CONTROL, OPTIMAL TRANSPORT AND NEURAL DIFFERENTIAL
EQUATIONS IN SUPERVISED LEARNING

MINH-NHAT PHUNG AND MINH-BINH TRAN

ABSTRACT. From the perspective of control theory, neural differential equations (neural ODEs)
have become an important tool for supervised learning. In the fundamental work of Ruiz-Balet
and Zuazua [I7], the authors pose an open problem regarding the connection between control
theory, optimal transport theory, and neural differential equations. More precisely, they in-
quire how one can quantify the closeness of the optimal flows in neural transport equations to
the true dynamic optimal transport. In this work, we propose a construction of neural differ-
ential equations that converge to the true dynamic optimal transport in the limit, providing
a significant step in solving the formerly mentioned open problem.
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1. INTRODUCTION

Given a dataset (z;, yj)jwl, in which z; € R? is the input and y; € R? is the corresponding
output. Supervised Learning (SL) aims to identify that transport x = (x]) T toy = (y])] 1-
This task is normally realized via the use of neural networks. A neural network is a system
of multiple layers, in which each layer contains many nodes representing neurons. The first
layer is input layer and the last is output layer, others are hidden layers. One layer will receive
data from the previous layer, perform transformations and then push the data to the next. A
compound neural network can be written as [17, Equation (1.1)] and [3, Equation (5)]

N
> Wio(As + by) (1)
i=1
where ¢ : R — R? the so-called activation function, 4;, W; € R x R? and b; € R%.
Residual neural networks (ResNets) are generally formulated as follows [17]

N
T = ZWi,ZU(Ai,lwz +biy), (2)
i=1
which can be recast as a Neural Differential Equations [11), 17]

ZW )2(t) + bi(t)). 3)

The above mentioned SL problem of transporting z = (.I‘j)j]\il toy = (Z/j)j]\/i1 now becomes a
control problem:
Control Problem (A): Given T > 0, zp x7, can we construct (Wi)j\il’ (Ai)ﬁ\;y (bz)
such that we can drive the solution of the Neural ODE from z(0) = zo to x(T) = x7.
Control Problem (A) has been first studied in the ground breaking work of Ruiz-Balet and
Zuazua [I7], as well as several later works of Zuazua and coauthors [1, 18], 24, 29, 4T, 42 [43].
Writing the continuity equation of , we find

N
i=1

N
Orpie + Vg (Z Wio(Asx + bi)m) =0, (4)
i=1
in which f1t(2) = 0,—(;). Control Problem (A) can now be turned into the following equivalent
control problem.
Control Problem (B): Given T > 0, xg, xr, can we construct (W)N (A ) i—1s (bi);
x

such that we can drive the solution of the transport equation (4) from po(x) = dz=z, to pr( )z
550733T

The connection between the neural transport equation and Optimal Transport Theory
has been first discussed in [I7, [I§]. While trying to solve Control Problem (A) and Control
Problem (B), in [I7, Section 7], the authors also posed the open problem of “how close the
optimal flows of neural transport equations are from the actual optimal solution of the dynamic
optimal transport”. In this work, we aim to explore this unexplored direction of research to

make connection between Control Theory, Optimal Transport Theory and Neural ODEs by
solving the problem raised by the authors of [17].

1
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From the theory of transport equations, letting (;(z) be a fixed function from Ry x R? to
R, and supposing that a is the solution of

Cela(t)) = —= (5)

then the quantity p:(r) = 0,—,()a(t) is the solution of the inhomogeneous transport equation
28]

N
Oy + Vg (Z Wio(Aixz + bz‘)Mt) = Gt pg- (6)
i=1

While is mass conserving, the transport equation @ is certainly not mass conserving. It
transports the measure po(x) = 0z=g,a(0) at time ¢ = 0 to the measure pr(r) = dg=zp,a(T)
at time ¢ = T. Due to the appearance of a(0) and a(7T") and the fact that the mass is not
conserved in the process, (@ is referred to as an unbalanced transport. We now turn Control
Problem (B) into a new problem.

Control and Optimal Transport Problem (C): Given T > 0, xq, x1, can we construct

Ci(x), (Wi)ij\il, (Ai)?;p (bi)ﬁil such that we can drive the solution of the transport equation
(6) from po(z) = dp—zea(0) to pr(z) = 6z—pra(T), where a is the solution of (B)). Moreover,
the optimal flows of the neural transport equation @ also converge the actual optimal solution
of the dynamic optimal transport in a certain limit.

Note that if one can solve the Control and Optimal Transport Problem (C), both Control
Problem (A) and Control Problem (B) are solved at the same time. However, by adding the
new functions (;(x), a, we have more degrees of freedom to deal with our transport problem
and the problem of examining how closely the optimal flows of neural transport equations
align with the true optimal solution of dynamic optimal transport becomes much easier. On
the contrary, -@ can be associated to an Unbalanced Optimal Transport process, in which
the total mass of the density is controlled by an additional vector field (.

The formulation for optimal transportation had been known first under the name of Monge’s
problem. The problem has been revived in 1942 by Kantorovich [31], and it is now referred to as
Monge-Kantorovich’s problem. For many years, various authors have utilized the solutions of
primal and dual optimal transportation problems to study many features of partial differential
equations [7, [15] 20} 26, B5]. In the recent years, optimal transportation has found important
applications in computer science and machine learning. In supervised learning, the Wasserstein
distance is used to determine the loss in classification [21], ensuring the fairness in the system
under investigation [23]. In generative Artificial Intelligence, optimal transportation has been
used for Wasserstein Generative Adversarial Networks [2] and Wassenstein Auto-encoders [39].
In general, there are two types of Optimal Transport problems. Balanced Optimal Transport
normally imposes the condition that the input measures have the same masses same with the
output measures, while in the Unbalanced Optimal Transport problem, the two measures do
not neccessarily have the same total masses. Therefore, the Unbalanced Optimal Transport
framework eases the many constraints imposed by Balanced Optimal Transport and takes
Balanced Optimal Transport as a special case. The framework is quite commonly used in
Machine Learning and Artificial Intelligence since it provides more flexibility, robustness, and
computational efficiency, making it better suited for real-world applications [10} 19, 37, [40].

Our strategy of solving Control and Optimal Transport Problem (C) is as follows.
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e First, we associate —@ to an unbalanced optimal transportation problem, which
is an optimization problem of minimizing a total transport cost (see Subsection .
We show that minimization problem has a solution (see Subsection . However,
since we want an explicit solution of the minimization problem to build our neural
networks, we then design a numerical algorithm that gives the solution explicitly, using
the Sinkhorn algorithm [I2] and its variations (see Subsection [2.3)). To be more precise,
the construction of our algorithm has an inspiration from the work [34]. Since the
work [34] has built for a discrete unbalanced optimal transport problem on a finite
lattice, one main challenge is to generalize this algorithm to the unbalanced optimal
transport problem —@, which is defined in the continuum setting. It is well know
that generalizing a discrete problem posed on a finite lattice to the continuum problem
is a very challenging problem. As a result, several new ideas have to be introduced
in our work, to deal with the problem. For instance, instead of the Kullback-Leiber
divergence used in [34], the Pearson divergence needs to be used. Since our theory is
based on the Pearson divergence, numerous advanced techniques in optimal transport
theory (for instance, [26, [33]) need to be incorporated into our framework.

e Second, based on the solution of the minimization problem, obtained from our numer-
ical algorithm, we construct the transport equation (or gradient flows) and the convex
solution of Monge-Ampeére equation (see Subsection .

e Finally, the neural network can constructed using the above gradient flows, in combina-
tion with ideas from approximation theory, leading to the solution of the Control and
Optimal Transport Problem (C) (see Subsection [2.5]). As a result, we can construct

(Wi)z’]\;l’ (A,-)Z.]il, (bi)fvzl, such that the neural transport equation @ converges the
actual optimal solution of the dynamic optimal transport in certain limits, providing
a significant step toward the solution of the open problem of “ how close the optimal
flows of neural transport equations are from the actual optimal solution of the dynamic
optimal transport” posed in [I7] (see Theorem[I1]and Remark[12). Note that a solution
to the Control and Optimal Transport Problem (C) is also a solution to both Control

Problem (A) and Control Problem (B).

