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Abstract

We analyse a 3-wave kinetic equation, derived from the elastic beam wave equation on
the lattice. The ergodicity condition states that two distinct wavevectors are supposed to be
connected by a finite number of collisions. In this work, we prove that the ergodicity condition
is violated and the equation domain is broken into disconnected domains, called no-collision
and collisional invariant regions. If one starts with a general initial condition, whose energy
is finite, then in the long-time limit, the solutions of the 3-wave kinetic equation remain
unchanged on the no-collision region and relax to local equilibria on the disjoint collisional
invariantregions. To our best knowledge, this is the first time that the violation of the ergodicity
condition is observed and proved for a kinetic equation.
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1 Introduction

Having the origin in the works of Benney-Saffman-Newell [6, 7], Hasselmann [25, 26], Peierls
[45, 46] and Zakharov [55], wave kinetic equations have been shown to play important roles
in a vast range of physical examples and this is why a huge and still growing number of
situations have used WT theory: inertial waves due to rotation; Alfvén wave turbulence in
the solar wind; waves in plasmas of fusion devices; and many others, as discussed in the
books of Nazarenko [38], Zakharov et al. [55] and the review papers of Newell and Rumpf
[39, 40].

We consider the quadratic elastic beam wave equation (Bretherton-type equation) (see
Benney-Newell [5], Bretherton [8] and Love [34])

9%y 2 2
T D+ A+ Y&, T)+ 2y (x, T) =0,

0) = W (x.0) =
V. 0) = o), = (x,0) =91 (x),

for x being on 73T € R4, ¢ € Ris some real constant, A is a small constant describing the
smallness of the nonlinearity. Equations of type (1) have been widely studied in control theory,
and have been shown to have a Schrodinger structure (see, for instance, Burq [9], Fu-Zhang-
Zuazua [19], Haraux [24], Lebeau [28], Lions [33], and Zuazua-Lions [56].) The analysis of
(1) is also an interesting mathematical question of current interest (see, for instance, Hebey-
Pausader [27], Levandosky-Strauss [32], Pausader [43] Pausader-Strauss [44].)

We obtain the 3-wave kinetic equation

0 fk, 1) = QcLf1K),  f(k,0) = fo(k), VkeT,

Ol f1k) = /Té K(o, o1, 0)8(k — ki —k2)d(w — w1 — )l f1 f> — ffi
— ff2ldkidko 2)
- 2/1;6 K(w, w1, w)8(ki —k —k2)d(w1 —w — o) faf — fhi
— f1f2]ldkidks,

where K (@, 1, @) = [v8w (k)w(ki)w(k2)]~", with

3
o) =+ 2(1- cos(znkf)),

j=1

and T? is the periodic torus [0, 114,

One of the main challenges in understanding the behaviors of solutions to the 3-wave
kinetic equations is the so-called ergodicity, which is quite typical for 3-wave processes.
Ergodicity has played a very important role and has a long history in physics [3,29-31] and we
refer to the lecture notes [S1] [Section 17] for a more detailed discussion. To define ergodicity,
we will need the concept of the connectivity between two wave vectors k and k', which we
briefly discuss here, leaving the precise definition for later. Given a wave vector k, a wave
vector k’ is understood to be connected to k in a collision if either w (k) = w (k) + w (k' — k),
wk)=wk)+wk —k),orwk + k) =wk) + wk).

Ergodicity Condition (E): Foreveryk, k' € T3\{(0}, there is afinite sequence of collisions
such that k is connected to k'.
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When the Ergodicity Condition (E) is violated, the system is partitioned into smaller
subsystems which are dynamically disconnected and each subsystem thermalizes by itself.

It was shown that (see [51]) under the Ergodicity Condition (E), the only stationary
solutions of the spatially homogeneous Boltzmann equations (2) take the forms

L
pok)’

in which B can be computed via the conservation laws.

The aim of this work is to develop a rigorous analysis and prove that the Ergodicity
Condition (E) is violated for the equation (2). We will show that the domain of integration
is broken into disconnected domains. Those subregions are then proved to be dynamically
disconnected. There is one region, in which if one starts with any initial condition, the
solutions remain unchanged as time evolves. In general, the equilibration temperature will
differ from region to region. We call it the “no-collision region”. The rest of the domain is
divided into disconnected regions, each has their own local equilibria. If one starts with any
initial condition, whose energy is finite on one subdomain, the solutions will relax to the
local equilibria of this subregion, as time evolves, and as thus each subsystem thermalizes by
itself. Those subregions are named “collisional invariant regions”, due to the fact that we can
rigorously establish unique local collisional invariants on each of them, using the conservation
of energy. This confirms Spohn’s prediction and enlightening physical intuitions [51] on the
behavior of 3-wave systems. To our best knowledge, this is the first example in which the
important ergodicity condition is violated for a kinetic equation. We also remark that the
3-wave kinetic equation considered in this work describes the translation invariant system
and the results proven (decomposition of the frequency space T¢ into disjoint equivalence
classes under connectedness via collisions, that are invariant under the flow) do not hold for
the spatially inhomogenous version of the equation.

In addition to 3-wave kinetic equations, 4-wave kinetic equations have also played an
important role in wave turbulence and have been first studied in the work of Escobedo and
Velazquez in [16, 17] as well as several other works [2, 11, 13, 14, 21, 37, 52, 53].

2 From the Bretheton equation to the 3-wave kinetic equation

For the sake of completeness, in this section, we recall the formal derivation of the 3-wave
kinetic equation from the Bretheton equation for the general dimension d > 2. We follow
the same strategy of [36, 51] to put the equation on a lattice

A=AD)={l,...,2D}, 3)

for some constant D € N.
The discretized equation is now

oY (. T) == 01(x = NP (3. T) — AW (x, T))?,
yer @

Y(x,0) =vo(x), Iry(x,0) = Y1(x),V(x, T) € A X Ry,

where O (x —y) is a finite difference operator that we will express below in the Fourier space.
We remark that a similar beam dynamics of non-acoustic chains has also been considered in
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19 Page4of41 B. Rumpf et al.

[4][Section 7]. To obtain the lattice dynamics, we introduce the Fourier transform
2D ¢
2D +1)

Uk =) w)e M ke A =AND) = {o ®)

xeA

which is a subset of the d-dimensional torus [0, 1]¢. We also define the mesh size to be

hd—(il )d 6
“\2D+1) ©

At the end of this standard procedure, (4) can be rewritten in the Fourier space as a system
of ODEs

orr ik, T) = 00> Pk, T)
—h ) Pk TSk~ ki — k)P (k. T, @

kl,kzeA*
¥k, 0) = gok), vk, 0) = P (k),

where the dispersion relation takes the discretized form

op = w(k) = sin?@rhk") + - - - + sin?2wk?) + ¢, (8)
with k = (k! .-+, k9).
We define the inverse Fourier transform to be
) =) floerm, ©)
ke,

We also use the following notations
[REETED ST R ) (10)
A xXeA xXeA

where if z € C, then 7 is the complex conjugate, as well as the Japanese bracket

(x) =1+ |x|2, Vx e R?. (11)
And
> :/ dk. (12)
keA* *

Moreover, for any N € N\{0}, following precisely [36] [equation (2.9)], we define the
delta function 6, on (Z/N )4 as

Sy(k) = |N|“1(k mod 1 =0),  Vk € (Z/N)*. (13)
In our computations, we omit the sub-index N and simply write

8(k)=|N|"1(k mod 1 =0), Vk € (Z/N)". (14)

Remark 1 Note that, the above definition of the discrete delta function follows the classical
definition of Lukkarinen-Spohn [36] [equation (2.9)], commonly used in the derivation of
wave kinetic equations. The factor |N|¢ is needed as it guarantees the convergence of the
discrete delta function to the continuum delta function in the limit of N going to co.
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Equation (7) can now be expressed as a coupling system

3
—qk, T) = p(k, T),
apdk ) =pk.T)

d
Sy P T) = —w?(k)q(k, T)

(15)
— 2 f( oy SR8 — k1 = kg k1, g ko, T,
q(k,0) = yro(k), p(k,0)=1i(k), ¥k T)eA* xRy,
which, under Spohn’s transformation (see [51])
ate. T) = =00 g T) + —— pe. 1)), (16)
V2 w(k)?

leads to the following system of ordinary differential equations

%a(k, T)=iwk)ak,T) — iA/ dkydkad (k — ki — k2)[8w (k)2 1w (k1)@ (ka)2] "2
(a2

x [a(kl, T) + a*(—k1, T)] [a(kg, T) + a*(—ka, T)], (17)

| )
a(k, 0) = ag(k) = E[w(k)q(k,O) n #k)p(k, O)],V(k, T) € A* x Ry.

In order to absorb the quantity iw(k)a(k, o, T') on the right hand side of the above system,
we set

ak, T) = a(k, T)e '*®T, (18)

The following system can be now derived for a7 (k)

ia(/c, T) = —ioch Z 8k — ky — ka)[8w (k) 2w (k) 2w (ka)?] 2 x
aT
ki,kreA* (19)
x [a(kl, T) + a* (—ki, T)][a(kz, T) + a*(—ko, T)}e—"“—“’("l>—w(k2>+w<k”.

Consider the two-point correlation function
frpk, T) = {ar (k, =Dar(k, 1). (20)

In the limit of D — 00, A — Oand T = A2t = O(A~2), the two-point correlation function
fr.p(k, T) has the limit

lim  fiptk, A% = flk.1)

A—0,D—00
which solves the 3-wave equation (2), by the standard formal derivation of [51].

Remark 2 As a consequence of the definition (13)—(14), the delta function & (k — k; — k») in
the collision operator of (2) means that there exists a vector z € Z4 such thatk = ky +k» +z.
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3 Main results

Let us first normalize the dispersion w as

3
w(k) = a)o+22(1 —cos(27rkj)>, Q1)

j=1

where 2 < wg < 3,and k = (k1 k2, k3). This will result in an addition factor 4 comparison
to the dispersion relation defined in (8), leading to a factor of 4 to the kernel K (0, w1, @3).
In our proof, we suppose K (v, w1, @7) is [w (k) w1 (k)wi (k)1~! for the sake of simplicity.

For oo > m > 1, let S be a Lebesgue measurable subset of T3 such that its measure is
strictly positive, we introduce the function space L™ (S), defined by the norm

I fllzmes) = (/S If(p)lmdp> . (22)
In addition, we also need the space L°°(S), defined by the norm

[fllLoe(s) = esssup,eslf(P)I- (23)

We denote by C"(S), m = 0, 1,2, ..., the restrictions of all continuous and m-time dif-
ferentiable functions on T> onto S. The space C 0(8) = C(S) is endowed with the usual
sup-norm (23). In addition, for any normed space (Y, || - ||y), we define

C(10.7), ¥) == {F :10,T) — ¥ | F is continuous from [0, ) to ¥ | 24)

and

C'(©O.7),Y) = {F :0.7) > ¥ | F is continuous and differentiable from (0, ) to ¥ |,
(25)
for any T € (0, oo]. The above definitions can also be extended to the spaces C([0, T'], Y),

C'((0,T1,Y) forany T € (0, 00).
Let us state our main theorem.

