UNCERTAINTY PRINCIPLES FOR A KINETIC EQUATION

NICOLA DE NITTI AND MINH-BINH TRAN

Dedicated with friendship and admiration to Alain Bensoussan issue on the occasion of his 85th birthday.

ABsTrRACT. We study unique continuation properties for a kinetic equation. We establish suffi-
cient conditions on the interaction potential and on the behavior of the solution at the initial and
terminal times that ensure the solution is identically zero. Our strategy adapts that of Escau-
riaza et al. (2006) [13], combining the logarithmic convexity of certain quantities—which yields
quadratic exponential decay at infinity of the solution—with a suitable Carleman inequality,
which provides a lower bound for the L2-norm of the solution in an appropriate annular domain.

1. INTRODUCTION

We consider the following transport equation (see [10, Chapter XXI]):

{atﬂt,x,v) + v Vo f(t,a,v) + K[f](t,z,0) =0, (t,z,0)€[0,1] x R2N,

(1.1) f(0,2,v) = fo(z,v), (x,v) € R?N,

where f = f(t,x,v) is the density distribution of particles at time ¢ € [0, 1] and position z € RY,
with N > 1, v € RV is the velocity, fo : R? — R is the initial distribution, and K[f] : [0,1] x
RY x RN = R is a collision operator, which could be nonlinear.

Our goal is to investigate the unique continuation properties of solutions to (1.1): namely, we
aim to establish sufficient conditions on the collision operator K and on the behavior of a solution
f at two different times, t = 0 and ¢ = 1, that ensure f =0 in [0, 1] x RV,

1.1. Motivations and literature overview. The main motivation comes from G. H. Hardy’s
uncertainty principle (see [24]; cf. also the generalization due to Morgan in [30]):!

If f(z) = O (e*‘zlz/f) and f(£) = O (e*4|fl2/°é2) . with 1/a8 > 1/4, then f = 0.

Moreover, if 1/af = 1/4, then f is a constant multiple of elel?/8” Throughout this paper, we use
the notation

= J e_ig'”’f(x) dz
RN

for the Fourier transform of f.
While the assumptions above are pointwise bounds, an L?-Hardy uncertainty principle can be
formulated as well (see [9, 34]):

If el#1*/8° f and !€1°/2" f e L2 (RN) | with 1/a8 > 1/4, then f = 0.
This result can be interpreted as a sharp uniqueness result for the free solution of the Schrédinger
equation (see |7, 13]),
i+ Au=0, (tz)e (0,+m) xRN,
{u(O,x) = f(z), weRN,

where i denotes the imaginary unit, the unknown v : Ry x RY — C is the wave function of the
particle, and ¢y € L?(R") is the initial datum. The statement is as follows:

If u(0,2) = O (e_l”“"z/ﬁz) and u(T,z) = O (e_‘w‘z/az) , with T/af8 > 1/4, then u = 0.
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Moreover, if T/af8 = 1/4, then u has as initial data a constant multiple of e~ (VB> +i/AT)ly)*
Similarly, an L? statement holds:

It el1*/7° (0, 2), el€*/*"u(z, T) € L2 (RN), with T/af > 1/4, then u = 0.

This research line was carried out in the fundamental papers [13, 12, 17, 8, 18, 15]. These results
were generalized to semi-linear equations and to the covariant Schrédinger evolution in [16, 3, 6,
5]. Unique continuation results of this kind have been also established for the Kortweg—de Vries
equation (see, e.g., [32, 14]), several nonlocal dispersive models (see [28]), the Navier—Stokes system
(see, e.g., [11]), and discrete Schrodinger-type equations were studied in [4, 27, 20, 21, 1, 29, 22, 19].
We refer to [23] for a survey of this type of dynamical versions of Hardy’s uncertainty principle.

In particular, we recall the following results from [13, Theorem 3| about a solution u €
C([o,T]; L? (]RN)) of

(12) iopp(t,x) + 2AY(tx) + V(t,z)¢(z) =0, (t,x)e (0,+0) x RY,
' (0, 2) = o(2), zeRN.
If there exist positive constants o and 3 such that T/af > 1/4, and
[0, ) | p2genys el (T ) | pagen) < o,

and the potential V : R, x RY — C is bounded and either V (¢,z) = V;(x) + Va(t, ), with V; real-
valued and supyg 7| ||eT2|””|2/(“t+6(T_t))2Vz(t) L@y < +00 or Bmpyoo [V 1 ([o,77; Lo @M\BR)) =
0, then u = 0.