Acknowledgement The authors would like to thank Prof. Enrique Zuazua for enlightening
discussions on the topic. They are also indebted to Prof. Nhan-Phu Chung and Prof Nam Q.
Le for several suggestions and remarks to improve the quality of the paper.

2. SETTINGS AND MAIN RESULTS

2.1. The problem of minimizing the total transport cost. As discussed in the intro-
duction, the optimal transport problem can be viewed as the problem of minimizing the total
transport cost. In this subsection, we will formulate the minimization problem.

Let d be an integer, we denote M(R?) as the set of all finite Radon measure of R

For a map T : R? — R? and p € M(R?), the pushforward Ty is defined by the identity

/ F(@)dT () = / F(T(2))dpa(z)
]Rd Rd

for all Borel measurable function f.
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We denote £ as the Lebesgue measure of R, For convenience, we usually only write £ and
omit the dimension. We also consider the space M7’ consisting of = fL € M(R?) such
that f has a compact support, f > 0 almost everywhere (a.e.) and f € L.

For two measures u,v € M(R?), if u is absolutely continuous with respect to v, we will
denote this by ¢ < v and the Radon-Nykodim derivative is denoted by ’;—’If. We define the
marginal entropic cost as follows

2
d .
F(ply) = Jra (CTl; - 1) dv  in the case y < v,
+00 otherwise.

In the optimal transport problem we always consider a cost function C' : R? x R4 — [0, +o0]
satisfying:

(C1) C is lower semi-continuous under the Euclidean topology;

(C2) For any compact sets X,Y C RY, I1C poo (x xv) < +o00.

Given the 2 measures po(z) = fL(z), ur(z) = gL(z) € M?C(Rd), the problem of opti-
mally transporting pg to pr is equivalent to the optimization problem of minimizing the total
transport cost

dctg)=_int | [ Camtsan +rPaTL) 4 rFOoL) | ™
TEM(Q) L/

where €2 :=supp f X supp g, 7 : (z,y) = @, 7y ¢ (2,y) = Y, 12 (dz) = (72) 47 (dz, dy), vy (dy) =

(my)#y(dx,dy) and 7 is a given scaling factor. For convenience, we also use the notations

Qs :=supp f. In most cases, we will assume that |Qy|, Q24| > 0, where [Q¢] is the volume of

the set .

We denote the Euclidean norm on R? by | - ||. Let us recall the 2-Wasserstein distance. If
F(ulv) = {O’ %f H=Y and C(z,y) = ||z — y||?, the infimum value in (7)) is W3 (u,v).
+oo, ifpu#v

We back to our entropic cost, if v is not absolutely continuous with respect to Lebesgue
measure, we see that either F(v,|fL) or F(v,|gL) is infinity. To be more specific in our
situation, v must be absolutely continuous with respect to Lebesgue measure and the supports
of v,y are ¢, {1, respectively. Hence, it suffices to consider v = kL with k > 0 and k € LY(9Q).
For simplification, we write

F(ka|f) = F(vlfL), F(kylg) = F(vylgL),
where k, = ng kdy, k, = fo kdx. We also define

12.(0) = {k € IAQ)Jk > 0}, (3)
Lemma 1. For fL,gL € M?C(Rd), we have

detra) = ik { [ Ot sy o019+ 7P o)}

As a consequence of this lemma, we only need to solve the optimal problem on L? space.
The proof of the lemma can be found in Section
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For ¢ > 0, we define

max {e, f(z if x € Qp,
) = ST . )
0 otherwise
Now, we also have an approximated optimization problem
do(f,9) =dc(fe9:) = inf {/ Clz,y)k(z,y)dedy + 7F (k| fe) +7—F(ky’96)}7 (10)
k(zy)el? () LJa

where fL, gL € MfC(Rd).
The following lemma shows that tends to ase — 0T,

Lemma 2. For fL,gL € M%fc(Rd) and € > 0, di and dc satisfy
where the term O(g) means O(e) — 0 as ¢ — 07.

Readers can see the proof for this lemma in Section
We add a small regulator n|[k||7, into the minimization problem. Instead of (10]), our
minimization problem becomes

Kayel2 (@) o
(11)

where fL,gL € M?C(Rd).
The following lemma shows that converges asn — 0F.
Lemma 3. For fL,gL € M%oc(Rd) and e, N > 0, there exists ny > 0 such that

1
In another word, dZ"(f, g) is continuous at 0 with respect to 1.

We will prove the lemma in Section
The next lemma says that the infinum in is indeed the minimum.

Lemma 4. Problem admits a minimizer.

We also show the proof of this lemma in Section
We next define

L3(Q) = {k € LAQ)k(z,9) > 6,ae. (z,y) € ). (12)
We observe that if k € L2() then k, € L?;‘le(Qf) and k, € Lglﬂfl(Qg)'
Next, we consider the optimization problem

E(fg) = inf { [ e gydady + o) e+ RO + rF(kyma)} ,
’ k(z,y)eLZ(2) Q
(13)

where fL gL € M?C(Rd). The following lemma says that df;g( f.9) converges to di"(f, g) as
0 —0.
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Lemma 5. For f£,gL € MP.(RY) and £,1,5 > 0, dzl, and dZ" satisfy

d52(F.9) — d2'(f.9)| < 009),
where the term O(8) means O(§) — 0 as § — 0.

Reader can find the proof of Lemma [5|in Section
As a summary, our main goal is to study problem , which can be approximated by problems

, , . Therefore, we will mainly investigate the minimization problem .

2.2. Dual problem. In solving a minimization problem, a common strategy is to investigate
the dual problem. For vL € M%fC(Rd) and u* € L?(suppv), we define

F§(u*|v) ;== sup {/ uu*dx — F(u!v)} .
ueL?S (suppv) supp v
For w* € L?(Q) we define
O s(w*) := sup {/ kw*dzdy — / Ckdzdy — 17||k:||%2} .
’ ker2(Q) LJQ Q

We then have the dual problem

Dsh(f,9) = k{eiL%f(Qf) {6’275(161‘ + k3) + TE5q, (kT /T|fe) + TFaﬂf‘(—k‘;/T‘gs)} . (14)

kEL2(Q)

Lemma 6. Problem and problem admit minimizers. Furthermore, k is a minimaizer
of and (ki,k3) is a minimizer of if and only if

kj(l‘,y) — max{é, kl(x) +k2(2y) _O(x7y)} ’ (15)
n
0|9 ki (x

ky(z) = fa(a:)max{fl(xg;,l— 12(7)}7 (16)

518%| k5 (y) }
k = max ,1— , 17
V() = oy max { 250 1 - 2 (17)

for almost everywhere v € Q ¢,y € Qg with respect to Lebesgue measure.
In addition, we have

5t (f,9) + D5t f, 9) = 0. (18)

Lemma [6]is the foundation of the construction of the optimization algorithm and the neural
network. We divided the proof of this lemma into four smaller sections, which are included in
Section

Remark 7. The minimizer (k7,k3) of can be taken so that

012y | N
- g) a.e.} and k; € [,?c.

£

ki e L= {k: € LA(Q)|k* < 2r <1
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2.3. Optimization algorithm. The minimizer (k7, k%) of is essential in our construction
of our neural networks. Below, we will show that the minimizer (k7 k3) of exists and can
be computed explicitly via a numerical algorithm. Therefore, (kj, k%) is explicit and can be
used to formulate our neural network.
Our algorithm has an inspiration by the one developed in [34], which is based on a previous
work [27].
Given functions f, g and four positive constants €, 6,7, 7 such that 6 max {|Qy|, ||} < €, we
will design an algorithm to approximate the solution (kf, k3) of (14). Let E := max {|| fz|| >, [|ge|| >},

we compute
1 Qf 19,12 [E—¢c/2\°
o=, | = (max{|f|,’9|} + (6/) > (19)
2 n n T

We then compute ¢ := 2y/at/e, s := \J/ae/(T)/2 and r := %q. We also performs computations
on f, g, which will be used to design the transformation between steps.