Theorem 3 Under the assumption that there exists a positive, classical solution f in
C ([0, 00), C1(T3)) N CL((0, o0), CH(T?)) of (2), with the initial condition fy € C(T?),
fo(k) > 0 forall k € T>.

There exist subsets 0,3 C T such that the torus T can be decomposed into disjoint
subsets as follows

™=3U U S(x), (26)
xesy

where S(x) N S(y) = W and S(x) NT = O for x,y € V. The set J is not empty and is
called the “no-collision region”. The set S(x) is called the “collisional-invariant region”.
The solution f behaves differently on each sub-region.

(I) On T the solution stays the same for all time

f(t k)= fok), V=0, Vkel.
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(II) Let x be in*U, suppose that the Lebesgue measure £ (S(x)) of S(x) is strictly positive,
let Ex € Ry be a constant and assume further that it is indeed the local energy of the
initial condition on S(x)

/ Jo(K)w(k)dk = Ex.
S

Suppose that

1 ZL(Sx
L G o7
ax JS(x) ax
with a, € Ry, the local equilibrium on the collision invariant region S(x) can be
uniquely determined as

1
. 28
acw (k) (28)
Then, the following limits always holds true
lim || f(t,k) — =0. (29)
=00 H axw (k) | 115y
and
. 1
lim / In[ f]dk — / In |: ] dk’ =0. (30)
100 | Js(x) S Laxw(k)

If, in addition, there is a positive constant M* > 0 such that f(t,k) < M* for all
t € [0, 00) and for all k € S(x), then

f@, ) - =0, Vpell, o00). (31)

LP(S(x))

lim
—00

If we assume further that fo(k) > 0 for all k € S(x), there exists a constant M, such
that f(t,k) > M, forallt € [0, 00) and for all k € S(x).

a,w (k)

Remark 4 1In the above theorem, we assume the well-posedness of the equation. As this piece
of analysis is quite subtle and long, we reserve it for a separate paper.

Remark 5 Notice that, according to our result, the torus T3 can be decomposed into disjoint
subsets as follows

T =3U S, (32)
xesy

where S(x) N S(y) = P and S(x) NT = @ for x, y € V. However, those disjoint subsets
might be topologically disconnected sets.

Remark 6 Since our solutions are assumed to be are regular and non-measured, in (II) of
the above theorem, the condition that .Z(S(x)) > 0 is essential. When .Z(S(x)) = 0, it
follows that i /. s dk = /. S0 ok (k)dk = 0, and those cases are negligible due to
the assumption on our solutions. The case when #(S(x)) = 0 is more interesting when
the solutions are measures and this problem is being investigated and will be reported in an
upcoming work.
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The above two theorems assert that those subregions are all non-empty. In the no-collision
region J, any wavevector k € J is totally disconnected to other wavevectors, and thus the
solutions on J do not change as time evolves. In each of the collisional invariant regions
S(x), as time goes to infinity, the solutions converge in the L(S(x))-norm to m In
the classical case, to obtain the convergence, we need more regularity on the solutions: we
assume that the solutions are in C ([0, c0), C1(T3)) N C1((0, 00), C1(T?)).

Let us also mention that this asymptotic behavior of the solutions to this 3-wave equations
is very different from what is observed in spatially homogeneous and isotropic capillary or
acoustic kinetic wave equations. It is showed in [50] that if one looks for a solution whose
energy is a constant for all time to one of these isotropic capillary/acoustic kinetic wave
equations, then this solution can exist only up to a finite time, after this time, some energy is
lost to infinity. In other words, the solution exhibits the so-called energy cascade phenomenon.

4 The analysis of the 3-wave kinetic equation

In our proof, as discussed above, we suppose K (v, w1, @) is [w(k)w; (k)w; (k)]7! for the
sake of simplicity. We assume, when needed that the Lebesgue measure of each collisional
region .Z(S(x)) is strictly positive due to Remark 6.

4.1 No-collision, collisional regions and the 3-wave kinetic operator on these local
disjoint sets

In this section x, y, z are now used for frequency vectors, in contrast to the previous discussion
in equation ((1)) and the previous sections. Therefore, that the notations will now be unlinked
from what they were in prior sections.

4.1.1 Collisional invariant regions
For a vector x = (xl L x2, x3) € T3, we say that the wave vector x is connected to the wave
vector y = (y!, y2, y3) € T? by a forward collision if and only if

3
Sf(y) = 22[005(271())]- —xj)) +cosRmx;) —cosRmy;)] —6 —wp=0. (33)
j=I

In a forward collision, a particle with wave vector y — x merges with a particle with wave
vector x, resulting in a new particle with wave vector y. Following Remark 2, we could see
that y — x does not need to belong to T?. Indeed, there exists a vector z € Z¢ such that
y—x—zE€ T, In this collision, the conservation of energy w(y) = w(x) + o(y — x),
describing by equation (33), needs to be satisfied. Therefore, given a particle with wave vector
x, there maybe no wave vector y such that the conservation of energy is guaranteed. In other
words, there may be no y such that x is connected to y by a forward collision.

On the other hand, we say that the wave vector x is connected to the wave vector y =
(y', ¥%, y%) € T3 by a backward collision if and only if

3
S’;(y) = Z2[cos(2nyﬂ,) +cosm(x; — yj)) —cosmx;)] —6 —wy=0. (34)
j=1
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Different from forward collisions, in a backward collision, a particle with wave vector x is
broken into two particles, one with wave vector y, and the other one with wave vector x — y.
Again, in a backward collision, the conservation of energy w(x) = w(y) + w(x — y) needs
to be satisfied; and therefore, for a given wave vector x, it could happen that one cannot
break x into y and x — y, such that the energy conservation (34) is satisfied. Again, following
Remark 2, we could see that x — y does not need to belong to T4, Indeed, there exists a vector
z€Z%suchthatx —y — z € T

Finally, we say that the wave vector x is connected to the wave vector y or the wave vector
y is connected to the wave vector x by a central collision if and only if

3
Foy) = 3;()() = ZZ[COS(Znyj) + cos(2m(x;)) —cos(m(x; + y;))] —6 —wo = 0.
j=1
(35)

Similarly to the above types of collisions, in a central collision, we require that w (x) +w (y) =
o (x + y) and this conservation of energy is not always satisfied. Following Remark 2, we
could see that y 4+ x does not need to belong to T<. Indeed, there exists a vector z € Z4 such
that y +x — z € T¢.

Note that if y is connected to x by a forward collision, then x is connected to y by a
backward collision. Moreover, if y is connected to x by a central collision, then x is connected
to y by a central collision and x + y is connected to both x and y by backward collisions.
We simply say that x and y are connected by one collision; or x is connected to y and y is
connected to x by one collision.

If a wave vector k is not connected to any other wave vectors in forward collisions, the
second term in the collision operator Q[ f]1(k)

/T (oo stk —k — k)31 —w— w2l fof ~ [fi ~ fi fldkdks

vanishes, no matter how we choose the function f.
If a wave vector k is not connected to any other wave vectors in backward collisions, the
first term in the collision operator Q[ f](k)

fT Tworoa] Sk — ki — k)b — 01 — o1~ ffi — 10k dky

vanishes.
We define the set of all wave vectors k such that k is not connected to any other wave
vectors to be the no-collision region J. It is clear that S(J; (y) =385(y) = —wp < 0 and
3 3
) =Y 202cosQry) — 11— 6—wp = Y 2[2c0s(2my;) — 2] — wp < —wp <O,
j=1 j=1

for all wave vectors y. As aconsequence, the origin belongs to J. Since Sg ), 38 ), 8p(y) <
—wo < 0, there exists a ball B(O,R) := {x € R* | |x| < R}, (R > 0), such that
%,{(y), Sﬁ(y),&fc(y) < 0, forall y € T3 and for all x € B(0, R). The ball B(0, R) is
therefore a subset of the no-collision region J.

The condition 2 < wy < 3 implies that the set T3\J is then not empty. For a vector
x € T3\J, we define S!(x) to be the one-collision connection set of x, containing all wave
vectors y € T> such that y is connected to x by a collision. By a recursive manner, we also
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19 Page 10 0f 41 B. Rumpf et al.

define 8" (x) = S1(8"!(x)), the n-collision connection set of x, for n > 2, n € N. This
set consists of all wave vectors connecting to x by at most n collisions. The union

S(x) = U S"(x) (36)

1<n<oo

contains all wave vectors y connecting to x by a finite number of collisions. We then call
S(x) a finite collision connection set of x or a collision invariant region.

Note that if k € S(x) and k is connected to k + k' € S(x) by a forward collision, then
k + k' is also connected with k&’ by a backward collision, and hence k' € S(x).

Proposition 7 (The effect of the collision operator on the no-collision region) Any smooth
solution f (t, k) of (2), is time invariant on the no-collision region J. In other words, f(t, k) =
Sfo(k) forall k € 3.

Proof Since k € 7, the wave vector k is not connected to any other wave vectors in any
collisions, the collision operator Q.[ f](k) vanishes, which implies d; f (¢, k) = 0 for all
k € 7. Therefore, f(t, k) = fo(k) forall k € 7. O

Proposition 8 (Decomposition into collisional invariant regions) Let x, y be two wave vec-
tors in T3\7J, then either S(x) = S(y) or S(x) N S(y) = ¥. In other words, either x and
y are connected by a finite number of collisions (Im > 0 such that x € S™(y)) or they are
totally disconnected (Bm > 0 such that x € S™(y)).

As a consequence, there exists a subset 0 of T3\J such that the torus T> can be decomposed
into disjoint collisional invariant regions, as follows

T\J = | J S@). (37
xeY

and S(x) N S(y) =@ forx,y € 0.

Proof Let x, y be two wave vectors in T\J and suppose that S(x) N S(y) # @, we can
therefore choose a wave vector z belonging to both sets S(x) and S(y), that means z is
connected to both wave vectors x and y by finite numbers of collisions. It follows that
z € §"(x) and z € 8™ (y), for some positive integers n and m. Since z € S"(x), it is
clear that S(z) ¢ S"*!(x), and in general SP(z) C S"P(x) for all p € N. As a result,
S(z) C S(x). By asimilar argument, it also follows that S(z) C S(y). Now, let ¥ be an wave
vector of S(¥)\S(z). Being a wave vector of S(y), ¥ is connected to y by a finite number
p € N of collisions. Since z is connected to y by m collisions, ¥ is connected to z by at
most p + m collisions. In other words, ¥ € SP7"(z); and hence, ¥ € S(z), contradicting
the fact that ¥ € S(y)\S(z). This contradiction leads to S(y) C S(z); however, as shown
above S(z) C S(y), it then follows S(y) = S(z). The same argument can also be used to
prove S(x) = S(z). We finally get S(y) = S(x).