1.2. Main result. In this note, we prove that result analogous to those for (1.2) also holds for
(1.1).

Theorem 1.1 (Unique continuation for (1.1)). Let us suppose that the collision operator K, which
could be nonlinear, satisfies

(1.3) 1K Ll L2 (o.0)xr2ny < Ok [ fllL2o,1)xr2m),
(1.4) K[vf](t,z,v) = vK[f](t,z,v), for all (t,z,v) € [0,1] x RN,
(1.5) K[f](t,z,v) <0, when f(t,z,v) =0, for all (t,z,v) € [0,1] x R?V,
(1.6) K[flgdxdv = K[g]fdzdv for f, g€ L*([0,1] x R?N),
R2N R2N
(L.7) supp[K[f]] < [7/8,1] x {z e RY | [a] < p} x RY for f e L([0,1] x R*")

where p is a fized positive constant. Moreover, let us suppose that the there exist Ry > 0, v > 12
such that if the initial datum fy is not the zero function, it satisfies, for any R > Ry

(1.8) wPlfol? dvde > cpe B

1(7/2_2/3) R<|el<(v/2+1/3) R J;Rsmsw

for a positive constant B8, 0 < < 1, and ¢; > 0,¢2 = 0 are constants depending on Ry, -y, 3.

Let us assume that (1.1) has a strong non-negative solution [ such that f, |v|f €
c'([o,1]; HY(RY, L*(RY))). If

Ilw]e? 0, ) L2@n xmry <00 and  [[v]e? f(1, ;)| L2 @y xrr) < 0,

where

(19) go(t,x,v) = Sol(tvx) + @Q(tvv)a
M1|x|2 2

1.10 t = M,

( ) ()01( 7x) (t+ 1)2 + 0|x| )

(1.11) ©a(t,v) = My|v|*t?,

with My, My, My > 0 such that My + My > AM;, then
f(t,-,)=0 forallte|0,1].



UNCERTAINTY PRINCIPLES FOR A KINETIC EQUATION 3

Remark 1.2. An example of K is as follows. Let M(z) : Ry — R, be a bounded function in
C.(R;), we define

L[f](t,x,v) = Xte[7/8,1] ] M(|$ - y|)f(t,y,v)dy, for x € RN) |£L’| < p
ylsp
and

L[f](z) = 0, for x € RY |z| > p.

The proof of Theorem 1.1 is given in Section 3. Following the strategy of [13], it combines two
main tools, which are contained in Section 2. The first one is the logarithmic convexity of certain
quantities, which essentially yield quadratic exponential decay at infinity of f (see Lemma 2.2);
the second one is a lower-bound for the L?-norm of the solution in a suitable annular domain, for
which we need a suitable Carleman inequality (see Lemmas 2.3-2.5).

1.3. Further comments and extensions. The current work is a test case of the method for the
simple case of the linear transport equation (1.1). However, the method has the potential to be
extended to various more complicated kinetic equations. In forthcoming works, we will analyze

(1.12) oW +k-V,W=K[W], (tzk)e(0,+x0)xRY,
. W(O,JZ, k) = WO(x7k)a (Jf, k) € RNa

where the collision operator K can be of classical type [2], nonlinear wave kinetic type [36] and
nonlinear quantum kinetic type for 1 < 2 collisions [35] and 2 < 2 collisions [31]. Those cases are
much harder, but highly relevant for applications.

2. LOG-CONVEXITY AND CARLEMAN ESTIMATE

On L2(RY), whose inner product is denoted by (-,-), let us consider the following abstract
kinetic equation

(2.1) oig + Tg = Lg + G,
where G is some source force, L is a collision operator satisfying
(2.2) (Lh,k) = (h,Lk),

and T is a transport operator satisfying the following properties
(2.3) (T'g,9) =0,

(2.4) (Th,k) = —(h,Tk),

(2.5) Te? = T,

(2.6) T(hk) = (Th)k + hTk,

where ¢, h, k are functions on L?(R™) such that the integrals and operators in (2.3), (2.4) and
(2.5) are well-defined.