For n € N, let X" X, X, Y™ Y, Y be the six L? data functions after n steps of the
algorithm. We start the algorithm with X° = XJ = X0 = Y% = Y = Y = 0. For
convenience, we always suppose that the data marked by X are functions supported by 1y
and the data marked by Y are functions supported by €2,.

We have the following algorithm:

(1) X™*! can be updated by X, Y/

X80 = o [ o0 X200 +¥20) — o}y + (T 1) 1)

(2) X! can be updated by X, X", X"+
X 0) — gy {2 (L DX @) < X)L 9] )|
€+4rs €+4rs 2 2f.(x)
(3) X! can be updated by X7, X5+t
_aXPx) | X§T(a)
- 1+4gq 1+q °

X (2)

Nodes Y can be built the same way.
(4) Y™ can be updated by X7, Y

Vi) = g [ maions X2 +320) - Cyde s (52 1) 0.0)

(5) Y™ can be updated by Yg, Y™, Y7+

Y 1 Yyt (y) —ryn 1 Q
}/E)n+1(l‘):47min 5 O(y> _( +T) (y) r (y)vf_ ’ f| ]
€+ 4ts e+4rs 2 2¢.(y)
(6) Y"*! can be updated by Y, Y]
_aV (@) | Yoti(@)
 1+g l+q

Y (2)
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After L+ 1 steps, we obtain kf := XOLJrl and k3 := Y0L+1. These functions indeed approximate
the minimizer of .

Proposition 8. Given the functions f,g so that fL,gL € MF., C is the cost satisfies
and and the constants €,1, 0,7 > 0 such that § max {|Qy], ||} < €, the above algorithm
gwes L* functions (k7,k3) such that

. - q L/2 )
Hk] - k]HLQ S TL/z = <q_i_71) y J= 1a27

where (k},k3) is a minimizer of (14).

The Proposition [§ shows the convergence of the algorithm. Section contains the proof
for this proposition.

2.4. Transport equation. We want to apply the output from the optimization algorithm to
build a continuity equation transporting f to g, i.e., for T' > 0, we wish to obtain the continuity
equation

Orte + Va(&epte) = Cepias
po = fL, pr = gL.

Our strategy is as follows. First, we construct f, g that approximate f, g in a certain limit (see
the statement of Proposition E[) Next, we construct &, such that

Oy +7Voc(§tﬂt) = Ctpit,
po = fL,pr = gL.

To this end, we need to recall some results concerning the associated Monge-Ampére equa-
tion. We first construct k7, k3 supported by 5, Q, such that ||k —k}||z~ < errg for some given
ki t+k3—C

T } on . We need to find a map ¢ : R* — R¢

errg > 0. Then, we define k = max {5,

such that cp#lzzx = /%y, that is

[ e = [ )k o)y (20)
R Rd

for all measurable h. When we consider ¢ = V¢ for some convex function ¢ and ,_ is convex,
we obtain the Monge-Ampere equation

ky(V) det(D*) = k. (21)

The existence of a convex function ¢ such that ¢ = V¢ solving is proved in the work of
McCann (see [35]). The solution V¢ is uniquely determined almost everywhere. We note that
V¢ solving does not mean ¢ solves . The convexity of €, ensures that ¢ is a solution
of in the Aleksandrov sense (see [I3, Chapter 4]). Since the Monge-Ampere equation
is given in its explicit form, we assume that the solution is given explicitly. In practice, the
solution of the Monge-Ampére equation can be computed using well studied numerical schemes
(see, for instance [4, [5] [6] §]).
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Proposition 9. We assume that fL,gL € MP, such that f,g are continuous, and we also
assume C is a Lipschitz function on . For some given small number errg > 0, we can
construct ki, k5 supported by Qr,Qy satisfying

|5 = Kl < erro

and 15{, kék are obtained in Proposition @ with a large number L. Let Q1y,Q, conver and their
boundaries are smooth, and let ¢ be a convex functionﬁsolvz’ng , which depends on L,errg.
Note that f., ge are defined in @D We can construct f € L*(Qf),g € L*(Qy) satisfying

Ife = fllez, llge — glle S /2 4 err.

Moreover, transport the equation can be built as follows

{atﬂt ‘tvx(gt/ﬁt)iz Ge bt (22)
Ho = f‘C’MU’T = g£7
where the vector fields are given by
1
&(2) = 7 (Vo(T; ' (2) = Ty (@), (23)
o VE(-T&)—x) | Vhj(x)
= < 2~ Ki(~Té () —x) 27 - l%(x)) ’ -
T—1t t
Ty(x) = T2 + Tqu(x). (25)

The proof of the proposition is given in Section 3.4

Remark 10. Suppose we want to transport fL to gL, the proposition gives a construction of an
inhomogeneous transport equation that transports f£ to gL, where f£ and gL converge
to fL£ and gL as L — oo and errg,e — 0. The inhomogeneous transport equation is built upon
the values k‘_{, k:—; are obtained in Proposition Proposition |§| establishes an approximation
in L? sense for the transport equation, we will use this transport equation to make a neural
transport equation.

2.5. Solution of the Control and Optimal Transport Problem (C). We will build
a compound neural network with controlled using the the push forward map V¢ and the
minimizer (k}, k3) of (14).

As discussed above, since the Monge-Ampere equation has an explicit form, we make the
assumption that that the solution is given explicitly. In practice, the solution of the Monge-
Ampere equation can be numerically obtained using well established numerical schemes (see,
as an example, those in [4] [5, 6] [§]).

Theorem 11. We assume that fL,gL € M7, such that f,g are continuous and we also
assume C' is a Lipschitz function on €. Let ¢, be convex and their boundaries are smooth,
we recall the definitions of f-,g- in @D and definitions of T,&,( defined in - mn
Proposition [9, L + 1 is the number of steps in our algorithm in Section errg > 0 be a
given number. Let ¢ be a convex function and V¢ be the solution of depending on L,errg.
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e~ llzll?

ezl
Let Lip([0, T],R%) be the space of Lipschitz functions from [0,T] to R?, and let o =

e llzll?

be the Gaussian activation function, we can build f~‘,§ € L*(RY) and construct a finite set
Ms™ < N4 with triplets (W, Ag, by) € Lip([0, T], R x RY) x R x RY € MS™!  such

L,errg L,errg
that the controlled compound neural equation
{81?,“’75 + VQ: (ZmeMerrl - Wﬁio-(An_il' + bﬁi)ﬂ’t) = Ct,uh (26)
po = fL, pr = gL,

satisfies

Z Wao(Agnz + bz) — &(z) < erry;

- erry
mGML’errO L2

and the measures fﬁ,ﬁﬁ converge weakly to f-L,g-L as errg,err; — 0% and L — +oo.
The proof of the theorem is given in Section

Remark 12. Suppose we Want to transport fL to gL, the theorem gives a construction of a
neural differential equation (26)) that transports fﬁ to gL, where fﬁ and gL converge to fL
and gL as errg,err; — 07, L —> oo and € — 0. That means flows of the neural transport
equation @ also converge the actual optimal solution of the dynamic optimal transport in the
limit of errg,err; — 0% and L — oo and € — 0.

In this first work, we choose the Gaussian activation function [30), [36] since it shortens some
parts of the proof. In the upcoming second paper, we will extend the results to other activation
functions such as ReLU, sigmoids, etc.