The existence of U and the decomposition (37) then follows straightforwardly. O

Remark 9 The decomposition of the domain T in to several collisional invariant and no-
collision regions is a very special and interesting feature of the specific form of the dispersion
relation (21).

In the previous works, several other dispersion relations have been considered in many
other contexts w(k) = |k| for very low temperature bosons (see [1, 15]), w(k) = |k|,
(1 < y < 2) for capillary waves (see [41]), w(k) = +/c1k|? + c2|k|*, (0 < ¢1, 0 < ¢3) for
bosons (see [47, 49]) and the space of the frequency k is R?. In all of these cases, the division
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On the wave turbulence theory: ergodicity... Page 11 of 41 19

of the domain of wavenumbers into disjoint regions has never been observed due to the fact
that the frequency space is R? instead of T¢. On the other hand, important results on 4-wave
kinetic equations set the torus T< have been recently obtained in [18, 22, 35].

Notice that in [20], the dispersion relation w (k) = +/c1 + c2|k|?, (0 < c¢1, ¢3) for strati-
fied flows in the ocean, has been considered. However, the resonance is broadened and the
extended resonance manifold is then studied

k=ki+ky ok —ok)—ok) <6, kki keR?
for & > 0, in stead of the exact resonance one
k=ki+k, ok =ok)+ok), kki.keR,

due to the fact that the exact resonance configuration is no longer correct (see [48]). Of
course, in all resonance broadening cases, the decomposition of the full domain into local
no-collision and collisional invariant regions does not exist.

Proposition 10 The set 8™ (x) is a closed subset of T> for all n € N\{0}.

Proof We first observe that the set S (x) contains all wave vectors y such that x is connected
to y by either a forward, a backward or a central collision. By definition, the set of all y such
that x is connected to y by a forward collision is

-1
st =[8l] aop. (38)

Similarly, the sets of all y such that x is connected to y by backward and central collisions
are

—1
sy =[82]  qop. (39)

and
St =[5 qop. (40)

By the continuity of S,{ , 3? and g, the sets S} (x), S; (x) and SCl (x) are all closed. Since
S'(x) = S (x) US,(x) US/ (x), itis also a closed set.

We now follow an induction argument in n. When n = 1, it is clear from the above
argument that S'(x) is closed. Suppose that S*(x) is closed, we will show that S¥*1(x) is
also closed for all k > 1. To this end, let us suppose that {x,,}>°_, is a sequence in Sk (x)
and lim, o X;; = X4. By the definition of the set Sk (x), there exists a sequence {y, }o_;
such that y,, € S*(x) and either g{m (tm) = 0,35 (xm) = 00r § (xm) = 0. Without
loss of generality, we can assume that there exist subsequences {xmqy}g":1 and {yn, };":1 of

{xm}or_; and {y;};,_, such that Sfmq (xm,) = 0. Since the sequence {ym, }ZO=1 is a subset of
Sk (x), which is closed and hence compact, there exists a subset of { Ym, ;O: 1» still denoted
by {ym q};’ozl, such that this sequence has a limit y, € S¥(x) as ¢ tends to infinity. By
the continuity of F{ (x) in both x and y, limg—cc &/ ym, (tm,) = &%, (x.). That implies
Sf* (x5) = 0 and hence x, € S*T!(x). We finally conclude that the set S**!(x) is closed.
By induction 8" (x) is closed for all n € N\{0}. ]

Corollary 11 The set S(x) is Lebesgue measurable.
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Proof The proof of this corollary follows directly from Proposition 10 and the definition of
S(x). o

Remark 12 The two sets S }lc(x) and S}i (x) defined in (38) and (39) are indeed disjoint. This
can be seen by a proof of contradiction. Suppose that y is a common wave vector of both
S}- (x) and Sll (x). This means

3
Z 2[cos(2m (y; — x;)) + cos(2mx;) — cosmy;)] = 6 + wo,
i=1

and

3
> " 2[cos(2(xi — yi)) + cos(2y;) — cos(27x;)] = 6 + wp.
i=1
Taking the sum of the above two identities yields

3
> " 2cos@m(y; — xi)) = 6+ wo.

i=1
The left hand side is smaller than or equal to 6, while the right hand side is strictly greater
than 6 due to the fact that wy > 0. This leads to a contradiction; and thus, S } (x) and Sé (x)

are disjoint. However, Scl (x) can have common wave vectors with both S} (x) and Sbl (x).
4.1.2 Continuity of set index functionals

In the study of the wave kinetic equation, we frequently encounter integrals of the types

/T B0~ 00— )~ 00 fO)y, 1)

/T 00) ~ 00— 1)~ 00) f()dy, 42)
and

fT B+ ) — 0@ — o) (). 43)

Special cases of (41)—(42)—(43) involve f(y) = xa(y), the characteristic function of a
Lebesgue measurable set A.

Definition 1 (Index functionals of sets) Let A be a Lebesgue measurable set, we define the
following three functionals.

(I) The “forward collision” index of the set A:

Al(x) = /I‘Q[p eit(w(’C)_‘“("_y)_w(y))XA(y)dydt, (44)

where x4 is the characteristic function of the set A.
(IT) The “backward collision” index of the set A:

palAw) = [ [ o0 yayar, 43)

where x4 is the characteristic function of the set A.
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(IIT) The “central collision” index of the set A:

ws[A](x) = A/T eit(w(x+y)—w(x)—w(}'))XA(y)dydt’ (46)

where x4 is the characteristic function of the set A.

For the sake of simplicity, in this section, we denote 11 (T3), w2 (T?) and w3 (T?) by F(x),
G (x) and H (x).

Proposition 13 The functions F (x), G(x) and H(x) are continuous on the set
. 1
S = {x = (xl,xz,x3) € T3 in which x* * :I:E, 0, foralli = 1,2, 3].

Proof Notice that
3
ox)—ox—y)—w(y) =—wy—6+ ZZ[COS(Zﬂxi — 2nyi) + cos(2nyi)

i=1

_cos(znxf)], (47)

where x = (x!, x2,x%), y = (»1, y2, »¥).
We will need to bound

7= i1 (011 2lcos@rx! 27 y')+cos (2 y')]) dy
sl
:/eilZ[cos(anl72ny')+c0s(27ryl)]dylfeilZ[cos(an272n}'2)+cos(2ny2)]dy2X
T T (48)

. 3_5-.3 3
X/ett2[cos(2nx 2my?)4cos2my )]dyS
T

=N xT XT3

which is a product of three oscillation integrals with phases r®;(y), where ®;(y) =
2[cosQmx! — 2w y") + cosRry)], i =1,2,3.

To estimate (48), we will use the method of stationary phase. Let us point out that in
[21], the authors use different kinds of techniques, to estimate integrals of similar types
but for different classes of dispersion relations. Notice that 9, ®; (") = —4n sinQmy’ —

27 xt) — 47 sin@Qmy’) = 0 when y = % yi=1+ % or xi = 1. Observe that when
Vo= %y = g+ 5, we have 9, @i (y)] = 87 cos@y’ — 2mx') + cos2my!)| =
1672  cos(mrx!)| = 872|1 + 27,

We observe that all x', i = 1,2, 3, need to be different from &3 This fact could be seen

by a proof of contradiction, in which we suppose that x! is equal to % or —% as follows. By
Proposition 10, S(x) is non-empty, then either

0 =) - —y)—ao(y)

=—wy—6+ i 2[cosmx’ — 2my') 4 cos(2my') — cos(2mrx')],
0 =wx+y) —l;;x) —o(y)

= —wp— 6+ 23: 2[cos2rx’) + cos(2my') — cos(2mx’ 4 27w y')],

i=1
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or
0 =) -0 —oly —x)

3
=—wy—6+ Z 2[cos(2nxi) + cos(2nyi — 271xi) — cos(2nyi)],
i=1

has to have a solution. Let us consider the first equation. Plugging the values :I:% of x! into
the equation yields

3
wo+4 = 2[cosQ2mx’ —2my’) + cos(2my’) — cos2mx)],
i=2

which has no solutions since wg+4 > 6 and [cos2r o — 27 ) +cos(2nf) —cos(Lra)] < %

for all o, B € T. Now, we consider the second equation, and plug the values :I:% of x! into
the equation to get

3
wo + 8 — 4cos(27ry1) = Z 2[cos(27rxi) + cos(271yi) - COS(27Txi + 271yi)],
i=2

which also has no solution since wg + 8 — 4cos(27ryl) > 6 and [cos(2m ) 4 cos(2nB) —
cos2ma +2np)] < % for all @, B € T. Finally, in the last case, the same argument gives

3
wo + 8+ 4cos(271y1) = Z 2[cos(271xi) + cos(27ryi — 27rxi) - cos(27ryi)],
i=2
which again has no solution. A _ A
Since x' is different from j:%, it is clear that dyi O;(y'") = —4msinRry' — 2xx') —

47 sin(2wy') = 0 when y' = % and y' = % + % By the method of stationary phase

1

Ji § ————, (49)
(t)2 /|1 + el2mx! |
when x’ is different from :I:%.
Multiplying all inequalities (49) for i = 1, 2, 3 yields
1
J S (50)

(t)%\/ﬂ +ei2nx'||] +ei27rx2||] +ei2nx3|

Let x be a point in & and a sequence {x,}; ; C & such that lim,_, o x, = x. Since the

set T\ & is closed, without loss of generality, we suppose that there exists a ball B(x, r)
with radius r and centered at x such that B(x, r) N (’JI‘3\6) = and then {x,}°2, C B(x,r).
From the assumption B (x, r) N (T3\&) = @, it follows

/ eit(w(x)—w(x—)’)—w(}'))dy‘ < ! <. 1)
T3 (t)%\/ﬂ+627”]||1+62”X2||1+€27”‘3|

By the Lebesgue dominated convergence theorem, lim;,—, oo F'(x,) = F(x) and the function
F is then continuous on &. By the same argument, G, H are also continuous. O

@ Springer



On the wave turbulence theory: ergodicity... Page 15 of 41 19

Corollary 14 The edges, i.e. the set 1‘3\6 of all wave vectors y = (y', y2, y3) in which there
is an index i € {1, 2, 3} such that y' = :I:% or 0, is a subset of the no-collision region J.

