standard Wiener processes.

2.3.3. Dual indices expansion

Let us consider the energy exchange between component @ and component b between par-
ticles on a single path. Fora,b=1,...,d and y € I'y_,, we design a new control parameter
MgP(d)eR, for 1 <d <N.

We impose two assumptions on the controlled parameter Mﬁ’b:

(M1”) For a pair (a, b) and a path y,

ab _ pqab ab _ __aqab
My —Mfy or My = Mfy.

(M2”) For a pair (a, b) and a path y,

Y. MpP@nMytd) =o.
1<dy<dr)<N

Definition 8. For each M%? and y € ', p, we define the vector field

N N 9 0
_ ab . a,b —
— z:: M)/ (d) ([an—l—)/d]b [Oln]b L; M (d) ( an-H/d ]a a[Oln]a )

=

a, @ 0 i
—ZM @) (lentyala = lemla) ZM/’(‘”( - a[an]b>'

o = dletntyylo

Using this vector field, the perturbed operator is defined by

= rab)’ 29
=2 2.2 (%3) @9
neZd VvV ab
In the case a = b, it is clear that A;;", = 0. Thus, we only consider the case a # b.
Definition 9. For a # b, the coefficient K is defined as follows:
e For D=D' =0,
2

N
K“(0,0) := —Z (Z MY ”(d)) (Z(Mﬁ”’(d))z)
14 d=1
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e For 1 <||D||;1 <N,

N
K0, D) =K“"(D,0):=— ) M;"b(nDnLl)(ZM;"’(d))
Y d=1

vipl, =D

N 2 N
x (ZM?"((Z)) +) (M)’
d=1

d=1

+ ) MpP@Myt@)
v.dida
Vdy —Vd, =D

N
x (Z M)‘j’b(d)>

d=1

2 N
+) (M (@)

d=1

e For 1 <|D| 1, ID'|lg1 <N and D, D’ are both in the same set p (or D in p and D’ in p’),

N 2
K“’(D,D'):= (ZMﬁ”’(d)) MEPID ) )MEPAID 1)
d=1

¥
Yipi, =D
Yo'y, =D’
N
- > M;~b<||D||L1>(ZM&%)M&”(dl)Mﬁ’b(dz).
v.di,dy d=1
Vi), =D
Ya, —Va, =D’

In the case where D is in set p and D’ is in set p’, replace M)‘j’b by Mﬁ’f in the expression.
e K%P(D, D’):=0 in all other cases.

The computation for K%? in Definition 9 is similar to the computation for K My in Defini-
tion 2. For dual indices, the vector field AZ:,}Z contains two controlled parameters M)‘,’ 0°g in each

term. Consequently, K% has four controlled parameters M%?’s in each term as opposed to just
two controlled parameters in the 1-dimensional case and the simple index case.

Definition 10. For each a # b and parameter M, we define the dual indices kernel as

K*P(k,k'):= > K“"(D, D')cos(2w D - k)cos(2r D' - k). (30)
D,D’

This kernel K% corresponds to the system:
dpn(t) = an(1)dt,

20
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dan(t)= —o*Bu()dt —=2¢ [ >~ > K“Y(D,0)anip() | dt
ab |Dl 1 <N

+v2e Y > abban ()Y 3D

ab vy

LD DD DI WCAO) M)

a,b 1= Dl 1 =N YIDI =-D

where the Y,‘f,’)l,’ ’s are independent standard Wiener processes.
3. Main results
3.1. The 1-dimensional control results

Lemma 3. For the coupling o and My satisfying Assumptions (o1) - (64), (M 1) and (M2), we
have

Z Kyy(d,d)=0

|d|<2N

for every d’ such that |d'| <2N. As a consequence,

Ky (k, k') B
w (k)

keT

Using the kernel defined in (24), we also define the collision operator on the Schwartz space
(R x T) or on the space of continuous real-valued functions on T by

col

OMNS(x, k) = 2/ I%MN (k, k') (S(x, k) — S(x, k)) dr’.
T
Theorem 4. Considering the wave system governed by (25), we assume that the coupling o, the

initial state, and My satisfy Assumptions (o 1) - (64), (ul) - (u3), (WI), (M1), and (M2). Then,
E®(t) subsequentially weakly-* converges as ¢ — 0 to v(t) = v(t, dk), which is the solution of

%<S, V(1)) = (OMN 5 v(1)) (32)

col

for every bounded real-valued function S on T, for all t € [0, T, with v(0, dk) = vo(dk). More-
over, under Assumption (u4) in the no-pinning case,

lim 1imsupf / ]Eg[|q3(k,z/e)|2]dk=o, vt €0, T). (33)
R=0 o9 2
|k|<R

21
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Theorem 5. Considering the wave system governed by (25), we assume that the coupling o, the
initial state, and parameter My satisfy Assumptions (o 1) - (c4), (ul) - (u4), (Wl), (M 1), and
(M2). Then, WE(t) subsequentially weakly-* converges as € — 0 to u(t) = u(t,dx, dk), which
is the solution of the Boltzmann equation

d g 1 " aS oMy
77 8 1) = S (@ (k) 7, (@) +(Ogp S, 1 (1))

for any test function S in the Schwartz space, for all t € [0, T], with u(0, dx, dk) = no(dx, dk).

Remark 6. We control the Boltzmann equation in Theorem 5 by modifying the kernel through
the action of M. Due to the constraints on My, we see that we can freely choose My (d), N/2 <
d < N and then set My(d) =0,1 <d < N/2. Therefore, we can choose N — | N/2] values for
Kuy -

3.2. The multi-dimensional control results

We extend Theorem 5 in two directions mentioned in Section 2.3 using similar proofs. In the
case of a simple index expansion, we define

(0250 i= [ (1Rua e N+ 1Ror (K p) S KK
Td

[ (R kb R e K) SO
Td

for S = (Sa,p)1<a.p<d> S € Z(RY x T4, Mg), and I%M is defined in (27). The collision operator
is defined by the matrix OM S(s, k) = ([OM,S(x, k)a.p)1<a.p<d-

col col

Theorem 7. Considering the wave system governed by (28), we assume that the coupling o, the
initial state, and parameter M satisfy Assumptions (o1’) - (64’), (ul’) - (u4’), (WI1’), (M1’),
and (M2’). Then, the Wigner distribution W*(t) subsequentially weakly-* converges as ¢ — 0 to
w(t), which is the solution of the Boltzmann equation

dS . 1
S ) =3

7 — (Vo (k) - VS, () + (OM)S, n@0))
t T

col

for any test function S in the Schwartz space, for all t € [0, T], with u(0, dx, dk) = no(dx, dk).

In the case of a dual indices expansion, for any a, b, we define

0% S(x. ) Y Jpa KOO (ke k) (Sar (6, k') = Saa(x, k))dK', when a = b,
. X, = A A
col — Jpa(K®P ke, k') + K" (k, k') (Sa,p(x, k') + Sap(x,k))dk’, whena #b,

where K is defined by (30). The collision operator for a dual indices expansion is defined by
the matrix

22
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OcolS = (03(;5?5)1511,1754:1'

Theorem 8. Considering the wave system governed by (31), we assume that the coupling o, the
initial state, and parameter M satisfy Assumptions (o1’) - (64’), (ul’) - (u4’), (WI’), (M1”),
and (M2”). Then, the Wigner distribution W®(t) subsequentially weakly-* converges as € — 0
to u(t), which is the solution of the Boltzmann equation

d 1
S ) =7 (Vo (k) - VoS, n(@)) + (Ocor S, 1))

dt 27
for any test function S in the Schwartz space, for all t € [0, T, with u(0, dx, dk) = no(dx, dk).
3.3. Achievable target kernels

In the proposition below, we prove that target kernels of the form (34) are achievable.