Remark 13. In Theorem instead of using T, £, ¢ defined by V¢ solving , we can consider

— 2 — _
a sequence V¢, L, V¢, where ¢, is strongly convex, supported on {1y and ¢, € C?. We
suppose that the sequence V¢, is obtained by numerically solving using well studied
numerical schemes (see, for instance [4], 5] [0, [§]). We then define new vector fields

— T—1

x4+ %nggn(m),

() = E(a) - | VE(-T&() —2)  Vk()
21 — ki (=T&(x) — ) 21 — ki(z)
Then we can construct f,§ € L2(R%), a finite subset M¢™2" of N and triplets (Wi, A, b)) €

L,errg

Lip([0, T], R4 x R¥) x R¥*4 xR 17 € M;"-1" such that the controlled compound neural equation

L,errg

{8t,U/t + v{E (E _,EMerrl ,n WmO'(Aﬁ’Lx + bﬁl):ut) = Ct,uta

Lerrg

po = L, pur = gL,
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satisfies

Wao(Anz + by) — & () < err;
ML .

and the measures fv[,,ﬁﬁ converge weakly to f.L, g-L as errg,err; — 07 and n, L — +oo. We

— 2
will give the proof for this scenario, that we have the sequence V¢, I V¢, since this proof
also covers the proof of Theorem
3. PROOFS OF THE MAIN RESULTS

3.1. Convex analysis. Let us define the function G : L*(Qy) x L?(£2,) — [0, 00] by

G(u,v) /max{2775 Ruv(:c y)}(2R ,(z,y) — max{2nd, R¢ (7, y)})dxdy

e | @) fe(z)dz + 7 )] Zga(y)dy,
/Qf < 27 > /Qg < T )

where Rgv(x,y) =u(z)+v(y) — Clx,y).

Our strategy is to replace the minimization problem by minimizing G. In this section,
we will study some important features of the new function G.

We compute the Fréchet derivatives of G as follows

DiG(u,v) / max{2n0, Ruv(:c y)}dy + <u2(f) - 1) fe(z),
DyG(u,v)(y) = 2177 |, max{2mo, Ry, (2,y)bdz + (2(7) - )g (v),
s

where D1, Do are differentiation with respect to the variables v and v.

We will now check that DG is indeed Fréchet derivative of G with respect to variable w.
Then, by a similar proof, DG is the derivative of G with respect to v. For u,h € L*(Qy),g €
L*(Q,), we compute

‘G u+ h,v) — G(u,v) — fo D1G(u,v)hdx
12|22

A,G(u,v,h) =

/ max{2nJ, R o+ h}2RY, + 2h — max{2nd, RS, + h})dxdy
477Hh||L2 ’ ’

- / max{2nd, RS }(2RS , + 2h — max{2nd, RS ,})dxdy +21 / h? f.dx
Q ’ ' ' T Jas

!
4nl|p] 2

/ (max{2775, Riv + h} — max{2n9, Riv})
0

x (2RS, + 2h — max{2nd, RS, + h} — max{2né, RS })dxdy +21 / R f.dx|.
I’ b b ,7— Qf
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If RS, + h, RS, < 216 then
(max{2nd, Rgv + h} — max{2nJ, Riy}) (2R§U—|—2h—max{2175, Riv—l—h}—max{2n5, Riv}) =0.

Otherwise, we have | max{2nJ, Rgv+h}—max{2176, Riv}| < |h| and |2Riv+2h—max{2n5, Riv—l—
h} — max{2nd, Riv}] < |h|. Hence,

AyG(u,v,h) S [|R| 2.

The limit of A,G(u,v,h) when h — 0 is 0, which means D;G is the Fréchet derivative of G
with respect to the variable w.
For u € L?(Qy),v € L*(Q), we define

w(w,v) 1= 5 (ol +Iol3s) (21)

Now, we will prove that G is strongly convex, i.e., there is m > 0 such that G(u,v) — mw(u,v)
is a convex function. For u,h € L?(Qy),v € L*(,), we first compute and estimate

/ (D1G(u+ h,v) — D1G(u,v))hdx = 2i / (max{2n6, RS + h} — max{2nd, RS })hdxdy
Qs nJa ’ ’

1
+/ h? f.dx
27' Qf

> £ / h2dz.
27’ Qf

/Q (D1 (Gluth) = Cllu+ i) = Di (Glav) = —[ullf2 ) ) bz > 0.
f

Thus,

By [25, (2.6) Chapter 2 Part 1], G(u,v) — £ |lu||2, is convex with respect to the variable w.
A similar computation for the variable v can also be done. Hence, G is 5--strongly convex.
Next, we define

Gw(U,U) = G(u,v) - %w(uv U)>
T

which is ;=-strongly convex. The derivatives D1Gy,, D2Gy, of Gy, are Lipschitz continuous in

L? with respect to the variables u, v, respectively. Indeed, for u,v, h as before and o defined
in , we have the estimate

1D1G o (u+ hyv) — Dy G, 0)]|2

e 2

= HDlG(u +h,v) — D1G(u,v) — Eh‘

L2
1 C C fe €

o (max{2nd, R, , + h} —max{2nd, R,/ ,})dy — | == — — | h
n Ja, ! !

U [y ]
2n? Q|h| do + 272

2 _ 2
(1200 (B-e/2)
- 92 772 7-2

9
fo= 3| L Inl

) 12 = a2
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The same estimate can also be done for DyG,,.
We consider the convex conjugate of Gy,

G, (u*,v") = sup / u*udz +/ v udy — Go(u,v) ¢, (u*,0*) € L*(Qp)x L*(Q).
(uw)EL?(Q)xL2(Qg) (/2 Qg
(28)

Since G, is Fréchet differentiable, it is also Gateaux differentiable. By [25, Proposition 5.3
Chapter 1 Part 1], for all (u,v) € L?(Q) x L*(Q,), we deduce

G (D1G oy (u,v), DaGoy(u,v)) + Gy (u,v) = D1Gy(u,v)udz + DGy (u,v)vdy.  (29)
Qf Qg

By the strong convexity of Gy, if (4,9) € L*(Q5) x L*(,) satisfies
G (D1Gyw(u,v), DaGy(u,v)) + Gy(u,v) = DGy (u,v)udx +/ D1Gy(u,v)vdy,
Qf Qg
then (u,v) = (4,v) in L?(Qf) x L*(€,). By this uniqueness property, we define
L* = {(u*,v*) c LQ(Qf) X LQ(Qg)|El(u, v) € LQ(Qf) X L2(Qg) s (u,0") = (D1Gy(u,v), DaGhy(u, v))},
and (D1G*, DoG*) : L* — L*(y) x L?(€)y) as the inverse of (D1G, D2G), that is
(D1G™, D2G™)(D1Gy(u,v), DaGoy(u,v)) = (u,v).
For (u*,v*), (uy,v5) € L*, let
AG; (ug, vh, u™,v*) == Gy (u*,v*) — G (ug, v5)
- [ = ) DiG oo — [ (07 = 05) Do iy .
Qf Qg
We want to show that
* * * * * 1 * * * *
AG (ug, v, usv") 2 o ((lu” = wgllze + [[v* = wgllZ2) (30)

in which « is defined by .
For u,h € L*(Qy),v € L*(£,), we have

Gu(u+ h,v) — Gy(u,v) — DGy (u,v)hdz
Qf

1 1
/ 0tGw(u + th,v) — / DGy (u,v)hdzdt
0 0o Jay

1
/ / (D1 Gy (11 + th, v) — Dy G (11, v))hedardt
0 Joy

1
< / 1D1Go(u+ th, v) = D1Goy(u, )| 2|1 2t
0

! 2 Q2
< [ tarali: =5 bl
0
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We can also obtain similar estimates for the variable v. Thus, we get

‘Gw(u, v) — Gy (up, vo) — D1Gy(ug, vo)(u — up)dx — / DoG oy (ug, vo) (v — vo)dy
Qg

Qy
< |Gu(u,v) — Gy (ug,v) — D1Gy(up, vo)(u — up)dx
Qy
+ |Gy (ug, v) — Gy(ug, vo) — DGy (ug, vo) (v — vo)dz
Qy
o 2 2
<5 (llu = uollZ2 + v = voll£2) -