Proof The corollary follows directly from the proof of Proposition 13. O

4.1.3 Restrictions on S(x)

Proposition 15 Given any function f € LY(T3) and a collisional invariant region S(x).
Define restriction of f on S(x) as follows

fise () = FO)ify € S(x) and fig, () = 0if y € T\S(x). (52)
Then, in the distributional sense, we have
[ 3@ =0t = = 00001y = [ 5000 = 0t =) - 00D fig, 01
(53)
/w d@(y) —o(y —x) — W) f(y)dy = /1r3 Sw() —o(y —x) — o) fig,, Mdy,
(54)
and
/w Swx+y)—okx) —o()f(ydy = /w S(wx +y) — o) — o) fise, (¥)dy.
(55)

Proof We only prove (53), as the proofs of (54)—(55) follow by the same argument. For a
fixed value of x, we denote by Ag with 6 > 0 the set of all z in A such that

lo(x) —w(iz) —wkx—2)]>0>0 (56)

for all z in A.
Let us introduce the following approximation

f / Q@@= =Sy () f(1)dydr. (57)
R JT3
Integrating in ¢, we obtain from (57)
C _ (@) —0x—y)—0()?
— [ e & XA, () f (y)dy, (58)
€ J13

for some universal positive constant C.
Combining (56) with the approximation (57), we find

_ro@-ot-0-0@)?

; )22 C T -—0ox—1)-0@)"
A\%/TA[‘% i@ —0(x—2)—0@) €2t X4, (@) f(2)dydr = - /p e 2 X4, (2) f(2)dz
2

S 1/ 67%XAo(z)f(Z)dz.
T3

€
Using the fact that x4, is a subset of T3, we deduce

_zo?

/ / OO0y o) Fdadt SC > Oase > 0. (59
R JT3 €
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Let ¢(x) be a test function in C%°(T%). Again, the same stationary phase argument used in
Proposition 13 can be applied to show that

’/ /3eit(w(x)—w(X—Z)—w(Z))—6212(p(x)dzdt Sla (60)
R JT

uniformly in €. By the Lebesgue dominated convergence theorem, we find

/ /6 eif(w(x)—w(x—z)—w(z))XA(Z)(p(x)dzdxdt
RJT 61)

= lim lim /R /Tﬁ (@@=~ y | () £(2)p(x)dzdxdt = 0.

4.1.4 Weak formulation, local conservation of energy on collisional invariant regions

Lemma 16 For any smooth function f(k), there holds
/T1 Qclf1k)p(k)dk = ///Tg[wwlwzrlﬁk — ki —k2)8(w — w1 — w2) x
XUfifo = ffi = (000 = g (ki) = p(kz) ) dkdkidkz

for any smooth test function ¢.
If @ is supported in a collisional invariant region S(x), then, we also have

/ Oc[flk)pk)dk = /// [worw] '8k — ki — k2)8(w — w1 — w2)
T3 S(xX)XxS(x)xS(x)

xUifo = fhi = £121(0®) = (k) = p(ka) ) dkdkidz.
Proof We have

f Ol f1k)p(k)dk

T3
= /w [ww1] ' 8(k — ki — ka)8(w — w1 — ) f1 fo — ffi — fhrlek)dkdkdk,
- Ag[wwlwz]_ls(kl —k —k)d(w1 —w— )l fof — ff1 — f1f2lek)dkdkidk;

- /Tg[wmcoz]_l(?(kl —k —k)d(w1 — @ —w)[fof = ffi = f1f2le(k)dkdkidks,

by switching the variables k <> k1 and k <> kj in the second and third integrals, respectively,
the first identity follows. The second identity follows straightforwardly from Corollary 15
and the first identity. O

As a consequence, we obtain the following corollary.

Corollary 17 (Conservation of energy on collisional invariant regions) Smooth solutions

f(t, k) of (2), with initial data f(0, k) = fo(k), satisfy
/ ft, kwk)dk = / fo(k)w (k)dk. (62)
S(x) S(x)

forallt > 0 and for all x € °U, defined in Proposition 8.
Proof This follows from Lemma 16 by taking ¢ (k) = w(k) with k = kL, k2, K3). O
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4.1.5 Local equilibria on collisional invariant regions

In this section, we establish the form of local equilibria on collisional invariant regions. The
key different between these local equilibria and the equilibria of classical kinetic equations
is that these equilibria are only defined locally on collisional invariant regions. This is a very
special feature of the 3-wave kinetic equation.

Lemma 18 (C2-collisional invariants) Let Y eC 2(8(x)) be a collisional invariant on the
collisional invariant region S(x), in the following sense. For any wave vectors k, ki, ky €
S(x),

k =ki + ko + z, for some z eZd, wk) = wlk)) + wky),
we have

V(k) = ¥ (ki) + ¢ (k2).

Then there exist a constant a, € R, such that
Y (k) = axow (k).

Proof Let us first prove that for k € S(x), the partial derivatives d;v (k), with k =
(k', k2, k3), are well-defined. Without loss of generality, we only prove that the partial deriva-
tive with respect to the first component dy1 v (k) is well-defined. Since k € S(x), there are two
wave vectors ki, ko such that either k = k1 + k> and w(k) = w (k1) + w(kp); ork + ki = ko
and w(k) + w (k) = w(ky).

Case 1: k = ki + k> and w(k) = w(k;) + w (k). Since ¥ € C3(T?), in order to show
that 919 (k) is well-defined at k' e T, we only have to prove that there exists € > 0 such
that for each k! € (k! — €, k! + €) there are k2, k> € T3, k = (k', k2, k*) € S(x). For any
x,y €T, define

F(x,y) =cosm(x +y)) —cos(2mx) — cos(2my).
Since k = (k', k2, k%) = ki + ko = (ki, k3, k3) + (k1. k3, k3), we then have
F(ki, k) + F(k3,k3) + F(ki, k3) = —wp/2 — 3.
Now, we develop
F(x,y)+1=—cos(2rx) —cos(2mry) + 1 4+ cosm(x + y))

—2cos (7 (x + ¥)) [— cos ((x — y)) + cos (T (x + y)].

= —4cos ((x 4+ y))sin (;rx) sin (ry) < 4.
Hence maxy, yer F(x,y) = 3 when (x, y) = (3, —%) = (—%. 3) . We observe that the sum
F (K2, k%) + F(k3, k;) must be strictly smaller than 6; otherwise, F (k1 kzl) =—wy/2—-9 <
—9, which is a contradiction.

Since F (kz, k%) + F (k3, k%) < 6, then for any § small, either positive or negative, there
exist 81, &2, either positive or negative, such that

F(k! + 8. k) 4+ F(k} + 81, k3) + F(k} + 82, k3) = —wp/2 — 3,

due to the continuity of F. If k' = k! + 8, then we choose k2 = k! +8; and k° = k3 + 6.
Case 2: k + ki = kp and w(k) 4+ w(k;) = w(ky). Similar as Calse 1, we only need to
show that, for each k! € T, there exists € > 0 such that for each k! € (k1 —e k' + €)
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there are k>, k> € T3, k = (k' k>, k%) € S(x). Since ky = (k1.k3.k3) = ki + k =
(k}, k3, k) + (k', k2, k), we then have

Fkl, kY 4+ F(k3, k%) + F(k3, k%) = —wo/2 — 3.

Since F(k%, k%) + F(k3, k%) < 6, then for any & small, either positive or negative, there
exist 81, &2, either positive or negative, such that

F(ki, k' +8) + F(k3, k> 4+ 81) + F(k3, k> + 82) = —wo/2 — 3,

due to the continuity of F. If k' = k' + 8, then we choose k? = k! + 8, and k> = k3 + 85.

Since on S(x), ¥ (k) is a function of w (k) and k, there exists a twice differentiable con-
tinuous function ¢ € C*(R4 x T3) such that ¥ (k) = ¢(w k), k).

For k € S(x), there exist two wave vectors kj, k» € T3, such that either k = k; + k>
and w(k) = w(ky) + w(ky), or k + ki = ky and w(k) + w (k1) = w(ky). We assume that
k =k +kp and w(k) = w(k)) + w(kz), ki, ko € T3, the other case can be consider with
exactly the same argument. As we observe before, k1, k2 also belong to S(x) due to the fact
that k is connected to both k1, k2 by one-collisions. We have

Y(k1) + ¥ (ka) = ¥ (k) = p(wk), k) = p(w(k) + w(k2), ki +k2).

We now follow the strategy of [10] and [51]. Differentiating the above identity with respect
to k7 and k3 yields

0,7 (k) =0, 9@ (k). L) (k1) + 9 (@), k).
3,(5'\0(/62) =0rp(w(k), k)aké'w(kz) + 3,(.2/(0(60(16), k).
Letting i € {1, 2, 3} be a different index, we manipulate the above identity as
(ak{‘ﬁ(kl) - 3ké1ﬂ(k2))(3k:iw(k1) — k)
= Oy k) — 9 ¥ (k)@ ki) — 3w (ka)).
We differentiate the above identity in &k, with / being an index in {1, 2, 3}
3k{ I ¥ (k) (O 0 (kr) — w0 (k2)) + (3k{1ﬁ(k1) - 31(5"/’(]‘2))34 I (k1)
= O aklllﬁ(kl)(ak.{w(kl) - 3k.2fw(k2)) + B ¥ (ki) — 3k;\/’(k2))3k-{ I k1),
and now in ky, with 4 being an index in {1, 2, 3}
3k{ I ¥ (k) 3yi pr oo (k2) + Bké' I ¥ (k2) By Byt o (k)
= ak,i akz1 1//(k1)8ké- Bkga)(kz) + aké 8k3 W(kz)ak{ 8k;1w(k1).
A particular case of the above identity is the following
0 ¥ (k1 k) = 859 (k)i o (k2).
which implies
5 (k) cos(ky) = a5 v (k) cos(ky),

for any k1, k3 € S(x), and k1, kp are connected to k; 4 k; by one collision.
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Hence ¥ (k) = ayw (k) + by - k + cx, with ay, ¢, € R, by € R3 for any k € S(x). By
the fact Y (k) = (k1) + ¥ (ka) whenever k is connected to ki, ko by one-collisions, it is
straightforward that ¢, = b, = 0. ]

Proposition 19 (L!-collisional invariants) Let v € L'(S(x)) be a collisional invariant on
the collisional invariant region S(x), in the following sense. For any k € S(x), such that

k = k| + k, for some z eZd, wk) =wlk)) + wky),
we have

V(k) = ¥ (k1) + ¥ (k2).

Then there exist a constant a, € R, such that
Y (k) = axw (k).

Proof For any function ¢ € C*°(T?), we define the standard mollifier ¢ (k) = § 3¢ (%) and
the standard approximation ¥s = ¥ * ¢5 with § > 0. It is then classical that lims_.¢ [|¥s —
Vllisey =0

Since (k) = ¥ (k1) + ¥ (ky), we also have ¥s(k) = Ys(k1) + Y¥s(kz). Lemma 18 can
be applied to V5, yielding ¥5(k) = a’w(k) for some constant @® € R. The conclusion
of the Proposition then follows after passing § to 0, while taking into account the limit
lims—o Vs — ¥l L1 sy = O o

Proposition 20 (Equilibria in Collisional Invariant Regions) Given a collisional invariant
region S(x), a function F¢(k) € C(S(x)) is said to be a local equilibrium of Q. on S(x) if
and only if Q. [F¢1(k) = 0 and F¢(k) > O for all k € S(x).