Let us define the function
(2.7) W= e%g,

where ¢ is the solution of the equation (2.1) and ¢(t, z) is some bounded function in C* ([0, 1] x RY).
We prove that, under suitable conditions, W is logarithmically convex.

Lemma 2.1 (Abstract log-convexity lemma). If there exist positive constants Co, C1 and Ca, such
that

(2.8) (0t +T)’¢ + (0 + 0, T)p = —Co, (t,z) € [0,1] x RV,
(2.9) le?Lf|L2 < CilflLe, for all f e L*(RY),

tefo1] ()2’
then W (t) is logarithmically convex in [0,1)] and there exists a constant N' > 0 such that

(2'11) W(t) < eN(CoJrCl+Cf+C2+C§)W(O)17tW(1)t.
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Proof. We first observe that W satisfies the following equation

(2.12) W + TW — G = (60 + TO)W + LW,
where
G = Ge?
Define the function
(2.13) M(t) = (W(t), W(t),
and take the derivative of log M,
d M 20w W)
qlosM) =3 =~ ©
(2.14) _2(=TW + (0t + T)W, W) N 2(LW + G, W)
M M
_ 2((%p + TH)W, W) n 2(LW + G, W)
B M M ’

where in the last line, we have used (2.3).
Let us consider the first term on the right hand side of (2.14) and set

(2.15) P = 2((0tp + TO)W, W).
Differentiating in time the above expression yields
P =2((0u¢ + %TO)W,W) + 4((0:0 + TH)W,0,W)
(2.16) = 2((0ud + ATO)W, W) + 4((0rp + TP)W, (0: + T)W)
— 4((0p + TO)W, TW),
where in the last line, we have employed the identity ;W = (0; + T)W — TW.

Now, by (2.4) and (2.6), the last term on the right hand side of (2.16) can be rewritten in the
following way

(0 + THOW,TW) = (=T ((0:¢6 + To)W), W)

(2.17) —((T0, + T*))W, W) — (0 + T)O)TW, W),

which leads to

1
(2.18) (06 + TOW,TW) = — (T4, + T*)0)W, W)
Putting together the two identities (2.16) and (2.18) leads to

(2.19) P =2(((0 + T¢)W, W) + 4((0:6 + TO)W, (0, + T)W) + 2((2u¢ + &:TH)W, W)
' + 2((0ud + 0 TO)W, W),

which, by the polarization identity, can be expressed as
(220 P =200+ TO)W, W) + [&W +TW + (0 + T)p)W|322
' — oW +TW — (0 + T)O)W |32 + 2((0ud + T )W, W).

We, therefore, also have the following identities by multiplying both sides of (2.20) with M
o) TM =2(@ATEOWWIM + [0W + TW + (@ + T)$)WIL: WL
' — oW +TW — (0 + T)O)W 22| W72 + 2((2ué + ATS)W, W) M,

and
MP = 4(((6: + T))W, W)(0,W, W)
(2.22) =W + (0 + T)Q)W,W)? — (&W — (0, + T)p)W, W)
=W +TW + ((0; + T))W,W)? — (&W + TW — ((&; + T)p)W,W)>?,

where the last line follows from (2.3).
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Now, let us consider the time derivative of %, which is £ MAZ2M P and can be computed by

substracting (2.21) and (2.22) and then dividing by M?, as follows

G (37) = 2@ rPawwyar + Jow v 1w

+ (0 + T)P)W 72| W72/ M?

— oW + TW — (9 + T)p)W |72 |W |72/ M?

+ (W +TW — ((6 + T))W, W)?/M?

— (W +TW + ((0: + T) )W, VV)Q/]W2 + 2((0up + T P)W, W)/M.
By the Cauchy-Schwarz inequality

W+ TW + (@ + T)YOW R W3 /M? > (2 + TW + (00 + TYO)W, W)*/M?,

and the positiveness of (O;W +TW — ((0; + T)p)W, W)?/M?, we deduce from (2.23) that

(2.23)

(2.24) % (]\Z) > 2(((0s + T)*)W,W)/M — |0, + TW

— (2 + T)O)W 12| W(22/M> +  2((0us + &TO)W, W)/ M,
which, by (2.12), leads to

2.35) < (j}) > (2 + TPOW,W)/|[W3a — LW + G/ |W 3

+ 2((0ud + ATO)W, W) /|W|Z..