We take (ug,vo) = (D1G3), D2G?)(uf, v5), then we have (uf,vi) = (D1Guw, D2Gy)(uo, vo).
Thus, we find

Gu(u,v) < Gy(up,vo) + DGy (up, vo)(u — ug)dx + DoGy(ug, vo) (v — vo)dy

Q Q,
(6
+ 5 (Iu = wollZz + Ilv = vol72)
* * * * * «
— — G (i) + | wgudo+ [ oijudy+ G (lu = uwolfs + 1o = wls).
Qf Q,

For (u*,v*) € L*, we have

G,,(u*,v") = sup / u*udaz+/ v'udy — Gy(u,v)
(uw)eL2(Q)xL2(2,) | /2, Q,

> Gy (ug, vp)

* * * * «
b e { | =itz s [ @ —vo>vdy—2<uu—uou%2+uv—vo\%2)}
(u,v)€L2(Qf)x L2(Qy) Qy Qg

= Gl 05) + /

* * * * 1 * * * *
[ (= wyuods+ [ (0" = op)oudy + 5o (I = gl + 0* = wil3e).
f

0, 2
Hence, AG;(US,US,U*,’U*) > % (HU* - USH%Q + HU* - USH%Q)
3.2. The minimization algorithm. In this subsection, we will show that (X"! yn+l) of

the algorithm constructed in Subsection can be computed via (X", Y"™) using the function

G defined in Subsection To this end, we recall Ef; in Remark (7| and then consider two
additional minimization problems:

inf / wrudr + / v ody + iw(u, v) +y1w(u — up,v — Vo) ¢, (31)
Qf Q 47

(u,v)eﬁg X Lfc

where (u*,v*) € L*, (up, vo) € /Jf; X ﬁ? and 7 is a constant; the second is

inf {—/ w udr — / viudy + Gy, (u*,v") + ’yzAGL(uS,vé,u*,v*)} , (32)
Qf Qg

(u*,v*)eL*
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where (ug,vs) € L*, (u,v) € Eg X 5? and 7, is a constant. These minimization problems has
the following important properties, that are summarized in the following lemma.

Lemma 14. The problem admits a unique minimizer (up to almost everywhere with
respect to the Lebesque measure). We denote the unique minimizer of problem by
<u7 V)(’U,*, 'U*, Uuo, Vo, 71)
The problem admits a unique minimizer, which is equal to (D1 Gy (Y, v)s D2Guw(@u, ©v))
in L?, where

u + 2 D1Gy, (ug, vg) v + 2 Do G, (ugy, vg)

Pu = @u(u37U8772) = y Pv = SDU(US)U&’YQ) =

1+ 79 I+ ’
and G3, is defined in (28).
Consider the algorithm constructed in Subsection and n € N, then
(XS YPHY) = (u,v) (r+ DX —r X" (r+ DY =Y XP, Y5 s) . (33)
and
(X"TLYT) = (D1Gu(XE YY), DaG (XL Y)): (34)

Proof of Lemma[1]]. In , the term we want to minimize can be rewritten in the form

1 /¢ 9 " T 2 1/e 2 * 71 2
/Qf {2 (E + '}’1) u” + u(u — ’YlUO) + EUO + o, 5 (E + '}’1) v+ 'U(U - ’)/1?10) + 51}0 .
The minimizer is

_ . yug —ut 1|9y _ . [yvo—v* 1 |Qy
u = 47 min ,= — ,0=4rmin{ — — — .
e+4ry 2 2f. e+4ryr 2 2¢.

We easily obtain .
To prove , we rewrite the term that we want to minimize as

(1+72)GTU(U*,U*)—72G*W(US7US)—/ U*(u+72D1G*w(US»vE’i))—/ v* (v + 72 D2GY, (ug, vg))
Qf Qf

+ [ DG ) + [ ieDaGig. )
Qf Qf
We obtain the formula for the minimizer using the definition of the convex conjugate and

(129). O

3.3. Proof of Proposition In this subsection, we will construct (k,k3), mentioned in
Proposition 8] inductively using the algorithm defined in Subsection [2.3] To this end, let us fix
u € Eg, v E E“;’c and an n € N. From and the convexity of w, we apply the first derivative
test for convex functions ([25, Proposition 5.5 Chapter 1 Part 1]), which gives

/ ((r+ DX —rX") (u = X5+ )da + / ((r+ DY™ —rY™) (v = Y5 )dy
Q

g

+— ( X§t (u — X3 da +/
Qf

Y?’L+1 _YTL+1 d
47 Qg 0 (U 0 ) Yy
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s ( |- Xy xg e+ [
Qf

i (Yanrl . }/On)(v o Y'On+1)dy> > 0.
g

We note that

ol — ug)dz — / volv — vo)dy,

(= 0= 1) = w(,0) — o, 0) — | i

Qf

which leads us to the following estimate

/ ((r+ )X —rX™) (u— X§H)da + / ((r+1)Y™ =Y ™) (v — Y3+ dy
Qf Q,

+ % (w(u,v) = w(Xg™ Y5 h) + s(w(u — X§,v = Y5') —w(Xg™ - X3, Y5 —¥(")

:/ ((7’ + 1)X7L+1 — TX”) (u — Xg”"'l)dm + / ((7, + 1)yn+1 _ 74Yn) (U . }/On—i-l)dy
QO o,

+s (/ (X7 — XP)(u — X0 )da + /
Qg

; (Yo =Yg (v - Yo”“)dy>
g9

+ 4i (/ XSLH(U—XSH)d:c—I—/ i/on-i-l(v . %n+l)dy)
T Qp Qg
+ sw(u — X§H v — VP 4 iw(u — Xty —yth
> (s + %) w(u — Xp v — Yo,
T

In short, we now have,

/ ((7‘ + 1)X"+1 — TX") (u— Xg“)dx + / ((7“ + 1)Y"'~'1 — TY") (v— YO”H)dy
Qf Qg

€ n n
+ — (wlu,v) — w(XF Ygt)

4T
> (s + i) w(u — XP o = Y9t — sw(u — X§, v — Y3 + sw(XgH — X3, Vgt — v,
(35)
By and [25], (5.2) Chapter 1 Part 1], we obtain
Axy = (14 QG (XML Y) + Zw(X LY = Glu,o)
< (L4 @)Go (XY = Gu(XIFL Y — | X2 (u = X de — | Yo - Y dy

Qp Qg
+ % (w(XgH, YO”H) — w(u,v)) )
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Since X! = (L X7 4 £ X, we get g(XIH! — X7') — X = — XL Similarly, we also

get q(YH — V) — Yt = Y1, Then, we further estimate

Axy < q | Gu(XPHL Yy — [ XX — XYdae — [ Y'Y — Y dy
Qf Qg
Bxy
[ xR X de — [ YR — Xy + — (w(XEL YY) — w(u,v))

Qf Qg 4T
We work on By y first. By and , we have

/ Xn+2Xf+lda: + / Yn+2Y*n+ldy — Gw(Xf-i-l’ Y*n—i-l) + G:;(Xn+2, Yn—i-Q)’
Qf Qg

Xn-i-lX;de 4+ Y?’L-Fl}/*ndy — Gw(X;’L’ Y*n) + GL(XTH_I, YTH-I)'
Qy Qg
We rewrite Bx )y as
Bxy = Gu(XI,Y]) 4+ Go (XML Y™ — G (X2, v )
+ / (Xn+2 o Xn-‘rl)Xlde + / (YN+2 o Yn+1)}/:kndy
Qy Q

g

By the definition of D1G*, DoG* and AGS,, we get
AGH (Xn+1 YnJrl Xn+2 Yn+2) = G* (Xn+2 Yn+2) -G (Xn+1 YnJrl)
w I 9 9 w 9 w 9
. / (Xn+2 o Xn+1)X::de _ / (Yn+2 o Yn+1)Y*ndy
Qy Qy
Thus, Bxy = Gyu(X™, Y1) — AG: (X Yyl Xn+2 yn+2) "and hence it follows that
AX,Y < q (Gw(Xfa Y:kn) - AG;(Xn—i—l) Yn+17 Xn+23 Yn+2))
_/ Xn+2(u_X61+1)dx _/ Yn+2(v _X61+1)dy_|_
Q Q 4T
f g
Applying and to the right hand side of the above inequality, we obtain

Axy < qGu(X], YD) = 50 (| X2 = XM G [V -y )

= (w(XEL YY) — w(u,v)).