Let E, € Ry and assume

1
/ —dk =Ey, (63)
S

(x) x

with a, € Ry ; the local equilibrium on S(x) of Q. can be uniquely determined as

1
Fk) = , 64
(k) TS (64)
subjected to the local energy constraint
F(k)w(k)dk =E. (65)
S(x)
Proof Since Q.[F€](k) = 0 for all k € S(x), using % as a test function, we obtain
0= JAFUk
/ 017N >P(k)
- / Sk — ki — kn)3(w — w1 — 0 F{F — FLF — F5F°]
Sx)xS(x)xS(x)
1 1 1 (66)
x [—, - —] dkdk, dk,
FFF
/ Sk — k1 — k2)d( )]—'“]—'“]—‘“[ ! ! ! ]2dkdk dk
= — k1 — w—w —o)F R =~ = — = ,
Sx)xS(x)xS(x) ! : ! ? 2 Fe ]:lc ‘7:5 e
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which implies - — & — -k = 0 for all k, ki, ko € S(x) satisfying k = ki + k3 in the
1 2

periodic sense (i.e. there exists some z € 74 such that k = k| + k» + z)and v = w| + w>.
1

Therefore 77 is a collisional invariant; and by Proposition 19, F¢ takes the form (64), given

that the system (63) has a unique solution a,. ]

4.1.6 Entropy formulation on the collisional invariant region S(x)

Let f be a positive solution of (2), we define the local entropy on the collisional invariant
region S(x) as follows

Se.self] = f se[f1dk = f In(f)dk. ©7)
S(x) S(x)

In the sequel, we only consider the local entropy on one collisional invariant region, then,
for the sake of simplicity, we denote S; s(x)[ f]1by Sc[f].
Now, we take the derivative in time of S.[ f]

atsc[f]=/ S . (68)
sw f

Replacing the quantity 9, f in the above formulation by the right hand side of (2), we find

0 Self] :/// [wwian] ' 8(k — ki — k2)8(w — w1 — w2)x
Sx)XSx)xS(x)

x[fifa— ffi— ffz]%dkdkldkz

—2/// [woiw ]~ 8k — k — ko)S (w1 — @ — w3) %
SxX)XS(x)xS(x)

< [fof — fFi— fi fz]%dkdkldkg.

(69)

We now apply Lemma 16 to the above identity to get

3 Self] =/// lwwrw2] 18 (k — ki — k2)8(w — w1 — )L f1 fo — ffi — ffo
SX)xS(x)xS(x)

111 (70)
— 4+ — — — | dkdkdk,.
<[ - s
By noting that
A= ffi= IR =A% 1+ 4~ 1]
1f2 1 2= Jffhif2 ate 7
we obtain from (70) the following entropy identity
0 Sclf]= /S( [woran] '8k — ki — k2)8(w — w1 — @) ffi fax
x)
11 17 (71)
— + — — — | dkdkdk
) [fl f2 f] o
=: D[ f].
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It is clear that the quantity D[ f] is positive. Borrowing the idea of [12, 54], we now define
the reciprocal, of f

= —. 72
8 7 (72)

As a consequence, the formula (71) can be expressed in the following form

05101 = DL 1 =Dulgt = [[[ lowrwn] 13k ~ ki ~ k)30 — w1 — w2)
SOxSHxSX) (73)

. v
« wdkdk]dk}
88182

4.1.7 Cutting off and splitting the collision operator on the collisional invariant region
S(x)

In this subsection, we follow the idea of [12] to introduce a cut-off version for the collision
operator Q[ f]. The intuition behind this cut-off operator is explained below. We expect that
as t tends to infinity, the solution f of (2) converges to an equilibrium, which is a function
bounded from above and below by positive constants. Since the equilibrium is bounded from
above and below, it is not affected by the cut-off operator. As a result, the solution f is
expected to be unchanged, under the effect of the cut-off operator, as ¢ goes to infinity.

Letoy (forO < N < oo)beafunction inCl(R+) satisfying oy [z] = 1 when % <z<N,
ovlzl = Owhen 0 < z < 5y and z = 2N, and 0 < gylz] < 1 when 5y <z < g
N <z <2N.For f € CI(S(x)) and 0 < N < o0, define the cut-off function

xnvLfl1=onlflenllV flI. (74)

Note that xoo[ f]1 = 1 forall f € C1(S(x)).
We set the cut-off collision operator on the collisional invariant region S(x) for f and for
g defined in (72)

and

OV f1k) = / [wwia] ™ x5 8k — ki — k2)8(w — w1 — an)
Sx)xS(x)
[f1f2— ffi = ff2ldkidko
—2/ [wwioa] ™ x5 8 (ki — k — k)8 (w1 — 0 — w2)
S(x)xS(x)
- - dkidk
L2f — ffi— fif2ldkidks 75
= / [wwiwn] ™ xilgg182] 7 8(k — ki — k2)8(w — @1 — w))
Sx)xS(x)
[¢ — g1 — g21dkidkr
-2 / [wwian] ™ x5 lgg18217 " 8(k1 — k — k2)8(w) — @ — wn)
Sx)xS(x)
[g1 — g2 — gldkidks,
in which

xn = xnUfIxnLAlxn[R2] = xn[1/g1xn[1/g11xn11/g2]. (76)
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When N = oo, we have that
N1tk = 01 F1k)

- / lwwrwa]™ 8tk — ki — kn)3(@ — w1 — o)L fi fo — ffi — fFaldkydk
S(x)xS(x)
— 2] [wwi] 18k — k — ka)d(w) — @ — o) fo f — ff1 — f1 f2ldkdk; 77
S(x)xS(x) ( )
_ f [woroa] ™ Teg1821™ 18 — k1 — k2)8(w — w1 — wp)lg — g1 — galdk;dky
Sx)xS(x)
- 2/ [wor] 819217 8kt — k — k2)8(w) —  — w2)lg1 — g2 — gldkydky.
S(x)xS(x)

We also define the splitting collision operators on S(x), in which the kernel [gg1g2]1! is
removed

QY 1glth) = / X;(;[wwlwzl_ltS(k — k1 —k2)d(0 — w1 — w2)lg1 + g2ldkidkr
Sx)xS(x)

+ 2/ X;(/[wwlwzl_l(?(kl —k —kp)d(w) — w — wp)g1dkydk; (78)
S(x)xS(x)

2 / K Towiwa] ™ 8k — k — ka)(w1 — @ — wp)gadkyda,
S(x)xS(x)
N T o1y = gLN (k)

-1
= g/ A nlww10] 7 8k — ki — k2)8(w — wy — wp)dkdky
S(x)xS(x) N (79)

g [ X lwwiea] 1800 — k — k)8(1 — @ — wp)dkdka,
S(x)xS(x)
and
QY[gl = QY Tlgl - Q) gl (80)
Due to the symmetry of k1 and &, Qév "~ [gl(k) can be rewritten as
QN TIgltk) = QY gl(k) + QY2 gl(k) + QY P gl k) o=

= 2/ x5 loo1o] 18 (k — ki — k)8 (w — w) — w))g1dkidky
Sx)xS(x)
+ 2/ x5 lwoio] 18 (k) — k — k)8 (w1 — @ — w))g1dkidky
S(x)xS(x)

- 2/ x5 lowion] 18 (k) — k — k)8 (w1 — @ — w)gadkidky.
S(x)xS(x)

1)

Note that in all of the above definitions, the cut-off parameter N takes values in the interval
(0, oo]. We then have the following lemma.

Lemma 21 Given a collisional invariant region S(x), a function F€(k) € C(S(x)) is said to
be a local equilibrium of Q?’ on S(x) if and only if Qév[]-'c](k) = 0and F¢(k) > 0 for all
k € S(x).

Under the local energy constraint

Fk)wk)dk =E, (82)
S(x)
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where Ey is a given positive constant. Suppose that E, € Ry and

1
/ —dk =E,, (83)
S

(x) Gx

with a, € Ry, the local equilibrium on S(x) can be uniquely determined, when N is
sufficiently large, as

Fe(k) = (84)

axw(k)”

Similarly, a function E€(k) is said to be a local equilibrium of Qév on S(x) if and only if
QN[F1(k) = 0 and

E°(k) = arw (k).

Proof The proof follows from the same lines of arguments used in the proof of Proposition 20.
]

4.2 The long time dynamics of solutions to the 3-wave kinetic equation on
non-collision and collisional invariant regions

4.2.1 An estimate on the distance between f and F*¢
This section is devoted to the estimate of the difference between a function f and a local
equilibrium F¢, defined on the same collisional invariant region. The two functions f and

JF¢ are supposed to have the same energy.

Proposition 22 Let S(x) be a collisonal invariant region and f be a positive function such
that f € LY(S(x)). Let

1 1
FE(k) = = —, 85
® ayw (k) E<(k) (85)
where ay € R satisfying F¢(k) > 0 for all k € S(x).
In addition, we assume
fowk)dk = / Fk)w(k)dk. (86)
S(x) S(x)
We also define g using (72).
Then, the following inequalities always hold true for 0 < N < oo
!
[ et e-ed e s [ a5
S(x) S(x)
1
i
x {/ [wwi] ™ xj 8k — ki — k2)8(@ — 0 —w2)lg — g1 — g2|2dkdk1dk2] ,
Sx)xS(x)xS(x)
(87)
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and

H\/JL?’SCU‘—FI

1
2 1
s fdk:| {Ilg — &2
LIS ) [/S(x) LYS@)

(oo™ 80k — ki — k)b — o1 — w2)lg — g1 — gaPdkdkidka |* }

)
S(x)xS(x)xS(x)
(88)

in which the constants on the right hand sides do not depend on f.
Proof Considering the difference between f and F¢ on S(x), we find

1 1] g—=¢&
g & gee

)

If—fcl=‘

which then implies
ENf = F = flg — €.
Multiplying both sides with LY and taking the square yields

JLdee s — 7ol = LY flg - el

which, by the fact that LY ¢ = QY "[g] and LN £¢ = QY -F[£¢], implies

VILYElf - Fel = \/f @ 1g1 - @ Flee)

Applying the triangle inequality to the right hand side gives

Jrreerr =7 5 r|at 11— @ e + 7 |0t 1a1 - @

+\/f @ Fiee - @ e

By Lemma 21, the last term on the right hand side of the above inequality vanishes, yielding

VELYELf — Fl S\/f

Integrating the first term on the right hand side and using Holder’s inequality leads to

(o e mmaula) < ([, ) ([,

Observe that

’Q?’”L[g] —@ﬁv’_[g]'