Proposition 9 (Achievable Target Kernels). In the 1-dimensional case, given any N, there exist
Pup(x,y) for1 <a <b<N — |N/2] and a perturbation in (25) yielding the kernel

K(k, k') = sin®(;wk) sin® (rk")v(cos(rk), cos(rk')), (34)
where veV = [Zlfafbe—LN/ZJ CuCpPup(x,y)|Cy € R}.

Remark 10. In Proposition 9, we choose My(d) < 0,d < N/2 for simplicity, the family of
polynomials {P, 5} is computable. This provides a partial description of possible target kernels.
For other cases, the computation can be repeated to obtain a different family {P, ;}. Thus, the
form (34) represents the general form of achievable target kernel, although the range V of v is
larger than what we present here.

In the multi-dimensional case, obtaining such a result is much more difficult and beyond the
objective of the present article. On one hand, we retain the properties Ky (D, D’) = Ky (D', D)
and Ky (D, D) = Ky (—D, —D’), which are sufficient to derive the kernel from the controlled
vectors M,,. On the other hand, when transitioning from dimension one to higher dimensions, we
lose the fact that Ky, (D, D') = Ky (—D, D’). This significantly complicates the analysis. Fur-
thermore, the number of free parameters in the multi-dimensional case increases exponentially
with respect to the dimension.

4. Conservation of momentum and energy - generating operator
4.1. The 1-dimensional case
We claim that A,ﬁWN conserves local momentum and energy. Indeed, by (M 1), we have
N

ML e = Y M@ —ana)+ Y My@ania =0, (35)

d'=—N deZ,1<|d|<N deZ,1<|d|<N
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and

=2 ) My@n—amden—a+2( Y. Myand | =0. (36)
deZ,1<|d|<N deZ,1<|d|<N

The generating operator is identified using the following lemma.

Lemma 11. The operator

0 =0 +soMv (37)
is the generator of the stochastic differential equation (25), where OMN is defined in (11).

Proof. According to (7), the process is

1 [a *ﬁn(t)}

Let us derive (37). We write (25) as

d [ﬂ"(t)} _ an®) dt

(1) | T | =0 % Bul0) = 26 (Lo Kty (@, 0ansa(0))
aY, (38)
o .. 0 v
V| ool

n— n(t) ... n n(t) :
e e Y, n (D)

By It6’s formula, the generator of the SDE (38) is

a d
— — t -2 Ky (d, 0 t
o ( )aﬂn o * B )aa,, € |d|E<2N My (d, 0)apya(t) b
N ) 82
z : M
+ ¢ [d_N ()\.nl\/d(xn (t)) @

The term an% —0 % ,3,1% coincides with the Hamiltonian O . Thus, it remains to show
that
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OMN (f(an))

9 al 2] 92
=|-2| X Kuy@ 0o | 5o- +[ > (e o) }W Flan),Vnez,

|d|<2N d=—N

where f is a test function which is twice differentiable and compactly supported. We compute

OMN (f ()
= > G f(ew) + )2 f ()
I<|d|<N
of (ay af (ay
= MMy (@) s — i) L o it | Y Myana L)
1<|d|<N I=|d|=N "
of (ay af (ay
= Z MN(dl)MN(dZ)an+d1+d2 f (@) + Z MN(d) (Apya — o) f(a)
1<|d\|.|ld2|<N " 1<|d|<N “n
n 8 n
=Y @0 Y M@ — o)
1=|d|<N Gn 1<|d|<N %y
2 2
0 n
+ Z My (d)otn1a ;C;;)-
1<|d|<N n
(39)

On the other hand, the definition (10) gives

N @y = My (d)(@nsd — Angaa) if 1 < |d] < N,

Vo= Y My(d)einta.
I<ld|<N

Thus, the coefficient of the second-order derivative in (39) is
N
2
3 ()\,man (r)) .
d=—N

The definitions (12), (13), (14) also give us that the coefficient of the first-order derivative in (39)
is

=2 Y Kuy. Oania

|d|<2N

This finally gives the system (25). O
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4.2. The simple index case

Consider the local momentum and local energy around n € z4:

2
> oy and > ot 17

n €LY, n—n'| ;1 <N n €LY, |n—n'|| 1 <N

Forall p and y € I'y p, it is sufficient to prove that:

)“2/[1’ _{_}\y*V
conserves the local momentum and local energy.
We will design a 2N + 1-point set using the paths y and —y. This set will resemble a line in
the 1-dimensional case. First, we define n 4 y as the N 4 1-point set obtained by translating y
by n,ie., {n,n+y1,...,n+ yn}. We also define n — y =n + (—y). The 2N + 1-point set is

then (n +y)U (n —y).
Ifn' ¢ (n+y)U (@ —y), then:

M M_ M M_
G+ 2y ey =0 and (" 42 et 72 =0,

Thus, we only need to check conservation for the 2N + 1 points in {n} U (n + y)U (m — y).
We will separate each index a from 1 to d and work on each index a using computations similar
to those in (35) and (36).

Lemma 12. The operator
05 := 0" +e0M
is the generator of the SDE (28) where 0‘5"[ is defined by (26).

Proof. This is sufficient to check that

d
of
O/ fla)==23" > [Ku(D.Olsalenplagr—
a=1|D| 1 <N
M n o f
+> > (D' plalenlo) (U plofetnlo) o=

ab | D], 1<N
It is proved by direct computations. We see that

2 2

o¥f@n= > D Mp| fan+ D A flew
Y Y

1<|DIl, 1 <N
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= > Wy ) Z[M (DU ))a((nrpla — [@n2p)a) 7

1<|Dll,1 =N iy, =Da=1

+)»MZZZM (D]alan+y,la 3 f
Y a=1d=lI [ ]

af

anla

—Z > IM@))alM,2(d2)]a ) 93 ) 5001

a=lyl y2.di,d

d
+> Y > IMudIDI) M2 (Dl ) a

a=1 ISHD”LISN yl,yz
1 —a2 =
Vil =D,

A
danla

d
- Do IMudIDI) LM, (DI )

a=11=|D|,1=N yly2

x ([@ns-pla — [atn]a)

1 —.,2 =
Yipi, 1 =YDl

of
x ([otp]a — [an—D]a)m
+> > > IMudIDIL)LIM,2 (1D )
a,b IEHD”LISN y],yz

1 —,2 —
Vi1, =Vioi, =P

e
0o a0lonlp

X ([onypla — [ns2pla) (s plp — [@ni2p]p)

2 dy=1

+ Z > Z[M H@D1al, 1) To (Z D M2 @)lsle, g2 1o

yl di=1

9% f
X —————.
0oy ]adlon]p

af
danla

|
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(40)

(41)

(42)

(43)

(44)

The coefficient of [ot; ] w72 3[ is computed from ! 0 T v2 = =01n (40), and from (41) and (42).