+ / (X2 — X (X - X)) (X — w)d
Qy

+/ (Yn+2 _ Yn+1 _ T(YnJrl _ Yn) (Y'On-i-l . v)dy
Q

g9

- (s + i) w(u — XPT v — Y7 + swlu — X§, v — X§) — sw(XFH — X5, Y9 — v,

4ar
Hence, we have proved

n n € n n n n
(1+ ) (Gu(XIFLYI) = Glu, ) + —w(XGTL YT < q(Gu(XE, V) = Glu,v) + An,
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_ % (HXn+2 o ‘XnJrlui2 + ||Yn+2 o Yn+1H%2)
+/ (X2 — X (X - X)) (X — w)de
Qy

+/ (Yn+2 _ Yn+1 _ r(ynJrl _ Yn) (Yon-‘rl _ v)dy
Q

g

- (s + 4i) wl — X7 v — Y 4 sw(u — XB, v — XT) — sw(XIH — XP, Y0 - v,
T

We will use the above inequality inductively. To this end, let 3, be a positive sequence
satisfying

Bmq = Brm-1(1+q),Ym > 1.
We can easily see that
Bm = Bor~™,¥m > 0.
Choosing 5y = 1, we get 5, = v~ . Now, the inductive steps give

m

Bim+1q (Gu(XTHL Y™ — G(u,v)) + o > Bw(X YT
j=0
< q(Gw(0,0) = G(u,v)) + Y BiA;
=0

We will next bound > ngj. Noticing that £ = s, we find

, £ :,j( i>:,]-,1 as q¢ _ 3.
5J<3+4T) Tt )T T4 T ) T Pms

which implies

m

€ j j ' '
> 8 ((s+ ) wlu— X370 = ¥§ ™) = sw(u - Xg,0 - X7))
j=0

3

:'Bm(8+47'

) w(u — X o — Y — sw(u,v).

We also have another identity

Zﬁj/ (X7F2 — X9+ (X9 — X)) (X3 — w)da
j=0 7%

= - Z@'—l/ (X7 = X7) (X = X))dx + ﬁm/ (X2 X (X )
j=1 Qy Q
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For 1 < 57 < m, we have the follow estimate

T T
It i i [ (0 - 0) (Y - xde - P -
Q

i1 (1 ; ; i—158
:@ 4 ||XJ+1_XJ||%2_BJ 1
2 5« 2

ﬂ] 1€

X+l _ i 2

o
; - X+ X},

L2
X3 - Xz < 0.

For B, we have a snmlar estimate

_%ZQIIXerz _ X2, +ﬁm/ (X2 = X (X ) — %HXm—I—I 2. <0
Qf

We also repeat these estimates for the Y counterpart. Therefore, we obtain the following
bound

£bm

w(u — X v — X,
-

> BiA; < sw(u,v) -

§=0
For all m, we now obtain the estimate

Bmi1q (Gu(XTH, YY) = Gu,v)) + %w( — X — XY 4 ye > Bw(XyT Y
=0
< q(Gw(0,0) — G(u,v)) + sw(u,v).

Recalling that X! = X}/(1 + q), we deduce r1X! = X}/q. Similarly, we have X2 =
rXE 4+ (1=r)XFsor?X2=r"'X} + (r 2 —r 1) X3 = 1/q(X{ + 1 X3). Inductively,

Bt X[ = Eywﬁl

A similar equality also holds for Y. By the convexity and homogeneity of w,

2
Bm+14 +1 +1 j+1 y-j+1
s | w (XY XY ).
(Zjoﬁj ( ZZ' o By ( 0 ‘ )
We compute

Bmirq  _ r~m g _ (1 —r)q _ 1 -
dmoBi l+rTld e (1 pmdlpmdl ] — et '

This gives
m
i+1 i+l
Bmyrqw (XY < (XL v
§=0
As a consequence,

Bm+14 (G(X:”H, Y — G(u, v))+€4’@w(u—X6”H, v—X[;”H) < q(G(0,0) — G(u,v))+sw(u,v).

T
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Let (u,v) = (k}, k3) be the minimizer of in L’f; X E;’c. By and of the Appendix,
(k7,k3) is also the minimizer of G. Therefore,

s — X2, + 15 — v+ 2 < 22

(¢(G(0,0) = G(k, k3)) + sw(ky, k). (36)

We then set (kf, k%) = (XI, YT, Finally, as an additional note, the algorithm is built
upon pointwise maximum, minimum and integration over fixed compact sets. Hence, when
f,g,C are continuous, the output X", Y" are also continuous.

3.4. Proof of Proposition In this subsection, we will construct the optimal transport
equation from the values (X + YOLH) obtained from the algorithm. To this end, we recall
the relation of the minimizer k£ of and the minimizer (k7,k3) of in the system -

and Remark

From the approximation algorithm and (36), we have (k%,k3) = (X4, Y"™) such that

_ _ 4L
[kt = R 72 + (165 = Bsl[32 < == (a(G(0,0) = GUki, k) + sw(ki, k3)

Since €2y is compact, Stone-Weierstrass Theorem says that the space C°°(€y) is dense in C(£2y)

under the uniform topology. In a similar way, C* (Qg) is dense in C(€y) under the uniform
topology. We take k:i‘, k:* as smooth functions satisfying

||k‘;k - k:HL‘X’ < erry,

78 max{|Q¢|,| Q| }
-

For k(z,y) = max {5, ki (@) k3 () —C(.y) }, we get

for any 0 < errg <

2n
— k2 |Qlerrq
k—k < G(ky, k%)) + sw(ky, k%) + .
i~ Bl < Y22 (5,450 + sl £
Recalling that k, = fQ k:dy, fQ kdx, we deduce

T TmnL/2 /7
ka - Ig?ﬁHLz > |Q |TT \/ (@7]‘72)) + sw(kf,kg |Q |Q‘err0

_ O L/2 710
[y — Byl 12 s%\/q(G(0,0)—G(k{,k;)prsw(kf’kz \/WI jerro

We define B
— 27k, _ ZTk
f = ~, g=
21 — ki 2T — k*
Since k7, k?{ <27 — 6|Qg‘ a.e., we will prove
‘ 1 . 1 < HfEHLOO, (37)
27 =k} || 1o || 27 — kT L 70|82y
ke _ el
] P (38)
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’ < el
Lo 61€2]

The estimates in are obvious. The equality in comes from . The proof of

goes as follows. If k] < 0 then —k} < 47 — 2k}, and since 6|Qy| < e < fe, we find

<2< 2fe
e

k1
21 — k]

(39)

*

ki
21 — ki

If B} > 0, then f. > 0|€Q,| and we get
618 | )
1+ —9% )k} <27,
( fe =011 )
which is equivalent to

kl < fa _
21—k T 6|Qy]

1.

Hence, we obtain (39). As a consequence, we have the estimate

_ ko — Fy ko (kY — k&
Hfs _ fHL2 < 47_2 - ~ ‘ (*1 l) ~
(27 — k7)(27 — kY) 12 (27 — k7)(27 — KY) 2
ki (ky — kz)

T
L2

E? 1. 1 _ 1
< 302, <(4+T)5|Qg\ [ +§‘

E2pL/2 <(4 1 VT

(27 — k) (2r — k)

ki — K

)

) Va(G(0,0) = Gk, k) + sk, )

T 1
< TV
6|Q]v/e T n6+/ |8y VT

E? 1 9) §)
+ ((4—1—) i +| f‘)erro.