Q" 1g1 - QY Ll + \/f @ lg1- QY Tre|. (89)

QY+ 1gl - Qg dk) :
(90)

< [ o] x b5k — ki — k2)3(w — w1 — w2)lg — g1 — galdkidka
Sx)xS(x)

+ 2/ [wwia] ™ 58kt — k — k)8 (w1 — w — w2)|g1 — g2 — gldkidka,
Sx)xS(x)
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which, after integrating in k and taking into account the symmetry of k, ky, k>, yields

-/«:S'(Jc)

< 3/ [ww1wz]_le’§/5(k — k1 —k2)d(w — w1 — w2)|g — g1 — g2ldkdkydky.
S(x)xS(x)xS(x)

Nt el — QY " Le| dk

Applying Holder’s inequality again to the right hand side implies

-/:S'(x)

<3 |:/ [wwlwz]ilxﬁs(k — k1 —kp)d(w — w1 — wz)dkdkldk2i|
Sx)xS(x)xS(x)

QN gl — Q@Y Tl dk <

=

2
x [/ o]~ 58k — ki — ka)(w — w1 — w2)lg — g1 — g2|2dkdk1dkz] .
S(x)xS(x)xS(x)
1)

Using the fact that x, < 1, Corollary 14 and Proposition 15 to bound the integral containing

only [wwiwr] ™! xn0(k — ki — k2)8(w — w1 — wy), we derive from the above inequality the
following estimate

/S(x)
2

<3 [/ [wwrw] ™ 58k — ki — k2)d(w — @) — a)2)dkdk1dk2] x
Sx)xS(x)xS(x)

NFigl— QY T lel| dk

1

1

2

/ [wwwz]*lxﬁ(s(k — ki —k2)d(w —w) —w2)lg — g1 — g2|2dkdk1dk2i|
S(x)xS(x)xS(x)

|
3
S [/ (o]~ x5k — ki —k2)8(@ — w1 — w2)lg — g1 — g2\2dkdk1dk2] .
Sx)xSx)xS(x)
92)

Putting (90) and (92) together, we obtain

oo

7
X [/ [wwlwzl_l)(}t/t?(k —ki —k2)d(w —w) —w2)|g — g1 — g2|2dkdk1dk2] .
Sx)xS(x)xS(x)

93)

1

2
9”+[g1—@£v"[g]\dks[f fdk]
S(x)

Integrating the second term on the right hand side of (89) and using Holder’s inequality

([ ) =(f, ) (L, ).

94)

QY 1g1 - QY 1

QY 1e1 -1
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It is straightforward that

| 1g1 - @Y 1e)

< / lwwrwa] ™ X80 — ki — k8@ — o1 — w)llg1 — £+ g2 — E51dkydka
S(x)xS(x)
+ 2[ [wwwp] ™ (8Kt — k — k)81 — @ — w2)lg1 — E|dkydky
S(x)xS(x)

+ 2/ [worw] ™ x5k — k — kp)d(w) — w — w2)|g2 — £5Idkydks.
S(x)xS(x)

Integrating in k, we immediately find

/S(x)

<

QY 1g1— @Y rec| dk

/ [ww] " x5 8(k — ki — k2)8(w — w — w)lIg1 — ES| + |g2 — E5|1dkdky dky
S(x)xS(x)xS(x)

) [wmw] ™ x5k — k — k)31 — o — wp)lgr — & ldkdki iy
S(x)xS(x)

=) lwwi @] X80k — k — k)81 — @ — w2)lg2 — E5Idkdky dkz,
Sx)xS(x)xS(x)

which, by the symmetry between k1 and k» and the fact that x, < 1, implies

/:S‘(x)

= 2/ [wwiw2] '8k — ki — k2)8(w — @1 — w2)|g1 — £f|dkdk; dky
S xSE)xS(x)

QYN lg] — QY&  dk

+ 2/ [a)a)la)z]_I(S(kl —k —k2)8(w) — w — w2)|g1 — EY|dkdk;dky
S(x)xS(x)

+ 2/ [ww 2] '8(k) —k — k)8 (0] — @ — w)|g2 — &5 |dkdkdk;.
S(xX)xS(x)xS(x)

Now, we can also combine the last and the first terms on the right hand side using the change
of variables between k, k1, kp to get

v/S(x)

< 4/ [ww12] 718 (k — ki — k2)8 (@ — w1 — w2)|g1 — &V |dkdk;dky
SE)xS@X)xS(x)

QYN " lg] — QY& | dk

+ 2/ [worw] '8k — k — k)d(w) — w — w2)|g1 — £5|dkdk; dks.
S(x)xS(x)
95)

Let us estimate each term on the right hand side of (95).
Taking the integration in k, of the first term yields

4/ [wwiw2] 18k — ki — k)8 (0 — w1 — w)|g1 — EF|dkdkydk,
Sx)xSx)xS(x)

= 4/ [w®)o kDo k — k)] '8(@k) — o k) — wk —kp))|g1 — & |dkdk; .
Sx)xS(x)
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Observing that w(k) > wg > O forall k € T3, we find
4/ [a)a)la)z]ilS(k — ki —k2)8(w — w1 — wo)|g1 — Ef|dkdk dky
S(X)XS(x)xS(x)
5/ S(w(k) — w(ki) — ok —k1)|g1 — & |dkdk,
S(x)xS(x)
which, after integrating with respect to k1, leads to

4/ [ww1@2]'8(k — ki — k2)8(w — w1 — w2)|g1 — EF|dkdkydk,
S(X)XS(x)xS(x)

S/ [/ S(w(k) — w(ki) — w(k —k1))dk] g1 — &7 |dk.
S L/sw)

Note that the integration with respect to k is uniformly bounded in k; € T? by Corollary 14
and Proposition 15, we then get

4/ [wwiwa] 8k — ki — k2)8(w — w1 — wn)lg1 — EF|dkdk;dkz
S(x)xS(x)xS(x)
(96)
s/ 181 — E51dk1 = llg — £L1 s,
S(x)

The second term on the right hand side of (95) can also be estimated in the same way.
Taking the integration in k» of the second term yields

2/ [wwwy] '8 (k) — k — k2)8(w1 — w — w)|g1 — £ |dkdk;dks
S(x)xS(x)xS(x)

= 2/ [o(R)o kDo k — kD] 8@ k) — o k) — ki —k)lg1 — & |dkdki,

Sx)xS(x)

which, similarly as above, can be bounded as

2/ [a)wlwz]*lzﬁ(k] —k—k)S(w; — w— w)|g1 — 5f|dkdk1dk2
S(xX)XS(x)xS(x)
5/ [/ o) —wk) — ok — k))dk] lg1 — &7 ldky.
S(x) S(x)
Again, the integration with respect to k is bounded, we therefore have

4/ [wo1w ]~ 18(ki — k — k)8 (w1 — w — w2) g1 — &y |dkdkdky
S(x)xS(x)xS(x)

o7
S [l Efldb = g — £l s
S(x)
Now, combining (94), (95), (96), (97) leads to
[ Jrled e - e tenfa <
5 (98)

1 1 |

2 2 2 1
< fdk] U g1 —Ecldkl] = [/ fdk] lg — &7 ,
[/S(x) S ! S LY(S())
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Putting together the three estimates (89), (93) and (98) yields
1 1

T 2 1 2
H Leeels -7l : [/ fdk] s =101 sy + U fdk] -
L1(S(x)) S(x) S) (99)
1

i)
X [/ [wwlwz]fle(/ts(k —ky —k)d(w—w) —wy)lg — g1 — g2|2dkdk1dk2:|
S(x)xS(x)xS(x)

4.2.2 Alower bound on the solution of the equation with the cut-off collision operator
on the collisional invariant region S (x)

The following Proposition provides a uniform lower bound to classical solutions of the wave
kinetic equation on S(x), under the effect of the cut-off operator y .

Proposition 23 Suppose that the initial condition fy of (2) is bounded from below by a strictly
positive constant f(;k, and fo € C(S(x)). Let f be aclassical solution in ([0, 00), C(S(x)))
N CH(0, 0), C(S(x))) to (2). There exists a strictly positive function f*(t) > 0, which is
non-increasing in t, such that f(t,k) > f*({t) > 0 forall k € S(x) and for all t > 0. To be
more precise, there exists a universal constant f, > 0 such that

S
supseqo. 1G5 Dllcswy

f@ k) > f* 1) =

Proof Rearranging the equation, one finds

Wf = [wwi) '8 (k — ki — k2)8(w — w1 — w2) f1 frdkidks
Sx)xS(x)

12 / [worwa] " 8(k1 — k — k)31 — o — o)L fi f2 + fildkrdks
S(x)xS(x)
—-f [/ [ww 2] 8(k — ki — k2)8(@ — @1 — w2)(fi + fo)dkidka
SE)xS(x)

+2 / [woran] '8tk — k — k2)8(w) — 0 — wz)fzdkldkz] :
S(x)xS(x)

Using the symmetry of f; and f5 in the term containing f; + f>, we can turn this term into
a new term, in which f; + f> is replaced by 2 f}

of = [wwia] '8 (k — ki — k2)8(w — w1 — w2) f1 frdk dky
Sx)xS(x)

+2 / (o] 3Gkt —k — k)i — @ — wn)Lfi fo + ffildkydks
Sx)xS(x) (100)
-2f [ / [wwia] 7 8(k — ki — k2)8 (@ — w1 — w2) f1dkidky
S(x)xS(x)

+ / [a)a)la)z]_lrS(kl —k—k)é(w; —w — a)z)fzdkldkz] .
S(x)xS(x)
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Now, let us consider the term with the minus sign

2f [ f [ww 2] '8 (k — ki — k2)8(w — w1 — w2) f1dkydks
S(x)xS(x)

(101)
+ / (wwiwa] 180 — k — k2)8(@1 — o — wz).fzdkldkz] .
Sx)xS(x)
We define the function B : Ry — R
B(r) = sup [If(s, Mesey, (102)

s€[0,1]

which is an increasing function in ¢. Using the fact that @ > wp > 0 and the function B(z),
we can bound (101) from above by

2B(t)

3
@y

f|:/ Sk — ki —k2)§(w — w1 — wy)dkdkr
Sx)xS(x)

+ / Stk —k — k) (w) — w — wz)dkldkz] .
Sx)xS(x)
Integrating in ky and using the definite of the two delta functions §(k — k; — k2) and
8(ky —k — k)
2B(1)
4

J (k) [/5( )5(w(k) — (k) — ok — ki))dk

2B(t)

3
@y

+/$( )S(w(k) — (k) — ok _kl))dkli| < €y fk) = C@) f(k).