Using the hypothesis (2.8), (2.9) and (2.11), from (2.25), we deduce
d /P

2.2 — | — ) =2Cy —2cF —2¢3.

(2.26) 5 (57) =260 - 262 20

As a consequence of (2.14), we have

d? d (P d [2(e®Lf+ G, W)
qzloe M) = dt(M) T @ (M

d (2(e’Lf + G, W)
dt W72 ’

(2.27)
> 20y —2C% —2C2 +

which, by putting the terms on the right-hand side to the left-hand side, implies
d [d 2e?Lf + G, W)
S SogM) - 2L )

(225) a (dt< g M) W

for all ¢ € [0,1].

— (2Cy —2C? — 2c§)t> >0

The above inequality proves that < (log M) — ALLILGW) (2Cy — 2C% — 2C2)t is indeed an

W13,
increasing function on the time interval [0,1]. In other words
d 2(eLf + G, W
—(logM)(sl) — (ef—+2’)(81) — (260 — 2612 — 203)81
de W17

(2.29) 2(e?Lf + G, W)

d
= 7(10g M)(32) - HW”Z
L2

dt

for 0 < s9 <51 < 1.
Using the fact that

(82) - (260 - 2C% - 203)82

20e?Lf + G, W)
IWI%2

we get the conclusion of the lemma. O

< 2C; + 262,

As a consequence of Lemma 2.1, we deduce a log-convexity property for the solution of (1.1).
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Lemma 2.2 (Log-convexity properties for (1.1)). Let us suppose that (1.1) possess a strong solution
feCH ([0, 1], H'(RN, 2(RV))).

If He“’f(O, °y '>||L2(RN><RN), He“’f(l, °y ')“LQ(RNXRN) < 00, then Hewf(t, ) ')HL2(RN><]RN) 18 logam'th-
mically convez in [0,1] and there exist universal constants N', Ko, depending only on K satisfying

2 _
Hegpf(tv Y ')”L2(RN><]RN) < eN(KOC+KOO) “ewf(0> Yy ')H}QE&RN XRN)|‘e@f(17 K ')H%P(RN xRN te [07 1]'

Proof. Let us define u:=e¥f, T = —v-V,, and L = K. In order to apply the abstract result of
Lemma 2.1, we need to check that conditions (2.8) and (2.9) hold.
Step 1. Condition (2.8). First, let us expand

(2.30) (0 + T)* 0 = 0up + 20-Viop + v-Va(v-V,0),
and compute explicitly (2.30) for ¢ to be the function defined in (1.9)
(@ + T)pz = 2Msvf?,

M12|.’E‘2 4M137
0 = - — 20, = -
11 G+1)p Vz0ep1 EEE
8Mix - v 2Mix
20-Vo0ip1 = — ——=, Vzp1 = + 2Myw,
(2.31) (t+1)3 (t+1)2
' 2Miz - v 2M; |v|? 5
Va1 =———— + 2Mpyx - v, -Ve(v-Vy = 2M, ,
v v Y1 (t+ 1)2 + oxr - v v V (U v 901) (t+ 1)2 + 0|’U‘
M, |z|%6 6.M || AMiz - v
0 = —— 0 0Ty, = — ,
ttP1 t+ D ttP1 + Otd 1 t+ 1) t+ 1P
Orpa + 04 Tps = 2Ma|v]?,
Combining the inequalities in (2.31) yields
(Ot + T)QQD + (Ott + atT)QD
(2.32) oMy |vf>  12Myx-o(t+1)  My|z24(t + 1)2
> 2(My + M) |v]? -
(Mz + Mo)lol” + G2 (t+ 1)t t+ 1)
Using the fact that Ms + My > 4M;, we obtain

As a consequence, Condition (2.8) is satisfied.
Step 2. Condition (2.9). It is straightforward that for each ¢ in the interval [0, 1], the following
inequality holds true, for Cx > 0 depending on p

(2.34) e Lulpa@eny < Ciclul,
which implies Condition (2.9). The conclusion of the proposition then follows from Lemma 2.1. O

As a second step, we turn to the proof of an L?-Carleman inequality.