31| 7' n8/19,] 2T

Similarly, we obtain the following estimate for g.

E2pl/2 1. 7 1
Ge —Tllpe < ——— | (44 2)—Y——x + — | 1/q(G(0,0) — G(k¥, k%)) + sw(kt, k3
lg- ~ gl (me(( s 77 ) V1(G0.0 - Gkt k) + sk, )

+ £ (4 + 1) i + €] e
— IT(.
31| 7 nd\/19;] 2T

We now investigate the convex solution ¢ of . By [26], ¢ is strongly convex and ¢ € C?.
For each fixed ¢t € [0,T], the strong convexity implies T, is injective and Hess(T;) is strictly
positive. This means the map T; ' : T¢(Qy) — Qf is well-defined for each ¢ € [0,7] and
T-! € C'. As a consequence, &; is well-defined and & € C?.
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We see that &(Ti(z)) = # (Vo(z) —2) = &T;. By [13, Theorem 5.34], the map p; =
(Tt)4(kzL) is the solution of the homogeneous transport equation

Oppit + V- (&tpae) = 0,
Mo = ];Jxﬁ

Of course, for this equation, we have ur = Eyﬁ since V¢ solves .

For the inhomogeneous part, we note that since kj, k5 are smooth then (; is well-defined
and is in C'. We compute

_ L vota) - a . [ VEiE = V(@) ~Tu@)) V5 (Ty(x))
o) = g (Voto) = o) ( 2 — Bz — Volr) — Ti(x)) 27— %m(m)))
_ O(=ki(x = V() = Tu(x)) _ O(=k3(T))

217 — kf(x — V() — Te(x)) 27 — k5(Ty)
= 8, (1og (27 — Bz — Vola) — ’]I‘t(x))) —log (27 - E;(Tt(x))))

X

T

Hence, we get

(T @ _ 2T — ki (x — NW(w) - Tt(w)).
27 — k5(Ty(z))

We take pg = fL£, then pp = (']I‘T)#(uoefoT o (Te@)dt"y — G since

|, @) puoeld Ty = [ (i (ay)el o Futenir e g
Rd R4 2T — ]CT

for all Borel function ¢.
t /
For py = (’]I‘t)#(,ugefo Co(Ter(2))dt") " we will show that p; solves
Ope + V- (§epue) = Cepua-
To this end, for any test function ¢ € C*°, we compute

at/ p(x)dp(x) = at/ o(Ty(z))elo S To@)dt g,
R4 Rd

- / 0T (@) Vip(Ta(x) el & Py / L @(TG(Ty(w))elo < Ty
R R

- / &(Tu(2)) V(T (x))edo S (Tor@)dt g 4 / ()G (T () )edo S (Turdt gy g
R4 R4

- / €(2)Vip ) dpe + / ()¢ dpu.
R4 R

Thus, p: is a solution of the inhomogeneous transport equation.
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We also notice that p; is the unique solution and p; is continuous with respect to t according
to [32, Proposition 3.6].

3.5. Proof of Theorem In this subsection, we will construct the desired Neural ODE.
One of the main ingredient of the proof is to use mollifiers and Hermite polynomials to ap-
proximate &, that can be seen later in and . As thus, the activation function is later
chosen to be , which comes from Hermite polynomials.

As discussed in Remark we will present the proof for the numerical solution V¢, of the
Monge-Ampere equation (21)). Theorem [11]is the special case with ¢,, = ¢. Hence, the proof
for Remark [13] is sufficient.

First, observing that V¢, € C!, we find

1

¢ (2)||2dx < -
/Tt(Qf) Il - Tminxegf det(DT¢(x))

/ HVQZ;n(x) - a:HQd:U < 0.
Qf

This means & € L*(R?) for each n and we also have the convention that &(x) = 0 for
x & T¢(2¢). We recall that if A, B are positive definite matrices then
det(tA+ (1 —t)B) > det(A)* det(B)' .

As ¢, is strongly convex, det(Hess ¢n(x)) > 0 for all x € Q. Since ¢, € C? and Qy is compact
mingeq, det(Hess ¢,) > 0. We then have

det(DT,) > det(Hess ¢,,)"/" > min {1, H{l}in det(Hess qﬁn)} > 0.
!
We then deduce that for each n, & is bounded in L? uniformly for all ¢ € [0, 7).
Let ,
—1/(1=l=([?) i
I(x) = e Ay, Tf llz]| <1 7
0 if ||| > 1
where 1/A} = fB(O,l) e~ V/=lzI*) " We consider the mollifier r, = pidf(%) and (£);(z) =
Jra To() (&) j(x — y)dy. There is p7 2" > 0 such that for 0 < p < p7 o

Lerrg L,errg
|6 = @)5] |, <emiy3¥e o, (40)
Recalling that & € C1(T.(§2f)), hence & is Lipschitz with constant maX,c7,(q,) | D& ()| s,
where || - ||zzas is the Hilbert-Schmidt norm. Let us recall that for a maxtrix E € R%*? the
norm is defined by || E[|ga = sup,.o %
We have

D& = D(T; ) (DVa(T; ) — Id) = (t Hess Go(T; ) + (1 — £)1d) ™" (Hess ¢ (T, 1) — 1d),

whose norm is uniformly bounded over ¢, due to the fact that ¢, € C2, ¢, is strongly convex
and its support is compact. We denote £,, to be the bound of its norm.
We introduce several notations

Tu(Qp) = {o € TuQp) Bz, p) € TUQy)}, (41)
Tu(Q), = {o € RY Bz, p) N To(Q) # 0}, (42)
U V) ={te+ (1 —t)ylz € U,y € V,t € [0,1]}. (43)
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/ / Cullyl Ty () dyda
Tt Op

/ ) - e - )Ty
TN J B(0,p)
S LT+ [T \ T e s

S P°Lal(Qr, Q)| + o / dS max([|[Ve(z)|| + ||=])/T.
T () x€Qy

Next, we estimate

[

We can see that the above norm uniformly converges to 0 in ¢t as p goes to 0.
For a fixed p < p7 1., We approximate (ft) using the Hermite polynomials defined by
2 a 2

H,(@) = (~1)e e

for the one dimensional case d = 1. For the higher dimension case d > 1, we denote 77 € N¢
and the Hermite polynomials are defined as Hj : RY — R

d
= T Ha, () = (—1)llelalP grielel”,

where |7i| = ny +ng + -+ ng and 9" = Ozt ... 0pd. The set {\/ﬁ = ll=l® /2} is then a

complete orthonormal set in L2(T;(£2f),). This means we can write

lel2/2 _ Eye i@ ey,
(gt( ))P n%{j(én,t)?\/w

where 71! = nq!...ng! and the coeffients are defined by
: - Ha@)
~ )P = [ |
G0 = [ (@) =2
Thus, we get

. Lo~ aﬁe_H$”2
_ —_ale. yp——
(ft(ﬂj))é) = ﬁ%l\;d( 1) (gnvt)‘l; ﬁ'zlﬁ"ﬂ'd/2 '

We have ||8‘ﬁ‘(€t)§HL2, |7i| < d+ 1, which is bounded uniformly in ¢. By [16, Theorem 3.9], for

erri,n,erry

erro > 0 we can choose n = n, erro
bl

uniformly with respect to ¢ such that

_ I
E@)f— Y (—1)In|(§ﬁ7t)§\/ﬁ < errs.

g <n 12

Therefore, there exist a finite subset N = Nﬁrf;i;o of N such that for all ¢
E(2); — S (1) () eI’

H t(x)); ﬁ%}:\[( 1) (fﬁ,t)j NETLE , < 2erry /3.
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In the one dimensional case d = 1, for each j € N, by [9, Proposition 2], one has