We therefore obtain the following bound for 9, f

Wf = / [wwiwa] '8 (k — ki — k2)8(w — w1 — w2) f1 fadkidky
S(x)xS(x)

+2 / [wwi] 7 8k — k — k)8 (w1 — @ — @) f1 o + ffildkidk,
Sx)xS(x)

—cif.
(103)

Define the positive terms on the right hand side by K[ f], we then have the simplified equation
of =zK[f1-COf, (104)

which, by Duhamel’s formula and the mononicity in ¢ of C(¢), gives
F(t k) = folkye €' 4 /Ot K[f1(t — 5, k)e CD=9)gs, (105)
Using the fact that fo(k) > £ > 0, we deduce from (105) the following estimate
flt, k) > fre €D 4 /Ot K[f1(t — s, k)e €M=9)qs, (106)

We observe that the second term on the right hand side is always positive, since it contains
only positive components. This implies

ft k) = fre €1, (107)
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forallz € [0, T].
Now, let us examine the operator K[ f] in details. Using the fact < wg + 12, we can
bound K[ f] as

K[f1> [wo + 12173 [/ 8k — ki — k2)d(w — w1 — w2) f1 fodk1dk;
S(x)xS(x)

+2 / [wwr] ™ 8k — k — k2)8(w1 — @ — ) f1 f> + ffl]dk1dk2] .
Sx)xS(x)
From which, we can use (107), to bound f, fi, f> from below

K[f]> [wo+12]73 [ / 8k — ki — k)8 (@ — @1 — wn) f2e 2D dky dky
S(x)xS(x)

+4 / S(ki —k — k)8 (w1 — w — wz)fg‘ze_zc(r)’dkldkz] ,
Sx)xS(x)

forallz € [0, T].
The above inequality leads to

f*2 —2C(T)t
K[f]>20°% U Sk — ki — k2)8(w — w1 — wn)dkidka
0+ 121 [ Jsayxse
+4 / §(ky —k — k2)d(w1 — @ — wz)dk]dkz] (108)
S(x)xS(x)
2 _
- fote e ¢ > 020N
oo+ 129 2= ’

for all # € [0, T]. Note that C; is a universal strictly positive constant.
We follow the strategy of [42] by plugging (108) into (106)

t
[, k) Zf(;ke*C(T)[ +C f e CM=5)gy
0

c (109)
< px,—C(T)t L 3¢y
>foe + 3C(T) [1—e 1,
forallr € [0, T].
We define the time-dependent function
F(t) = fie —C(yr G [1— =3¢y
3C(T) ’

which is continuous and non-negative.
Pick a finite time 7y = ﬁ > 0, in which c is a fixed constant to be determined later.
For ¢t € [0 to], it is clear that F(t) > fge_C(T)t = fge ¢ > 0. When r > 19, then
*p=3C(N1 20T _ _C) xo—3C(N1[ 2 _ __Ci
F() 2 3t + e ) > st foe (™ — 3eqmy - For

a suitable choice of ¢, ¢2¢ It then follows that F'(¢) > 3C7(T)’ forallt € [0, T].

SC(T 3¢ fy
As a consequence, f(t, k) is bounded from below by a strictly positive function %(‘t)
for k € S(x). Since B(¢) is an non-decreasing function of time, it follows that %&0 is a
non-increasing function of time. m]
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4.2.3 Convergence to equilibrium of the solution of the equation with the cut-off
collision operator on the collisional invariant region S (x)

The below proposition shows the convergence to equilibrium of the equation with cut-off
operators. This contains the main ingredients of the proof of the convergence in the non
cut-off case.

Proposition 24 Let f be a positive, classical solution in C ([0, 00), C1(S(x))) N C'((0, o0),
Cl(S(x))) of (2) on S(x), with the initial condition fo € C(S(x)), fo > 0. Let E, € Ry be
a constant and

LH%M=&=LUw®h®M, (110)

has a unique solution a, € R ; the local equilibrium on S(x) can be uniquely determined
as

Fk) = . 111
(k) TS (111)
Then, the following limits always hold true,
. C _
Jim | f@.)—F ||L1(S(x)) =0. (112)
and
lim / In[ f]dk — f In [ 7] dk‘ =0. (113)
=00 |/S(x) Sx)

If, in addition, there is a positive constant M* > 0 such that f(t, k) < M* forallt € [0, c0)
and for all k € S(x), then

Jim £ = F sy =0 ¥p el o). (114)

If we suppose further that fo(k) > 0 for all k € S(x), there exists a constant M. such that
ft, k) > M, forallt € [0,00) and for all k € S(x).
We need the following Lemma, whose proof could be found in the Appendix.

Lemma 25 Let S(x) be a collisonal invariant region and f be a positive function such that
fo e L' (S(x)). Let

1 1
Fe(k) = = o, 115
W= om ~ =® (1)
where the constant a, € Ry such that F¢(k) > 0 for all k € S(x).
Suppose, in addition, that
fKwk)dk = FE(k)w (k)dk. (116)
S(x) S(x)
Then, the following inequalities always hold true
0 < Sc[F1— Sclf] (117)
and
If = Flsey S [SlFT= Sl 1], (118)

in which the constant on the right hand side does not depend on f; S.[ f1] is defined in (67).
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Proof We divide the proof in to several steps.
Step 1: Entropy estimates. Let us first recall (73), which is written as follows

8,/ In(f)dk :/ [a)a)la)z]_lé(k — k1 —ky)d(w — w1 — wn) X
S(x) Sx)XxS(x)xS(x)

et — gl
88182
The above identity shows that | (v In(f)dk is an increasing function of time. In particular

fS(x) In(f)dk — fS(x) In( fo)dk > 0. Picking n € N and considering the difference of the
entropy at two times n and n + 1 yields

( / In(f ", k))dk — / ln(fo(k))dk) - ( [ In(f 2", kydk — / ln(fo(k))dk>
S(x) S(x) S(x) S(x)

o+l

dkdkdk;.

/ [wwiw] '8k — ki — k2)8(@ — w1 — @) X
S(xX)xS(x)xS(x)

Ll te - gl?
88182

dkdkidkadt.

Since the quantity f St In(f(2", k))dk — f St In( fo(k))dk is always positive, we deduce
from the above that

[ In(f Q" k))dk — [ In( fo (k))dk
S(x) S(x)
[g1 + 82 — g1

2n+1
z/ / [woiw] 18k — k) — k2)d(w — 0] — wp) 2= 2" dkdk, dkodt.
on S@)xS(x)xS(x) 88182

By Lemma 25, applied to the left hand side of the above inequality, we find

/ In(F€(k))dk — / In(fo(k))dk >
Sx) S(x)

2;1+]

[ww1] '8 (k — ki — ka)8(w — @1 —wp)  (119)

=
n

/:S(x)xS(x)XS(x)
[¢1+2 — gl

88182
which, after dividing both sides by 2", implies

i” |:/ In(F¢(k))dk — / ln(f()(k))dk] >
2" s S()

1 on+l

2 —_
21 Jon S)XxSH)xS(x)
lg1 + 8 — gl
88182

dkdkdkodt,

[woiw] '8k — ki — k2)8(w — w) — wy)  (120)

dkdkdkadt.

As a consequence, there exists a sequence of times ¢, € [2", 27+1] such that

lim [/ [wor]~ '8 (k — ki — k)8 (e — w1 — wn)
S(X)XS(x)xS(x)

n—oo

[g1(ty) + g2(tn) — g(tn)]?
g(tn)gl (tn)g2(tn)

(121)

dkdkldkz] =0
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For the sake of simplicity, we denote g(t,) and f(#,) by ¢g" and f".

Step 2: The convergence.

Taking advantage of the fact ¢g” < 2N in the cut-off region of the operator y;, the
following limit can be deduced from (121)

n—oo

lim [/ (o] '8k — ki — k2)8(w — ) —w) XN X
S(x)xS(x)xS(x) (122)

x [g} + g8 — g"T'akdkidkz | =0,

in which the product g" g} g% has been eliminated. Since g" g’ g5 is removed, the inequality
(87) can be applied, leading to another limit

lim/ \/f”
n—o00 S)

The above expression contains f”, which can be, again, eliminated using the lower bound
= ﬁ in the cut-off region, yielding

QY Flg" — QY T [g"|dk = 0. (123)

dk =0. (124)

n—oo

lim \/\@é”[g"]—@f"[g"]
S(x)

Replacing Qﬁ.v ‘+[g”] = g”}Lf.V [¢"] in the above formula leads to

lim \/
n—o00 S)

Notice that g”]Lﬁ,v = g”xN[g”]H:éV, in which ]ﬂf\’ takes the following form

"L — QY " [gn|dk = 0. (125)

LY :=g)g"1+ 61"
1=/ xn[g" k) 1xn[g" k)18 (k — ki — k2)8(w — w1 — w2)dkidk, 126
Sx)xS(x) ( )

+2 f XV LE" (kD1Xn 8" (k)18 (k1 — k — k2)d (w1 — o — w2)dkyds.
Sx)xS(x)

Letus consider the first sequence {G {V [¢"1}. We will show that this sequence is equicontinuous
in all L?(S(x)) with 1 < p < oo. This, by the Kolmogorov-Riesz theorem [23] implies the
strong convergence of {Q{V [¢"]} towards a function G in L”(S(x)) with 1 < p < oo. To

see this, let us consider any vector k’ belonging to a ball B(O, §) centered at the origin and
with radius 8, and estimate the difference Q{V[g”](~ + k' — g{V[g”](.) in the L”-norm

/S( ) IGN[g"1(k + k') — G [g"1(k)|Pdk

B /:S'(x)

— xnlg" (k — kn)1s(w(k) — w(ki) — ok — kl))]XN[gn(kl)]dkl " dk.

/ I:XN[g”(k/+k_kl)]8(w(k/)_w(kl)_w(k/'f‘k—kl))_ (127
S(x)

@ Springer



19  Page340f41 B. Rumpf et al.

To estimate the above quantity, we will use the triangle inequality, as follows

fs 18N+ 1)~ 6T o o

<
S(x)

x 8(w(k' + k) — w(ky) — ok +k — k1)) xnlg" (ki)ldk; (128)

/S( 8"k k=l Rl

+f3( )XN[g"(k — kDK +k) — o ki) — ok +k — k1))

—5(k) — o) — ok — k) vlg" knldk|dk.

In the right hand side of this equality, we have the sum of two integrals inside the power
of order p. To facilitate the computations, we use Young’s inequality to split this into two
separate integrals as

/5( : GV [g" 1k + k') — G [g"1(k)|Pdk

<
S(x)

x 8(w(k 4+ k) — w(k) — ok +k — ki) xnlg" (k1))dk ]"dk (129)

o
S(x)

— 8@ — wlk) = ok - k)lxlg" 1k | k.