Lemma 2.3 (Carleman inequality). Let us suppose that the collision operator K satisfies (1.3)-
(1.7) and that (1.1) possess a strong compactly supported solution f € C1([0,1], H*(RYN, L2(RM))).
The following Carleman inequality holds

1 1
(2.35) f f 22 f2(0; +v- V) pdrdvdt < f J e*?|(0; + v - V) f|? dw dv dt,
0 JRN xRN 0 JRN xRN

where o € C*([0,1] x R*N) is a function satisfying
(0 +v-Vi)2p =0, forall (t,xz,v)e[0,1] x R*N,
on the support of f.

Proof. Letting
g:=ef,
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we compute
e?(Of + v-Vaf) =e?(0(e ¥g) + v-Va(e ?g))
(2.36) = e¥(—dpe %g + Oige™¥ — v-Vype Pg+v-Vyge )
=0y + v-Vag — (G + v-Vap)g.
Letting
A=—-v-V,,
S =0rp+v-Vyp,
we can write (2.36) as
(2.37) e?(Orf +v-Vuf) =g — Ag— Sg.
Moreover, the operator S; + [S,.A] can be computed explicitly as:
(2.38) St +[S, Al = dnp + 20V, 00 + v-Vy(v-Vip)
=0y + v-V,)2%p.

We now follow the standard method of the L?-Carleman inequality (see [26]). The symmetric
and skew-aymmetric part of the space-time operator d; — S — A are —S and J; — A respectively
and the commutator [—-S, d; — A] is S; + [S, A]. As a consequence, we can bound ;g — Ag — Sg
as follows:

|l0rg — Ag — 59\|i2([o,1]xR2N) = ||org — Ag”%z([o,uszN) + H‘S.g”%2([0,1]><]R2N)

1
—QJ Sg(drg — Ag)daxdvdt
0 R2N

1
> QJ f -S,0; — Algdxdvdt
(2.39) o Juow 9[=5,0 lg

1
= ZJ J (Stg + [S,Alg)gdzdvdt
0 R2N

1
2] J 7 (0; + v.V,) pdrdudt,
0 R2N
which yields (2.35). O

As a consequence of Lemma 2.3, we deduce the following lower-bound on the L?-norm of vf in
a suitable domain in [0, 1] x R?V.

Lemma 2.4 (Lower bound on the (localized) L2-norm of vf). Let R, B, §, v be positive

constants and 0 < [ < 1, 2 > § > 208, v > 12. Let us suppose that the collision op-
erator K satisfies (1.3)-(1.7) and that equation (1.1) possesses a strong solution f such that
7. olf € C1([0,1], ' (RN, *(RV))).

Let us define

1
1 2
(2.40) Qr(f) = J J f | fo]? da dv dt
0 JZR-1<|v|<yR+1 JR<|z|<R+1
If
1
(2.41) J f |fPdedvdt < A2
0 R2N
and there exist Ry, C1,Coy > 0 such that, for R > Ry,
5 2| ¢12 —C1R?
(2.42) *|f|°dvdedt = Cae™ "%,
% z|<R J% R<|v[<yR

then there exist positive constants c1,co, Ry depending on 0 and A such that for R > Ry:

(2.43) QP2 = coem R
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Proof. Step 1. Construction of the weight functions. Let us define
|22

2.44 t,r) = ———> 16t(1 —¢
(244 o(t.2) = iy + 16K(1 1),
on Ry x R2V, and the following cut-off function of f:
|=[?
2.4 = 16¢(1 —
(2.45) olt.:0) = ()0 (s 10001 =1)) o) (1 .0),

where 6r, pgr are functions in C®(R”Y) and @ is a function in C*(R), satisfying

e Op(z) =11if |z < R and Og(xz) =0if |[z| = R+ 1;

e 0(z) =0if |z] <1and 0(z) =1if |z| > 3;

e pr(v) =1if JR<|v| <yRand pr(v) =0if [v| >yR+1or | < JR—1.
We observe that g(t,z,v) is compactly supported in [0,1] x R?Y and g(t,z,v) = f(t,,v) if
|z

(2.46) (Lx,v)eB:{Oétél, 2| <R, %R<|v|<'yR: 2+16t(1—t)>3}.