These give:

_Z[KM(Os 0)]a,a'
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For the coefficient of [t 4 plg 572+ a @, ] , (40) gives:
nla

> IMyid)]aIM,2(d2)]a

ylytdid
Yd, P, =D

Additionally, (41) and (42) give:

2 Y IMaADI )M, (1D )]
Yioi, =Yipi,, =P

Thus, the coefficient is:

—2[Km(D,0)]aa-

The first-order derivative part is now complete.
For the second-order derivative part, we fix a, b and compute

> O plalend) N p Il ls) = Talotn1a) (A" T [etn 1) (45)

DIl 1 =N

+ Z (Dny plalenla) Dy plplaals).  (46)

I=ID|;1=N

We can now observe that (45) corresponds to the coefficient in (44), and (46) corresponds to (43)
foreach D. O

4.3. The dual indices case

We observe that the operator (29) conserves the total momentum and total energy. It is suffi-
cient to check that Aﬁji’, conserves

Yo dewle Y lewls, Y (lewl; + lawlp).

n'e(n+y) n'e(n+y) n'e(n+y)

Indeed, we have

(ZMa b(d)

N
a,b 0
;My (d)[an]) > el

a[an—i-yd]a n'e{n}Un+y)

N N
- (Z M%) — Z M;»b(d)) =0. (47)
d=1 d=1

We prove the conservation of the b-th component of the momentum similarly to (47). For the
energy, we have
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Mt (el law])

n'e{n}Un+y)
N N N N
=2 (Z M ( )ty ds — Y M (d) [an]b) (Z ML (D) entygla =Y Mﬁ”’(d)[omh)
d=1 d=1 d=1 d=1

=

N N
-2 (Z MEP Dty e — Y M;’b(d)[an]a> (Z M ()t lp — Z ML @) an]b)

d=1 d=1 d=1

=0.
Lemma 13. The operator
04:=0" +c0}
is the generator of the SDE (31) where 00/}” is defined by (29).

Proof. We show that

of =—2(>> > K“"(D,0euin)

a,b HDHLISN
82
T -
+ Z Z Z [ Oln (t))()‘n yan (t)) ]al,HZ a[an]al a[Oln]az

a,b v aj,axe{a,b}

T Z Z Z Z n+D ya” (t))()"n+D y()ln(t)) ]a1 a)

a,b 1<||DHL1 <NY|D| 1=—Dai, ay€fa, b}

82
X —_—
0 [an]al a[an]az

The computation of Oé” f yields

Of Flamy=3"%" 3 Ol ) Flan)+ DD ) Flan).

ab v 1<|D'|,1 =N ab v

For D' e 79,1 < ID'||;1 < N, we compute

N
Z@nw/ Piad=— 3 S M@ (@tygila — [@ninla) (48)
]/HD/”LI =—D'd=1
N 2 N
a,b a,b 2 a,b / af (an)
(gMy (d)) +(;(MV w) MG,
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N
o Z Z M)Lj’b(d)([anerdJrD/]b — [2u+p1p)

Yipry, =—D"d=1

N 2 N 3f(a )
x (ZM;»b(aD) +(Z(Mﬁ‘b(d))2> M AD0 G r
d=1 n

d=1

2
292 f(ay
+ oy (ZM (Letrsy 071 [anw/]b)) (mbap ) &L

a2
Vi, =—D" M=l a

N 2 .
2 92 f(a,
oL (Z My (07 la = [an+D’]a)> (M;'b(HD/HLl)) s

’ ol 2
yHD/“Ll:—D d=1 [ n]b
§ 2
-2 ) (Z M (et p7a — [anwla)) (Mgt an'i)
}/”D/”Ll =—D’ \d=1

o 2
8 n
x <Z M;j’b([a""r)/d"rD’]b - [O‘n—i-D’]b)) [f&

d=1 danladlonls

We also have

N
STEE fom) =Y MEP @) [ty )a — [enla) (49)
14

Yy d=l

- b ’ Y by 2 Al 5\ Of (0an)
x((MpP@) + (Dot @? | | (oM’ ) s
d=1 d=1 d=1 danla

N
+ D) MY @) (@t lo — [enlb)

y d=1

3 (s af (en)
x (ZM?"(@) +<Z(M;’b(d)>2) (ZM‘”’) o
d=1 d= n

2
+ Z (ZM [a”ﬂ/d b— O5n]b)> (Z M b(d)) d f(an)
Y

=

N
+2 <Z My (@t = [enla) ) (Z M b(d)) a[a(“n)
d=1 n

Y
N N
- ZZ (Z M)‘j’b([an+yd]a — [atnla) ) (Z M h(d))
v \d=1 =
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N 2
0 n
X (Z M;’b([alrkyd]b - [an]b)) 3[&

il an]aa[an]b.

When D =0, (49) gives

N 2 N N 2 9
a,b a,b 2 a,b
L((Swr) + (Sosrar)) (Guro) gy

Y
and (48) gives

2

N N
DS <ZM;"b<d>> +(Z(M;’b<d>)2) (g0 10) 5
d=1 nia

D" ¥y, ==D" \ =1

The sum of two terms in case D =0 is
—2K%(0,0).

Now, we consider 1 < ||D| ;1 <N, (49) gives

2

N N N
a
> (ZM;’b(d)) +<Z(M$’b(d))2> (ZMﬁ’b<d>> M UDNL) 5ro—
d=1 nia

vip, =D \ \d=l d=1

Similarly, equation (48) also yields the same term when D = D’. For the case D # D', equa-
tion (48) produces a non-zero contribution only if there exists ¢ such that yz, — y)p/,, = D.
Therefore, for 1 < ||D||;1 < N, we obtain the coefficient

1

N 2 N
2 ) MM (Z My <d>) + (Z (M @) )
v.di,d2 d=1 d=1
Ydy —Vd, =D
Hence, we obtain the coefficient for the first-order derivative part:

—2K%I(D,0).

For the second-order derivative parts, we see that

N N
han == " My (@) ([enty 1o — [anls) D Mi" (d)ea
d=1 d=1
N N
+ Z M)[f’b(d) ([Ol""‘)’d]a - [an]a) Z M;’b(d)eb.

d=1 d=1
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Hence, (AZ:;’,an)(AZji’,an)T matches the second-order derivative part of (49). Similarly, by a di-

rect computation, (AZ’f_’ D yozn)()LZ’f_’ D yan)T matches the second-order derivative part of (48). O

5. Computation of the kernel

5.1. The I-dimensional case

In this section, we show how to compute the kernel Ky, defined by (12) and (23). We start
with the computation of the generator over the energy density O |<;A5|2, where O is defined in (37).

From (9), we get O |$|2 = 0. Therefore, we focus on OM¥|¢|2. Since O™V is a second-order
operator, we have:

OMV B2 = (0" §)d* +(0MNgM)p+2 ) (1)) (147 (b))
n
The kernel arises from the expression:

> (16w (g7 w)

n

We compute:

S (Rvan ) (rimver, )

neZ
1

=5 > My (o —nid)Suwat | D, Mydania | Snw
nez deZ

deZ
1<|d|<N I<|d|=N

x| Y My (= nyd)Spnra+ | Y, MN(@Dnia | Snar

deZ deZ
1<|d|<N I1<|d|=N
1 2N
Z_E Z Z MN(dl)MN(dz)((Xn/_dl—Oln’_zdl)(oln’—dl—C(rz/—d1+d2) S/t
d'=—2N \ 1=ldi|,|d2|<N
di+dr=d’
(50)
1
—5 2 My@) (g —awaa) | YL M@)o —diias | Svnray (51)
1<|di|=N dreZ
1=|d2|=N
1
+5 D My@) (e —ewia) | ) My@)ewia | 8w (52)
1<|di|=N dreZ
1=|dr|<N
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2
1
5| 2 Myv@eawia | dwowo (53)
deZ
I<|d|<N

Let us express the sum ) " ()»,11”” (;5"/)(%24” ¢7,) in the form:

n,n',n

> Kuy(d.d)oyon sabw—n.ar.
Vl’,l’l”,d,d’

Taking into account the invariance of n” — n” under translation by the same amount for both n’
and n”, we cancel the term:

1
— My (e, | DMy 2w —a+a,
dy

in (51) with the term:

1
M (dDaw > My (e va,
dy

in (52). Thus, we obtain the kernel K, as follows:
o If d =d’ =0, the term (50), with d| = —d>, produces
N
23 My,
d=1

and the term (53) gives

N
> My (dy.
d=1

Thus, we obtain (12).
e Ifd =0and 1 <|d| <N, the term (50), with d| = —d, =d, gives

—My(d)*,
and the term (53) gives
1
—= > My (d) My (db).