/;( : IxnIg" (K" +k — ki)l — xnlg" (k — kn)]lx

/5( ) xnlg" (k — kD18 (@K + k) — w(ki) — oK +k — k1))

We can choose § small such that xy[g" (K’ +k — k1)] — xn[g" (k — k1)] is small, uniformly
in k and ki, thanks to the cut-off property ﬁ < |f" k)|, |Vf"(k)] < N in the cut-off
region. Combining this observation, with Proposition 15, Corollary 14 and the boundedness
of xn[g" (k1)], we can choose § small enough, depending on a small € > 0, such that the
first term on the right hand side is smaller than €? /2. The second term on the right hand
side can also be bounded by €” /2 using Proposition 13 and the fact that xx[g" (k — k1)] and
xn[g" (k1)] are both bounded by 1. As a result, for any small constant € > 0, we can choose
8 such that for any k' € B(O, §),

/ IGV[g" 1k + k') — G [g"1(k)|Pdk < €, (130)
S(x)

which shows that the sequence g{V [¢"]1is indeed equicontinuous in L”(S(x)) and the exis-
tence of o1 € LP(S(x)) satisfying lim,,_, oo Q{V[g"] =01 in LP(S(x)) forall p € [1, 0c0) is
guaranteed by the Kolmogorov-Riesz theorem [23].

The same argument can be applied to Qév [¢"], leading to the existence of op € L”(S(x))
satisfying lim,,_, oo gé\' [¢"] = op in LP(S(x)) for all p € [1, 0co) by the Kolmogorov-Riesz

theorem [23]. As a result lim,—, ]Lév =0 =01 +03in LP(S(x)) forall p € [1, 00).
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Similarly, if we define

QY 181tk = QY gl + QY TP Lgl ) + QY TP Lgl k) =
— f an[1/81kD xn[1/81 ko) [ww 2] ™18k — ki — k2)d(@ — w1 — wp)g1dkidka
Sx)xS(x)

(131)
+2/ XN [1/g1kn) xn [1/g1(k)[ww1 2]~ 8 (k1 — k — k2)8(w) — @ — wp) g1 dkydka
Sx)xS(x)

- 2/ xn[1/81k) xn [1/g1 (k) [ww1 w2118 (ky — k — k2)8(w) — @ — wp)gadkydky,
S(x)xS(x)

the Kolmogorov-Riesz theorem [23] can be used in the same manner to deduce the existence
of a function ¢ such that we also have lim;,_, oo in_ [¢"] = ¢in LP(S(x))forall p € [1, 00).

Now, the fact that lim,,_, o @év " [g"] = ¢ and limy,— oo ]I:f.v = o can be used to replace
the quantity Q?’ " [¢"]1 by ¢ and the quantity H:ﬁ.v by o in (123) and (125) to have

Jim fs( )\/|UXN[fn] — f"xnlf"lsldk =0, (132)
and
Jim [ Vel — saTak = o (133)

Due to its boundedness, the sequences {g” xn[f"1}, {f" xn[f"]1} and {xn[f"]1} converge
weakly to gi°, fy° and £5° in L'(S(x)), it follows immediately that gy o = &y ¢ and
ENo = fNs

By a similar argument as above, {xn[f"]} is also equicontinuous in L”(S(x)) and then
lim,, 00 xn[f"] = &5 in LP(S(x)) for all p € [1, oo) by the Kolmogorov-Riesz theorem
[23]. As a consequence,

s (k) =2/ EX (kDEY (k) [ww 2]~ 8k — ki — k)8 (0 — ) — w2)
S)xS(X)
gy (k)dkydko
+ 2/ EX (k)ER (k) [ww 2] 8 (k) — k — ka)8(w) — @ — w2)
S(x)xS(x)
gy (k)dkydky
=] £ (ST (k) [ o] '8 (ky — k — k) (an —  — )
S(x)xS(x)

gy (ko)dkdky,

and
o (k) :/ EN (kDEN (k2)8(k — ki — k2)é(w — w1 — w2)dkidky
Sx)xS(x)

12 / £ (EP (k)3 (k1 — k — ka)S (@1 — @ — wn)dkidko,
Sx)xS(x)
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which can be combined with (133) and the fact that {g" xx[f"1}, {f"xn[f"]} converge
weakly to g5, fy° to give

/ gV OER ()ER (kER (k)8 (k — k1 — k2)8(w — @1 — wa)dkydky
S(x)xS(x)

+ 2/ gN EN ()ER (k)R (k)8 (ki — k — k2)8(w] — @ — wp)dk1dky
S(x)xS(x)
= 2/ EX(ER (kDES (k) [ww 2] 1 8(k — ki — k2)8(w — w1 — w2) g (k1)dkydky
Sx)xS(x)
+ 2/ 51?10(k)fﬁo(kl)éﬁo(kz)[wwlwz]fl5(k1 —k —kp)8(w1 — w — w2)gR (k1)dkidky
Sx)xS(x)

- 2/ EX REX (kDEY (k) [ww ] T 8kt — k — k)8 (@) — w — w2) g% (ko) dkydky,
S(x)xS(x)
(134)

fora.e. kin S(x).
From (134), we deduce that

gy (ER (k) = g¥’ (knER (ki) + gy (k2)&R (k2),

when k = k1 +kp and w (k) = w(k1) +w(k2), fora.e. k in S(x). The proofs of Proposition 19
and Lemma 21 can then be redone, yielding gx,o (KE (k) = Ayw (k) =: £°(k) > 0for some
constant Ay € R. These constants are subjected to the conservation of energy

/ 0 4 = lim w®) f"xy[f"ldk=: EV. (135)
Stx) Anw (k) n—00 J5(y)

In addition, we have fﬁo = Since limy_, o0 E )ICV = E,, when N is large enough

m'

% < gy k), fy°(k) < N for all k € S(x). As a consequence, g" and f" converge almost
everywhere to g%7(k), and f5° (k).

The fact that f" converges to fy°(k) almost everywhere, when N is sufficiently large,

ensures the existence of No > 0 such that f5°(k) = f;7 (k) for all N, M > Ny. Passing to

the limits N — oo in (136), we find Ay = A for all N > Ny, with

©® i —E 136
/sm T (136)

As a result,

lim ()= =
n— 00 Aa)(k) ’

almost everywhere on S(x), which then implies

lim inf/ In[ f1dk Z/ In[F€]dk,
S(x)

n—00 S(x)

by Fatou’s Lemma. Therefore, due to Lemma 25
lim [S.[F°] = Sc[f"1] =0,
n—oo
leading to

Jm [S[F] = Se[f ()11 = 0.
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By (118), we finally obtain
Jim L = Follrs ) = 0.

Step 3: Additional assumption f(z,k) < M* for all ¢+ € [0, co0) and for all k € S(x).
Suppose, in addition, that f (¢, k) < M* for all ¢t € [0, c0). By Egorov’s theorem, for all
8 > 0, there exists a set Vs, whose measure m(Vs) is smaller than 6 and f” converges
uniformly to f*°(k) on S(x)\Vs. Sll’lCC N < fN (k) < N, there exists an integer ng such
that for all n > ng, the mequahty ~ < f"(k) < N holds true for all k € S(x)\Vs. As a
consequence, for each € > 0

. 1
I f = Flersay < CIf = Fllresanwg + CmVs)? < Cllf — FllL=(sm\vy) +C87,

where C is a universal constant, forall 1 < p < oco.

For any € > 0, we can choose § > 0 and a time #5 such that for t > f#;, C(S% < €/2
and C|| f — F |l Leo(sx)\vs) < €/2. That implies the strong convergence of f towards 7 in
LP(S(x) forall 1 < p < oo.

Now, if fo(k) > 0 for all k € S(x) and f(¢t,k) < M* for all t € [0, co) and for all
k € S(x), by Proposition 23, there exists a constant M, such that f(¢,k) > M, for all
t € [0, 00) and for all k € S(x). ]

4.3 Proof of Theorem 3

The proof of Theorem 3 follows from Proposition 24 and Proposition 7.

5 Appendix
5.1 Appendix A: Proof of Lemma 25

Define the functional
W (f, F) = [F +1(f —FOP.
It follows from the mean value theorem that

c\2
0</ (1 -0(f - F)

W, (f, F) o =S [Fl = sc[fl1+ s [FISf — FO).

Since s'(y) = 1/y, we find s'[F¢(k)] = ayw (k). That leads to

1 c\2
0o [HU=DG =5

= 0 “Ijt(f7 F(') dt = sc[fc] - sc[f] + (axa)(k))(f — ]_‘C)

Integrating both sides of the above inequality on S(x) yields

c\2
0</ f A=DG =77k
S() W (f, F°)
_ / 5ol 1k — / sel £1dk + / (axw®)(f — FO)dk,
S(x) S(x) S(x)
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which, by the fact that
/ (axw(R)(f — F)dk =0
S(x)

implies

(1= n(f = FP |
0 -~ dtdk < S.[F1— S:Af] 137
</S(x)/ Gk = S = Sl (137)

Observing that

= [ D e o,

VU, FO)
and applying Holder’s 1nequahty to the right hand side, we obtain the following inequality

: 1
a-oF -2 1T Rk
~ s [/ W, (f, F°) t} [/0 a —t)‘l’z(f,]-“)dt} .

Now, observe that for k € S(x) satisfying F°(k) > f(k), then
0 < W, (f, FO)K) < [F(K)P

for all # € [0, 1]. This fact can reduce the above inequality to

1

1 _ C 2
t

which, by integrating in k

1
YA —-n(Fe - )2 } U > }

F¢— dk <2 —_— - d 1 —H[Fk)]°d dk,
/Sm( P f/s(x)[/o v F (1 =niFrd

and applying Holder’s inequality to the right hand side, gives

1
(1— [)(]:C f)2 2 / /1 . )
dk <2 ——————————dtdk 1 —O[F k) drdk
/S(x) wdks Usm/ W, (f, F) ! } {Sm A 1= D[F(k)]"dr

Indeed, the second term with the bracket on the right hand side can be computed explicitly,

that implies
1
A L - - £ }
FC— dk < / ———~ " drdk | .
/:S(x)( P+ N[ St Jo W, (f, F©) !

The above inequality can be combined with (137) to become
1
[ paak S [sa1 - s
S(x)

Using the boundedness of the dispersion relation w (k), we find

1
[ = peotodis [ - pradk [t - S
(x)

(x)

Now, from the identity
If —Fl=f—=F +2(F = 4.
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the above gives

/ |f — F¢lo(k)dk :/ (f—]:c)a)(k)dk-i-/ 2(F¢ = fHrw(k)dk
S(x) T3 S(x)

< / (f — Fw@dk + 2 [SI7] - SLA]E
S(x)

From the hypothesis

/ (f = FYw(k)dk =0,
S(x)

we then infer from the above inequality that

Nl—

/S( ) |f = Flok)dk S [Sc[FT = Self1]

Using the fact that w (k) > wg, we obtain

/ f — FElk < [S0FT - SLfI)E
S(x)
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