(R+1)
We can see that

(2.47) B - [1 5

4,4] x {|z| < R} x {%R <|o| <R < B.
Using (1.1), we deduce the following equation for g:

ﬂ + 16t(1 — t)) pr(W)K f
(R+1)2

= 90rprY + 90prv - VOr+

0tg +v-Vyeg+ 0g(x)d (

(2.48) o

+ (0:f + v-Vof)0rOpr + Or(x)0 ((R+1)2 +16t(1 — t)) pr(V)K f
= fOrprY + fOprv - V,0R.

Step 2. Estimates on the right-hand side of (2.48). Let us consider the first term fOrprfd’ on
the right-hand side of (2.48). Observe that §'(z) is supported in 1 < |z| < 3, which leads to |¢| < 3
on the considered domain. We can estimate the L?-norm with weight e2®? of the first term on the
right hand side of (2.48) as follows:

1
( f J | fOrprY'|?**? dz dv dt)
0 RZN

(2.49) ‘ 1 1/2
< Ce?® <J f |f|2dxdvdt>
0 RZN

< CePA,

1/2

in which e*? is bounded by e3® on the domain of integration and C' is some universal constant
that varies from line to line.

Since V,.0r is supported in the interval R < |z| < R + 1, we can estimate the second term on
the right hand side of (2.48) as follows

1 1/2
(J J |fOprv - V,0p|2e**? dxdvdt)
0 R2N

1/2
(2.50) 1
< Cel™ ff J |fo|* dz dv dt
0 JZR—-1<|v|<yR+1 JR<|z|<R+1

_ Cel7ocQR(f)7

where we have used the fact that
o(t,z,v) < 17

on the domain of integration.
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Inequality (2.48), in combination with the 2 inequalities (2.49), (2.50), yields

(2.51)
|=[?

0 p(2)0 (U;jl) 1611 t>) pr()KLf]

+ Ce'™Qgr(f) + Ce3*A.

|e*?(0ig + v Vag)|L2(o,1)xR2r) <
L2([0,1]xR2N)

Step 2. Application of the Carleman inequality. By Lemma 2.3, the left hand side of (2.51) can
be bounded from below as follows:

(2.52) 12?09 + v Vag)lr2(oayxreny = 22?9/ (0 + v+ V)20 12([0,1] xR2v)-
We now estimate

2Jv]?
(R+1)2
For v in the support of g, |[v| > 3 R — 1, which yields

(2.53) (0r +v- V)0 = - 32

V2 st (Yp_ 1) _
(2.54) (0 +v-V,)% > +1)2<R 1) 32> 1,

(R 2

when v > 12 and R is chosen sufficiently large.
Putting together the three estimates (2.51), (2.52) and (2.54), we obtain

(2.55) a2 g| 2o xreny < Cre®|flrzoaxreyy + Ce™Qr(f) + Ce¥A,

where C' is some universal constant that varies from line to line.
Step 3. Conclusion of the argument. For a = R (§ > 23) and R large enough, we obtain

(2.56) R5/2HembgHLz([O,l]xRZN) < 06170913(]0) + CKGBQA + C@gaA,

where C' is some universal constant that varies from line to line.
Note that for R > Ry

HBWQHLQ([O,l]xR?N) = G f||L2( [3.2]1x{|=|<R}x{% R<|v|<YR})’
which, due to the fact that ¢ > for te [ 3 3] [% %] is bounded from below as
a L
e ¢f\IL2([%,%1x{|z\<R}x{%Rs\v\w}) T e (3. 21¢ el < my < {3 Relol< Y )

Taking into account (2.42) and the choice a = R°, the above estimate becomes

23R5 C'R2P 3R’
e® f”L2( [3.2]x{|z|<R}x{ZR<lv|<yR}) = > Cew = Ce’™,

where the last inequality holds true for R sufficiently large and § > 28, C, C’ are universal constants
varying from lines to lines.
Using the above estimate, we then deduce from (2.56) that

(2.57) R2SE < Cel™Qp(f) + (Cx +C)eSR
The conclusion of the lemma follows. O
We deduce another lower bound on a (localized) L?-norm of vf.