2
di+dy=d,1<|d|,|d2|<N

If 1 <|d’| < N and d = 0, the term (50) gives
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1
= > My (d)My(d>),
di+dy=d,1<|d1|,|d2| <N

the term (51), also with d| = —d> = d, gives
1 My (d)?
S MN )
and the term (52) gives
M@y
P N
Thus, we obtain (13).

e Ifd =0and N + 1 < |d| < 2N, there is no contribution from the terms (50), (51), or (52),
and the term (53) gives

1
Kv@.0)==2 > My@)My(dy).

dy+dy=d
1<|di],|d2|=N

If N+1<|d'| <2N and d =0, the term (50) gives

1
Kn@.dy=—> 3. My(d)My(d).

dy+dy=d’
1<|di|,|d2|<N

Thus, we get (14).
o If |d'| = |d|, the term (50) produces

1
-3 > My (d) My (dy).
di+dy=d',1<|d|,|d2| <N

With dy = —d’, dy =2d’ or d| = 2d’,dy = —d’ in the case |d| < N/2, it also produces
—My(dYMyQ2d').
When |d| < N /2, the term (51), with d] =d’, d» = —2d’, produces
1 / /
_EMN(d YMn (2d),
and the term (52), with dy = d’, dp = 2d’ produces
1 / /
—5 My (d)My 2d).
Therefore,
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1
KMN(d,d’)=—Z Z My (di)My(d2) — Mn(d)My(2d) if |d| < N/2,

dy+dy=d
1<|d1],|d2|<N

1
Kuy(d,d)= -2 Z My (d))Mpy(d>) for other cases.

di+dr=d
1<|di],|d2|=N

e If1<|d|<N <|d'|<2N and |d'| — |d| < N, then
Kuty (d, d) = SMy@My(d —d) it 1d' —d| <N,
Kuy(d,d)= —%MN(d)MN(d’ +d) if|d +d <N.
e If 1 <|d'|<N <|d|<2N and |d| — |d'| < N, then
Kyy(d,d)= %MN(d’)MN(d —d) ifld—d|<N,
KMN(d,d/)z—%MN(d/)MN(d+d/) if |d +d'| <N.

e Ifl<|d|,|d|l<Nand1<|d—d'| |d+d|<N,wecompute from (50) with d; =d, dp =
d' —dord =d—d', dy=d, ensuring the symmetry by including the factor 1/2. We also
compute (51) with dy =d’,dy =d — d’, (52) with d] =d’,d» = d + d’. The coefficient is
given by

1
Ky(d,d')= E(MN(d/)MN(d —d) = MydYMy(d+d)—Myd)My(d —d')
— My(d)My(d +d")).
e Ifl<|d|,|d|<Nandl<|d—d'|<N <|d+d'|, we compute from (50) withd| =d, dy =

d —dord =d—d, dy=d, ensuring the symmetry by including the factor 1/2. We also
compute (51) with d| =d’, dp = d — d'. The coefficient is given by

1
Ky(d,d')= 3 (My(d)YMy(d —d') —My(d)My(d —d)).
e Ifl<|d|,|d|l<Nandl<|d+d|<N <|d—d'|, we obtain
1 ! /
—EMN(d)MN(d+d)

from the previous cases of (50). We also compute from (52) with dy =d’,d, =d + d’. The
coefficient is given by

Kn(d,d) == (—My@Myn(d+d)— MydMy(d+d)).

| =
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o Ky(d,d) =0 in all other cases.

We obtain the coefficients Ky as defined in Definition 2.
On the kernel K My in Definition 3, we have

> (1aw) (1 érm)

neZ

_ Z p2mik(n”—n') Z ()»MN(ﬁ ) ()\,Iqu¢n”)
n',n" el

= > Kuy(=d' dye " ayay_y
n'd,d’
/Z =27 (kd+k'd’ )KMN(d d )|ot(k )|2dk/

d,d

= [ & law)Pax

T

N A 1 /4 N A A
= / Ky k. K) (|¢><k/)|2 — 5 ()b + ¢>*<k’)¢*(—k’>)) :
T
We also compute

~ 1 .
OMNp(k) = = Y ek (—2 > Ky (d.0) (¢n—a — ¢:;‘d))

neZ deZ

== > e K, @,0) ($) - ¢*(—h))

deZ

= [ Runy ko) (308~ (b)) .
T

Thus, we obtain

(OMN G (k)™ (k) + (OMN §* (k) (k)

= [ Rany ity (~2000F + (303~ + 8 103" (-0)) ) i
T

We conclude that

0lp () = 0%y <|¢<k)|2——(¢(k>¢< )+ 6" (" (- k)))
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5.2. The simple index case

We follow the steps in the 1-dimensional case to compute the kernel. From the parameter M,
we derive the controlled kernel coefficients by computing

> ZZ[A el lalin ” 1ol 1.

nn/ .n"eZd yl y2

Omiitting temporarily the sum over n’, n” in the formulation (while still using the invariance
of n’ — n” under translation), we compute

> ZZM M el lalin 7 Tol65]

neZd y

= Z ZZ[Z[M (@D]a(lenla = [0, 41 1)8,_,y y1+(Z[M (d)la[a,,+y1]a> }
neZ‘”1 y
d=1 d=1

N
x [Z[Myzw)]b([an]b ~ 1021008, 2 + (Z[M 2(d)plet, 2o >5n }

1
- ) 3 (M1 @DValMy2 (@)1 (et Ta = [0 Ta)
D'eZ yLy2.di.d
DI <2N \ y} 42 =D

x ([ozn’—ydll Ip = la 'y +v2, 1) | 8n'—n", 4

——Z[M @)lalety 1 Ja =Lt 20 Ja) | D0 M2l 12 1o | 8y

ylLd y2.da
(55)
+ 5 Z[M 2 (@)1 (o 1y = [z 1) | D Iy @DTaly ) Ta | 82 (56)
2 d2 l d]
N N
DD My @laley, e | | 30D M2 (@bl 21 | 8w o (57)
)/I d=1 )/2 d=1

We expect to express the sum in the form
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Y [Kn (D, Dbl laletn +p1bdw—n, -
D,D’

The matrix Ky (D, D") = ((Ky(D, D'))a,b)1<a.b<d is the controlled coefficient matrix for the
simple index case. We compute the sum based on the L' norm of D, D’ € Z%. The kernel coef-

ficients are obtained as follows:
e If D= D’ =0, we obtain from (54) and (57) the coefficient

> My d)]al M2 (d)s.

y! ’rz‘dlz’dz
le =Vd2

3
[Km(0,0)]p,a = 3

e If 1 <||D|l;1 <N and D' =0, we also get from (54) and (57) the coefficient

S MDD LIM,2 (D] L)L

v'y?
1 2 =D
Yipi, 1 =ipi, 1 =

[(Km(D,0)]pa=—

1
_Z Z [M,,1(d1)]alM,2(d2)]s.

2 1,2
y L y5didy

Vay iy =D
o If 1 <||D'||;1 <N and D =0, we obtain the coefficient from (54), (55), (56), which is given
by
> [M,,1 (1 D1l ,)]alM,2 (1Dl 1)1

)/1,%/2
_ —_—n/
oy, =P

[Km (0, DN)]pa =~

1
Yip
10711, 1

1
5 2 IMu@ldM, @)

ylytdid
1 2 =D’
le +Vd2—

e If N+ 1<|DJ|;1 <N and D' =0, the coefficient involves only (57). The computation on

the coefficient yields

> IMydD)]alM,2(d2)]p.

yLyldidy
Yd, v, =D

1
[Kp(D,0)]pa = )

e If N+ 1<|D'||z1 <N and D =0, the coefficient involves only (54). The computation on

the coefficient yields
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, 1
(Km(©, DV pa==5 3, [My(@D]alMy2(d2)].

ylytdid
1 2 =D’
le +Vd2—

o If 1 <||D|l;1 <N and D' = D, we consider (54), (55), (56) and get

[Ku(D.D)pa=— Y. [Mu(IDI))alMy2(I1D] )]s
Yipl, =YDl =

1
=5 2 M @)kIM,2 @)l

)/: J/z,;h N
Va, tVia, =D

o If 1 <||D|lz1 < N/2and D' = —D, we also consider (54), (55), (56) and get
(Ku(D.~Dpa= Y. [Mu(DlI0lIM,2 (1Dl

vhy?
1 —a2 —
Yioi, s =Yioi,; =P

- > (M, (IDN L)]aM,2CIID )]s
1.2
o
Yoy, =P-vaipy,, =P
- > [M,,1 2 D]l .)]alM,2 (I D]l 12)]1s.
yhy?

Vl 2
2D =2D =D
D1, 1 YVHD”LI

e If N/2<|DJ|l;1 <N and D' = —D, we have

[Km(D, —D)lpa = > (M, (ID1ILD)]alM,2 (1D )b
Yioi, =Viol, =P

e If N+ 1<|D|;1 <2N and D' = D, we consider only (54) and get
1
(Ku(D.D)lpa=~5 D [Myi1(d)]a[M,2 ().
ylyidid

1 2 _
Vd] +Vd2—D

e If 1 <|Dll;1 <N < ||D'|l;1 <2N and 1 < ||D — D'||;1 < N, only (54) contributes to the
coefficient, we compute
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1
[Km(D, D)lpa =5 Z [M,,1 (D]l )]alM,2 (I D" — DIl )]s

1 vly?
p— —_— /_
ipi, 4 _D’yllD/—DHLl =b-b

1
+5 > [M,,1 (1D’ = DIl )]l M2 (I D]l )]
1.2
1 4 ,,)/ 2
Yip—py,, =P =P Vipy , =P

e If 1 <|D'|,1 <N <||D|l;1 <2N and 1 < | D' — D||;1 < N, from (55) and (56), we com-

pute
/ 1 / /
[Kp (D, D)o =5 > [M, 1 (1Dl p)1alM 2 (1D — D'l )]s
1 y;,yz
i, =P Yip-pny,, PP
1
+5 > [M,1(ID = D'll 1ol M2 (11D || )]s
1 yl’yz/ 2 /
Yip-p',, =P~ Yipry =P

o If 1 <||D|lz1, IDllz1 < N and D # £D’, we consider (54), (55), (56), we obtain

1
(Kn(D.DVpa=5 3. [Mp(IDI)LalMy(ID = Dl

oy
Vi, =P
2 Y
Yip-py,, =P =P
1
5 Do IMu(ID = DllplaM, (D)
1 Vl,)/z ’
Yip'-py, =P
Yioi,, =D
1
5 D MDY Il M2 (1D = D)l
RN
Yipn,, =P
2 —n_n
Yio-pry,, =P~P

1
+5 D ML= D)Ll (1D )

1 —D_n
Yip-pry,, =P~ P

2
o

/

ot ™
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—% > M AIDID1aIM,2 (D)1
yLy?
VHID/HLl =0’
VnzuuLl

1

3 > M (IDIDIGM,2 (D[]
vhy?
VHIDHLl

2 ’
Yo, =D
ID'1, |

o Ky (D, D) =0 in all other cases.

Using all the previous computations, we obtain the coefficients Kj; as in Definition 6.

5.3. The dual indices case

As in the previous computations, the kernel coefficients arise from Zy R ()\Z’]b,qﬁnr) .

()szy *,) for a # b (note that 155, = 0).
We have

DG - (i)
n

N g ’
(ZM;’%d)([am]b—[a,,]b>> (Z M? () (ot Ja — [an1a>> 8

d=1 d=1

N
N N N N
x (Z M@)oy — Y ML ()8, ) Z M ()., — ZM;’b(d)an,nf/).

d=1 d=1 d=1
(59)

Thus, we get the sum

Y KD, D)o lalew +pla + lew bl 4 D16)Sw —n. 1
n’,n",D,D’

where K%? is computed as follows:

e If D = D’ =0, we first take the coefficients of [ozn] and [o4y, d] in (58). Then, we multiply
these coefficients with those of the pairs 6, ,/ and §, ,~, as well as the pairs §,_, ,, and
8,7 _n,y, that have the same d in (59). This gives us the coefficient

N 4 N 2N
K“"(0,0) =% > (dz M;Wd)) +> (; M%d)) (Z(M;‘~b<d>)2>
14 =1 14 =1

d=1
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N 2
+ % > <Z<M;”’(d>>2>
d=1

14

N 2 N
—%Z (ZM?”W)) +(Z(M3*”(d>)2>
14

d=1

o If 1 <||D|l;1 <N and D’ =0, we also take the coefficients of the pairs 8, ,» and 8, ,~, as
well as the pairs 8,/_, ,, and §,_, ,, that have the same d in (59). Then, we multiply them
with the coefficients of [¢,]4[n+pla in (58). This yields

N N 2
K" (D,0)=— ) M;"”<||D||L1><ZM$”’(d)> (ZMﬁ’b<d>>

¥ d=1 d=1
vipl, =D

N
+ (Z(M;%d))z))
d=1

N 2 N
+ ) MpPanMyt @) (ZW”’(@) +<Z(M$”’(d)>2>
v.di,d2 d=1 d=1
Ydy —Yay =D

e If D=0and 1 <|D'||p1 <N, we take the coefficients of [ocn]2 and [o;,,_H,d] in (58) (take
the factor 1/2 for symmetry between y, —y ). Then, we multiply them with the coefficients of
the pairs §,, , and §,7_, _p’, as well as the pairs 6,/_, p/ and 6, ,~, and the pairs 8,1/_,,,]/(11
and 6,7, iy where y4, — Y4, = D’ in (59). This yields

2
1 N N
K“PO.D)y==2 3 (ZM;"”(d)) + (Z(M;"’(dw)
14 d=1 d=1
Yo', =P
N
x (Z M;%z)) MEPAD||0)
d=1
) N 2 N
-5 2 (Z Mi’f(d)) + (Z(Mi’f(d))z)
14 d=1 d=1
Yo'y, =D
(ZM“f(d)) MEDAID ()
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N 2 N
1
+3 > (ZM&”(d)) +<Z(M}‘f*h(d))2> MEP (dy)MEP (dn)
y.di,dy d=1 d=1
V(iz*ydl:D,
1 N g N
+3 > (ZMﬁ’f(d)) —i—(Z(Mﬁ’f(d))z) M (d) M ().
y.di,d> d=1 d=1
de—le=D'

o If 1 <|[D| 1, |D'll;1 <N and D, D’ are both on a same set p (or D is on set p and D’ is on
set p’), we have

N 2

KD, D)= > (ZMé"bw) ME DN )M AID | 1)

% d=1
YIDI, 1 =D

o
o', =P

N
- ¥ (M;f’b(llDllLl)) (ZM&”’(d))M;”’(dl)M;”’(dz»

y.di,da d=1
Vil =D

Ydy —Vd, =D’

We change y to —y for M}f’b in case where D is on p and D’ is on p’.
e K%?(D, D) =0 1in all other cases.