Lemma 2.5 (Lower bound on the (localized) L?-norm of vf). Let us suppose that the collision

operator K satisfies (1.3)-(1.7) and that equation (1.1) possesses a strong non-negative solution f
such that f, |v|f € C*([0,1]; HY(RY, L2(RY))).
Let us adopt the notations v, B from Lemma 2.4. Then following inequality holds true:

2 2
(2.58) JS f J lof|? de dvdt > JB J J lvfo(z — vt,v)|* da dvdt.
% %Ré\v\é'\/R lz|<R % %RS|U|<7R |lz|<R

Moreover, if fo satisfies (1.8), then there exist constants €1, Co > 0 such that the following inequality
holds true:

(2.59) f

wln

-

— e, R2P
J f lwf?dzdvdt > ¢ e~ 2R,
2 R<|v|<yR J|z|<R

(5
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Proof. We have

(2.60) flt,x,v) = — ft K[f](t — s,z —wvs,v)ds + fo(z —vt,v).
0

Since K < 0 (owing to (1.5)), from (2.60) we deduce

(261) f(t,I,’U) Zfo(vatv).

Integrating the inequality (2.61) in = and v on the domain {IR < |[v| < YR} x {|z| < R} yields

J J |vf|2dxdv>f f [vfo(x — vt,v)|? dz dv.
FR<|v|<YR J|z|<R 3 R<|v|<yR J|z|<R

This proves (2.58). Moreover, if f; satisfies (1.8), we can further estimate the right-hand side and
deduce that (2.59) holds. O

3. PROOF oF THEOREM 1.1
By putting together the lemmas contained in Section 2, we can prove Theorem 1.1.

Proof of Theorem 1.1. Suppose that f # 0, we can assume after a possible multiplication by a
constant, dilation, translation that the conditions of Lemma 2.4 are satisfied. Fix positive constants
R>0,0<p8<1,vy> 8. We start by noting that |v|f satisfies the following equation:

(3.1)  G(|vlf)(t, zyv) + v - V(v ), x,v) + K[|v| f](t, z,v) =0, (t,z,v) € [0,1] x R*Y,
Step 1. Log-convezity. Applying Lemma 2.2 to (3.1), we deduce

(3.2) sup [e?|v|f(t,", ')H%2(RNXRN’) < C,

te[0,1]
where C' depends on the norms [e?|v|f(0, -, )| L2@y xrvy, |€?[v]f(1, ;)| L2@®~N xryy. This mplies

i (2L npe 12 + Mofol?) dzdv
(t+1)2

JR<|m<R+1 J;RlSUK'yRJrl

3.3 M 1z|2
( ) <J- f |’U|2|f|2€Xp< 1|-'17| + M2|’U|2(t+1)2 + M()|’U|2) dx dv
RN JRN
<C

(t+1)2

Using the fact that

‘3’3|2 R2
P S — 2 —_
(t+1)2 4
on the domain of integration of (3.3), we deduce that
1 9 p12 M; R?
(3.4) J f J [v|*|f|*dvdedt < Ce™ 1,
0 JR<|z|<R+1 JZR-1<|v|<vR+1

where C' is a universal constant that varies from line to line.
Step 2. Lower-bound. Owing to Lemma 2.5 (since condition (1.8) holds), we have the following

estimate: )
El o 28
J J J lvf|?dzdvdt > coe B,
% z|<R %RS\U\S'}/R

Furthermore, from Lemma 2.4 and the estimate above, we deduce

1
_ b
(3.5) J f f lvf|? dedvdt > che 2R,
0 JR<|z|<R+1 JZR—1<|v|<vR+1

for26 < <2,0>1.
Step 3. Conclusion of the proof. Combining the two inequalities (3.4) and (3.5) yields

2
) s MR
che < CemTa

9

which leads to a contradiction as R tends to infinity since § < 2. |
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