Therefore, we get the coefficients K a.b 45 in Definition 9.

6. Proofs of the main results

M a,b

col

When computing [O

col
from computing O%IN in 1-dimensional case is the loss of symmetry (For 1-dimension, a =

b =1). This complicates the representation of the collision operators in multi-dimension cases
compared to that of the 1-dimensional case. But, the extension to the multi-dimensional cases is
straightforward. We will restrict ourselves to the 1-dimensional case in the following proofs to
enhance readability.

S1a.p for simple index or O’/ S for dual indices, a key difference

6.1. Proof of Lemma 3

Let us first establish that

> Kuy@d.d)=0 Vd' eN,|d|<2N. (60)
|d|<2N

When d’ =0, we have
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> KMN<d,0>=§ Y. My@ - ) My(@)

|d|<2N 1<|d|<N 1<|d|<N

1 My (d) My (d2)
DD

1<|d|<2N  d\+dy=d

1<|dy|,|d2| <N
1
==5 > 2. My@)My). (61)
1<|d|<2N d\+dy=d
1<|di|,|d2|<N
di#dy

The sum in (61) is zero because if (d;, d3) is in the sum then so is (—di, d»). Hence, (60) holds
when d’ =0.

Now, we consider 1 <d’ < N (the case —N < d’ < —1 is similar). By using the change of
variable d — —d, we sum all coefficients of the case 1 < |d| < N into

> My @My(d - d)l.

1<|d’—d|,|d|<N
Therefore, we obtain
> Kuy(d,d)y= —My(d)* - > My (d)My (d2) —2My (d )My (2d)
|d|<2N di+dy=d',1<|d|,|d2| <N
N+d'
+ > MydMyd—dY+ Y. My(@My(d —d)
d=N+1 1<|d’—d|,|d|=N

— Z My (dHYMy(d' - d).
1<|d'~d|.|d|<N

If d > N/2, for each di € [N + 1, N + d'1 \ {2d’}, we can choose dy = 2d' — d; €
[d — N,2d" — N — 1]\ {0}. In case d; = 2d’, it gives My (d’)? which cancels —My(d’)?. The
remainder is

- Y My@)My(@d -a).
1<|d'—d|,|d|<N
[2d'—d|<N

Note that if 4 is in the sum, then 2d’ — d is also in the sum. Since d’ —d and d' — (2d’ — d) are
opposites of one another, the sum is 0.

Ifd <N/2,foreachd; € [N+ 1, N +d'], we can choose dp) =2d' —dy € [d' — N,2d" —
N — 1] C [N, —1]. Those terms cancel each other out. The remainder is

~My(d)? — 2My(d)My 2d') — 3 My(@)My(d —d).  (62)
1<|d’'—d|,|d|<N|2d'—d|<N
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The term My (d" )My (2d") is zero due to Assumption (M2). The case d = 2d’ produces a term
that cancels with — My (d’)?. For d # 2d’, d and 2d’ — d are opposites, leading to the result that
the expression in (62) is zero.

Hence, (60) holds when |d’| < N.

Finally, we consider N +1 <d’ <2N (the case —2N <d’ < —N — 1 is similar). We have

N
> Kuyd.dy=— Y My@)My)+ > MMy —d)=0.
|d|<2N d\+dy=d’ d=d'—N

1<|di|<N

This concludes the proof of (60). .
Using the fact that Ky, (0,d") = — ZlSIdISZN Ky (d,d'), we can rewrite Ky, (k, k') as

> cos@rd'k)| > Kuy(d.d)(cos@mdk)—1)
|d'|<2N 1<|d|<2N
Since |cos(2mnk) — 1] < |k| we get I%MN (k, k") < |k|. Additionally, we see that |k| < w(k). In
the pinning case, we already have |k| < 1 < w (k). If |k| is not close to zero in the no-pinning

case, we still have k| <1 < w(k). Now, considering the no-pinning case and assuming that ||
is close to zero, we have

1 1
&(k)=6(0) +6'(0)k + 5&”(k/)k2 = 5&”(/&)/&

where 0 < |k’| < |k|. Since 6”(0) > 0, when |k| is close to zero, we also have ¢” (k") ~ 1. Thus,

w(k) = /6 (k) ~ |k|

when k is close to zero. Therefore,

Ky (k, k')
w (k)

6.2. Proof of Theorem 4

6.2.1. The energy transport equation (32)
Let k — S(k) be a bounded real-valued function on T, we have

d

e _ f —1 " 2
S E (1) = 2fe E. [0|¢(k,t/8)| ]S(k)dk.

T

We use the techniques developed in Section 5.1 and compute
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AN AN GE, ) §*(n" —n') = Kuy(d,d §*(—d'
n ¢n’ n ¢n“ (I’l —n ) - MN( ) )an’an’—i-d (_ )
n,n',n' el n'.d,d

/|a(k)| > ek Ky (d.d)S*(—d')dk

d,d
= / \6:(k) > K agy, (k, k) Sk YdkdK .
’]I‘Z

Thus, we obtain
A N 1/~ N A
[ oigaorsaoa= [ (|¢>(k>|2—5(¢<k)¢(—k>+¢*(k)¢*<—k>)) o Sodk.
T

Therefore, the time derivative is given by

iSE‘gt
dt(’ ®))

My g E2(1)) —

col

=(0 f Gk, 1/6)p(—k,1/e) + $* (k.1 /)" (—k, t/8)> col SUOdk.

T

-lklm

It is sufficient to check that
hm/ /qb(k s/8)¢>( k, s/s)Owl S(k)ydkds =0,Vt €[0,T]. (63)

The complex conjugate counterpart can be proved similarly. To prove (63), we compute the
derivative:

Z%/‘Ig(k, 1/€)p(—k,t/e)S(k)dk = %/8*10 ((ﬁ(k, 1/e)é(—k, t/s)) S(k)dk.
T T

The Hamiltonian operator gives
0" ($Hr(—k)) = —2i ()PP ().

We use the techniques developed in Section 5.1 again and find that

M I iy _ d &
[ 0" (b)) stoak = - 515, £
T

+2 / bk, t/e)p(—k.1/e) Ky (k, K')S(k)dkdk'
2
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— 2 / b* (k. 1/6)* (—k. t/e) Kagy (k, k') S(k)dkdK'.
T2

Hence, we get

d e

o5 / Gk, 1/e)p(—k, 1/e)S(k)dk = —%% / Pk, 1/)p(—k, 1/e)w (k) S(k)dk
T T

—iSEgt
dt(’ ®))

+2[¢3(k,t/8)(/3(—k, 1/€) Ky (k, kK S(k)dkdk'
T2

_ 2/&*(1@ 1/€)*(—k, 1/e) Ky (k, kK')S(k)dkdk'.
’]1‘2

Assumption (3) ensures that

%f&(k,z/s)é(—k, 1/e)S(k)dk, %/q@*(k,t/s)é*(—k,t/s)S(k)dk, and (S, E°(1))
T T

are all bounded. By integrating with respect to ¢, we obtain
t
lim / ¢ / bk, s/e)p(—k, s/e)w(k)S(k)dkds = 0.
e—0 2
0 T

A My
Lemma 3 implies that |Ky,, (k, k")| < w(k), and therefore we can replace S by OEZﬁ(kS)(k)- This

completes the proof of equation (32).

6.2.2. Proof of (33)
From the proof of (32), we have

d
— (1 LE(2
dt((R,R) ®))

col

=[Ol 1 ry, EX 1)

My

+ 2/(é(k,t/s)é(—k,t/s)+<;3*(k, 1/€)¢* (—k, t/s)) OXN1(_p rydk|.
T

My
col

Thus, given that I%MN is bounded, we have O, ¥ 1(_g r) < R + 1(—g,r). This leads to the esti-

mate

d
‘E(l(—R,R)a Eg(t))‘ SR+ (L-grpr), E°(1)).
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By Gronwall’s inequality, we obtain

(IR ES0) S (R+ (1-r,R), E°(0))) €
for a constant Cg > 0 and for each ¢ € [0, T']. By Assumption (u4), the conclusion follows.
6.3. Proof of Theorem 5

We recall the definition of the Wigner distribution in the Fourier space

<S,W8<t)>:=§ / Pk + e /2)¢* (k — e&/2)S* (&, k)dE dk,

Tz/g xT

where T/ is the torus of size 2/¢ and 3’(&, k)= fR e_Z”iXES(x, k)dx. Using the definition, we
compute:

i<S,W6<t)>=§ / e'E [OF ik +88/2,1/0)§" (k — e8/2,1/0))| §* (&, k) dk

dt
Ty/exT

+3 Y E [0 g t/e05 06 | 5 (

nl’n//

/! a
e(n ;—n ),n’—n”>.

First, we deal with the Hamiltonian operator. By (9), we have:

O (¢ (k + £8/2)¢* (k — £€/2)) = —i(w(k + ££/2) — w (k — £§ /2)p(k + €& /2)$* (k — £&/2).
(64)
We observe that ¢ (w (k + £€/2) — w(k — €& /2)) can be estimated by o’ (k)&. We prove that

&

> / Ee [qg(k+8§/2, 1/6)¢* (k — 85/2,t/8)]

TaexT (65)
x (e(o(k + e£/2) — w(k — £§/2)) — o' (k)E)S* (&, k)dEdk

converges to 0 as ¢ — 0. We consider the no-pinning case and we split the domain of integration
into three regions: |k| > R > ¢|&|, R < ¢|&|, and |k| < R for sufficiently small values of ¢ and R.

In the case |k| > R > €|, the function w is smooth on the interval between k + £ /2 (consider
iton (0, 1) or (—1, 0) as kK may be close to £1/2). Thus, we obtain

1
o™ @k +28/2) — 0k — £§/2)) = o (K)E| = S| (K)]e&? (66)
where k' is between k & £& /2. We have an estimate on the second-order derivative:

§"(KNok) =& K)o/ (k) " (KNok) = (3'(K))*/Qwk))

@ (k) = 26 (k') - 26 (k)
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We observe that
o (k)| ~ K|~ ~ |k|7P SR

because 6" (k') ~ 1, w(k') ~ |K'|, ' (k") ~ |k'|, and & (k) ~ |k'|>. The integral (65) over this
domain is bounded by

Re™!
P / E£[|4E(k)|2]dksup / §5 . )R e£2dE| .
k>R Lot

As § is in the Schwartz space, we can bound f]R |$’($ ,k)||£]2dE by a constant. Therefore, the
integral (65) over this domain tends to 0 as ¢ — O for each fixed R.
Considering the case R < ¢|&|, we use the estimate

e @k +££/2) — o (k — £§/2)) — ' (K)§)| S R™I§].
The integral (65) over this domain is bounded by

e [ &[0 dksup [ Senree

T R<el]|<2

We use |£]~! < R~ !¢ and again we bound fR |§(§, k)||£|?dE. Thus, the integral (65) also tends
to 0 as ¢ — 0 in this domain.
For the case |k| < R, we use (33). We need to bound

/ S* (&, k) (e Nk +e£/2) — w(k — ££/2)) — o (k)§)dE. (67)
To/e

When |k| > ¢l&|, we apply (66) with the estimate |o”(k")[e]§] < 1 and use a bound for
fR |S||€|d&. When |k| < ¢|&| we have

e (@ (k+68/2) —w(k—c&/2) =o' (K)E)| < £ (e|E] /24 k| +el£]/2— K]+ o (R)]1E] S I&].

We again use a bound for fR |.§‘| |E]d&. Thus, (67) is bounded.
In the pinning case, since w is smooth, we use (66) and the fact that @” is bounded, allowing
us to easily obtain the limit O for (65) as ¢ — 0. Therefore, the Hamiltonian operator yields

&

. / Ee [ B0k +e8/2,1/e)" (k — e8/2,1/e) | (=€) (k) $*(&, W) dk.

Tr/exT

Since

N .
P &, k)= (-2mi&)S(E, k),
X
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the term (64) at the limit ¢ — 0 is

1
21

/ 8S &
<a) 7= W (z)>.

The perturbation is computed using the techniques developed in Section 5.1. We write

/ "
Z]Ee I:)L%Nqsn/kr/:/m(p:”] S* (@7 n— n//)
n/ n//

- (e@n' +d
= Y Ee|owowia] Kuy(d.d)S* (M d/)

n',d,d 2
/ "
= % Belayer Ky~ )5 (S ) ate
n/’n//,d/
1 . " ’ A ! 4
=3 S Ea[dls + 8] [ S Ry ks (L;”) k’) dkdk
n'n T2

1 : " 4 A / "
=5 2 Ee [bwdw + 6500 f TR Ry kK S (w k’) dkdk' + a(e)

n/,n// T2

where a(¢) satisfies ea(e) — 0 as ¢ — 0. We change ¢;: Py INtO ¢n/¢;,,. This is possible because
K My (k, k') is even with respect to k. We also obtain that

> E[(0Mg)g + (0 g | 5 (w " - n)

n/,n”

=) E. [(— > Ky (=d.0)(bwsa — B )bl + O Kty (d. 0)(bnr—a — ¢,’;/,_d)>¢nx)
d d

nl’n//

« §* <8(n/ ;‘ n'") o — n//)

l _ / 1
=Y E [asnfas;:ﬁ — S Ot + ¢;:/¢,;‘u)] 3" Kiy (d, 0)3* (w W—n 4 d)
d

n/’n//
+a(e)
1 dxikn” —n') & s(n/—i—n”)
=2 Z E, [¢n/¢;';,, =5 Gudn +¢;;,¢>;;,,)] f FTROT= K (kK'Y S* (f k) dkdk'
n',n" T2
+al(e).

Therefore, the perturbation gives
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(S(n’ +n'"

5 ,k) dk +¢ca(e).

& 1 ol T M

E Z E, |:¢n/¢::// — 5(4)”/4)”// + ¢:,¢:H):| f eka(n n )OCO;\/ g*
n,n T
To reach the conclusion, we show that

/ "
lim = f Ee [0 (t/)bu (1/6)] / ik =) oM g (@ k) dk =0,
T

T
We have
de S e(n’+n") / "
=2 / E. [n(t/€) b (/)] 5 (fn —n )
T
= g e'E [OF (G +8/2,1/eNdlk — £8/2.1/e) | (6. k) di dk
TQ/SXT

S(n/ + n”) / //)
2 "

+ 23 B[ 0MY @wa/erpurt/e0 ] 5 (

n’,n”

=_Ti8 / ]Es[qB(kJrss/z,t/e)gf?(k—sg/z,z/e)]s—l(w(k+sg/2)+w(k—ag/2))
To/exT

x S*(&, k) dE dk

L dSWSt dSWSt*
——(—(, ()>+E(’ ()))

2 \dt
1 08 aS
+ — (&' —, WD) + (' —, WE))
21 0x 0x
/ Vi
+2 Y Ee[pwdnr + 45900 / ) SYN( N OT (w k’) dkdK’
n',n" T2
/ Vi
=2 Y Ee[bwdw —d74;] / AT Ry (kK S (w k) dkdK .
n',n" T2
We find that

[5 [ Efbteresnsiopic—eesnsio] @i+ et/2)+ ok - st/20)

0 TZ/EXT

x S*(&, k)dEdkds

tends to 0 as e — O for each ¢ € [0, T']. We replace w (k + £ /2) + w (k — €€ /2) with 2w (k). This
approximation is valid because, if |k| > ¢|&|, then
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ok +£/2) + w(k — €& /2) — 2w (k) = %(w”(lq) + o (k_))e’E?.

In the no-pinning case o’ (k+)e|€| < 1, and in the pinning case @”(k+) < 1. Thus, in both
scenarios, there is always at least one free ¢. If |k| < ¢|&|, then

|k +€5/2) + w(k — €§/2) = 2w(k)| S €l§1/2+ [k +€l§1/2 — |kl + 2]k| S €l&].

This also provides a free ¢.
We can replace w (k + €£/2) + w(k — €&/2) by 2w (k), leading to the expression:

t
/% / Eg[é(wr%,g)é(k—%,g)]zw(km*(g,k)dgdkds,
0 TouxT

My
which tends to 0 as ¢ — 0 for ¢ € [0, T']. Replacing S by Oczl (:)(k) , we obtain the desired result.

6.4. Proof of Proposition 9

In the 1-dimensional case, for any N, we have

Kuye.Ky=4 > Kuy(d.d)sin*(xdk)sin*(rd'k')

1<|d],|d'|<2N
d—1
=16 Z Ky (d, d') sin® (k) sin®(rk”) ZUzdl(cos(nk))
1<d,d’<2N d1=0
d -1
x| > Usay(cos(mk’))
dr=0

where Uy (x) is the Chebyshev polynomial defined by

sin((d + 1)0) =sin(0)U,(cos(0)), d=>0.

Noting that
d—1 d—1
sin®(0) | D Uaa, (cos(®)) | = > sin(8) sin((2d) — 1)6)
d;=0 d1=0

_ dif cos(2d10) — cos(2(d; + 1)8)

2
di=0

_ I —cos(2d9)

)
do
> sin“(d6)
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we see that the kernel K My is of the form

2N—-12N—-1

16sin* (k) sin*(rk’) > > Lty (di, d2)Usa, (cos(k)) Unay (cos(k')),
d1=0 dr=0

where Ly, is defined by

2N 2N

Luy(did)= Y Y Kuyd,d).

d=d\+1d'=d,+1

According to (12) to (23) and Assumption (M2) (pick My(d) = 0,d < N/2 for simplicity),
Ly (dy, dp) can be rewritten as the sum

Y caaldi,d)Myd)My(d").
N/2<d<d'<2N

We define the polynomial P; ;(x, y) by

P i(x,y)= Z Cit(N/2), j+IN/2) dr, d2)Usgy (X)) Uzg, (3).
di.d>

Therefore, for
K(k, k") = sin® (k) sin® (wk")v(cos(k), cos(r, k'),

where v = C;C; P; j(x, y), we choose
my i+ Y €
i — | )=—.
N 2 4

Kuy =K.

With this choice, we obtain

Appendix A. Example for small distances

Let us consider d = 1, N = 3 as the simplest example. We compute the polynomials that
define the space of polynomials V in Proposition 9. We make M3(2), M3(3) as free parameters,
while M3(1) =0. We compute Ky, (d,d’) for 1 <d <d’ <6 in Table 1.

Then, we compute Ly, (d1, dp) for 0 <dy < d <5 (see Table 2).
We define

3
P(x,y):= Z(Uz(X) + DWW+ D

1
3 (Ua(x) + Us(y) + Us(x) U2(y) + U2(x)Us(y) — Us(x)Ua(y))
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Table 1
My for N=3.
d
P 1 2 3 4 5 6
1 IM3(2)M3(3)
2 -im;@m3) 0
3 —IM3M3(3) 0 0
4 0 1 pm32)2 0 —iM52)?
5 0 IMy@M53) §M3<2>M3(3) 0 —SM32)M5(3)
6 0 0 IM33)2 0 0 — 1 M3(3)?
Table 2
LMN for N =3.
d
b 0 1
0 3 (322 + m337?)
! 3 (M2 + M3(3>2) MO0 3 (M3 + M332) + 3M3M33)
2 IM32)2 +3M303)% + 4 M3(2>M;<3> 5M3<2)2 +3M3(3) + M3(2)M3(3)
3 § (M2 + M3(3)2) +im0M3) 1 (M7 + M33?) + A3 M30)
4 }fM3<3>2 +IM32)M303) %M3(3)2 + 3 M3)M3(3)
5 iM303)? iM33)?
di
b 2 3
2 *%M3 @2+ 3330 + Lm0 M3
3 H(-m322 + M337) —1 (M2 + M332) - Mz M33)
4 %M2(3)2 fj; M3(3)* — s M32)M33)
5 1M3(3)2 —1M3(3)?
d
i 4 5
*%M3(3)2 — IM3@)M3(3)
5 —1M3(3)? — 1 M3(3)?

1
T3 (Us(x) + Us(y) + Us(x)U2(y) 4 U2(x) U (y) — Us(x)Ua(y)
—Us(x)Us(y) = Us(x)Us ()

Ox,y):= —U2(X)U2(Y) + Us(x)Uz(y) + U2 (x)Us(y)
1
+ 3 (Ua(x) + Ua(y) + Us(x) + Us(y) + Us(x) + Us(y) + Us(x) + Us(y))
1
+ 3 (Us(x)Ur(y) + U2(x)Us(y) + U (x) U (y) + Ua(x)Ug(y) + Us(x)Us(y))

1
-3 (Us(x)Us(y) + Us(x)Us(y) + Us(x)Usg(y) + Us(x)Us(y))
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R(x,y):= % (14 Ua2(x) + U2(y) + U2(x)U2(y) + Ua(x) + Us(y) + Us(x)Uz(y)
+U2(x)Usa(y) + Us(x)Ua(y))
+ % (Us(x) + Us(y) + Us(x)U2(y) + U2(x) U (y) + Us(x) Ua(y)
+Us(x)Us(y) + Us(x)Us(y))

1
+ 1 (Ug(x) + Us(y) + Ug(x)Uz(y) + U2(x)Ug(y) + Ug(x)Us(y) + Us(x)Ug(y))

1
— 7 Us@)Us(y) + Us(x)Us(y) + Us(x)Us () + Us(x) Us(y))

1
+ ZU10(X) (14 Uz(y) + Us(y) — Us(y) — Ug(y) — Uro(y))

1
+ ZUIO()’) (1 +Uz(x) + Us(x) — Us(x) — Us(x) — Uio(x))

We have the set of polynomials

V={C}P(x,y) + C1C20(x,y) + C3R(x,y) | C1, C2 e R}.
Proposition 9 states that we can always find a perturbation to get the kernel in the form of
sin?(rk) sin” (k" )v(cos(rk), cos(mk’)) forve V.
Data availability
No data was used for the research described in the article.
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