6‘7 272 1 ] ] (w 1 2
—e ——Z — L (ko) = 0(9).
J j _
Oz s =0 ‘] l) 2
Let |N|o = max {||7||z<|7 € N} and |N| be the cardinality of N. Since 8—Je —2% is bounded
in L?, there is ng;lr;o such that for ¢ < ngg;o
d—1
. ; IN|oo .
¥ e 1 4 o0 e
max |[z—e — Z — (@) Z —e "
i<INlo || O S (4 — l) o \ i 1197 L2
< €Iry
3d|N|maxzen [|[(§7,0)” |l
For m, 7, we denote m < 7t when m1 < nq,...,mg < ng and consider M = Mzrg;() ={m €
N?|37 € N : % < i}, For il € N¢,
71 S erry
eIzl _ ﬁefl\x*mql Pl B—
< m; (7 — 7)) L, BINTmax ()
Therefore, we obtain the estimate
_ N il cli2
Ge(@); = > (Emp)r el < erry, (44)
meM L2
where -
e _ (D™ v pllall® gt~ Il
;™ = Gmam 2 il fe S@se e
neN:m<#n

We next show that (&, )’7 s Lipschitz continuous in the variable . We estimate

3 N ellel2 gt -l g | < L Clel? g o~
[ @ @merore P < g [ 96 -yl "

% [Ty — Tu(y)| det( DTy () ™! — Tyl — T ()] det(Dfm»rl\ dyd.
We recall that | det(DT;(y))|~" is uniformly bounded in t. We also have
T (2 — Ty())] det(DTu ()] - Tpla — Tu (y) | det(DT ()|
< Tp(z — Te(y)) (| det(DTy (y))| — | det(DTe(y))])]
+|(@p(z = Te(y)) — Tpla — Ty (y)))| det(DTe(y))|| -
As Ti(y) — To(y) = (t =) (Von(y) —y), we get
|| det(DTy (y))| — | det(DT(y))|| < It — t'!(HZl%X\(D%n(y) — Id)i;l).

Since I',, is a smooth function,

|(Tp(z = Te(y)) = Tl = Tu))] < [|Tew) = Te@)|| S It = 1'1][Vonly) —y]|-
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Now, the integrand in vanishes when x is outside of both T;(Qf), and Ty (Qf),. If the

integrand does not vanish, then B(z, p) N (Qy, Qy) # 0, which means z is in a bounded set. The
domain of integration in (45)) can be considered as a compact set and the Lipschitz continuity
follows.

Finally, we construct our controlled compound neural network. The activation function in
our network is chosen to be

o—llel?
e llel?

P (46)
—llel?

and we define the neural differential equation as
Oppe + Vi (e Wan()o (A + b)) = Cepa
Ho = f‘cv
where (W (t))i; = (gﬁ’t);-)’N(SiJ, A, = Id, b = —ms. The term with ( is the feedback control.
For &(z) = Smeny Wia(t)o(Azz + bz), @ € Ti(Qy),, there exists a unique T.(x) solving

oT(@) = &(Fu(x)) on 0.7,
To(x) = .

(47)

The solution T; is Lipschitz with respect to x. We estimate

Al Te(y) — Te(@)|* = 2(&(Te(y)) — &(Te(x)), Te(y) — Te(=))

<2 max [|D&(2) | mul|Tely) — Tolx)|.
ZGTt(Qf)p

Then, Gronwall’s Inequality gives
”’]Tt(y) _ ’]Tt(x)H S emaXZGTt(Qf)p ”Dst(z)HHI\/[Hy o :L'H
We estimate the difference between T and T. To this end, we notice that
0| Ti(2) — To(@)|[72 = 2(&(Te(2)) — &(Te()) + &(Te(2)) — &(Te(@)), To(x) — Te()) 12
< 28,||To(x) — Te()|72 + 2err1 | Te(x) — Te(x) |-
Hence,
ITe(a) = Tul@) 2 < S (50 = 1)

The solution of has the explicit form ('ﬁ‘t)#(?efé Et’(ﬁt’)dtlﬁ). Meanwhile, the solution

of

O ‘tvm(gtﬂt) = Cupit (48)
po = fL,

has the explicit form (Tt)#(?efot Co (Tt’)dtlﬁ). We take }’V: f and let g£ be the solution of

at time T', let gL be the solution of at time T. We wish to show that fTT(Qf) pgdr —
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fTT @) gdx as err; — 0% for all bounded continuous function ¢. By Portmanteau’s Theorem,
it is sufficient to consider ¢ as a bounded Lipschitz function. In such case, we estimate

/Q T (e(Tr(@))el RN _ o(Fp(z))eld GFENT) gy
f

= / Flo(Tp(z)) — Lp("]fT(x)))efoT G(To(a))dt g,
2

+

FolTr(a) (e Gt _ of G gy
Qf

Performing a similar computation with the proof of Theorem [9] we find

JEaTuanar _ 27 — Ki(@)
27 — k3(Tr(x))

is a bounded function. Hence,

Flo(Tr()) — o(Tr(x)))edo “T@dtge) < F| 2 Lip(e) | Tr(z) — Tr ()| 2.

Qy

Since E € C!, we also have the bound
o o T _
‘8f0T C(T:(@Ndt _ oy Ct(m(x))dt’ < max IVC’/ ’Tt(:c) — Ty(x))| dt.
0
This leads to

o~ T = /o T = /= _ ~ ~
Fo(Tr(x)) (elo @D _ ey QALY 4y < |F)| 2 max| | max |VC] | Tr (@) ~Tr (@) 12

Qf

We take f: f and let g£ be the solution of at time T', let gL be the solution of at
time T'. We have proved that g£ converges weakly to g£ when err; — 0t.
When n — 400, we have V¢, — V¢, and hence for kL= (Vo) pks £ we get

Wi, LR L) < [ 196, Vol hudz -0,
Qf
where W5 is the Wasserstein distance. Using [14, Theorem 6.9], we deduce that k, L converges

weakly to Eyﬁ when n — +00. Then, gL = 227&/{

L converges weakly to gL = 2Ry £ when
T—k3 27—k3

n — 4+00. When errg — 0% and L — +o00, fL£,gL converge to f.L,g-L in L? by Proposition
O For any bounded and continuous function ¢, we have

< max |||Q|[[f = fellpz = 0 as errg — 07, L — +oo.

/Qf o(f — fo)dx

It means fL£ converges weakly to f-£ in measure sense as errg — 07, L — +oc. Similarly, g£
converges weakly to g.£ in measure sense as errg — 07, L — +o0o. Therefore, f£, gL converge
weakly to f-L, g.L as errg,err; — 07 and n, L — +o0.
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APPENDIX A. PROOFS OF THE LEMMAS
A.1. Proof of Lemma (1} For k >0,k € L'(Q) and x > 0, we consider
k*(z,y) = min{k(z, y), 5 }.

The function k" is non-negative and bounded above by x. Since 2 is compact, k" € Li(Q)
We observe that

/C(%y)k”(m,y)dwdy— / C(z,y)k(z,y)dzdy <0,
Q Q

and

F():A0) = Pkl ) = [ (#9—k) ((’”f*’“ - 2) i
<[ a (B )

2(k") e <(k®)a+ka<2f
< / 2ky — (k")a)dr
Qf

The Monotone Convergence Theorem implies that fQ 2(ky — (k")z)dz — 0 as Kk — +o0.

The quantity F(ky|g) can be estimated similarly. Hence the infimum in @ can also be
approximated by k € L2 ().

A.2. Proof of Lemma 2l We first consider the transportation from (f: — f)|z|f(z)<c} to 0.
The only transport plan is v = 0 and we find

do((fe = Flalf@)<e} 0) = /{aslf(a;)<€}(€ — fdz <el{x|f(x) <e}| = O(e),

The same estimate can also be obtained for g..
By [33), Corollary 4.13], we obtain the subadditivity of d¢, and thus we get

dc(fe, 9:) — do(fy9) < de((fe = lialf@)<e} 0) +de(0, (9= — 9)|(ylg(y)<e}) = O(e)-
For k € L%(f2), we observe that
kQ
FUlD) - Flf) = [ (55 +1) ¢ - )de <o
Qf fEf
The quantity F'(ky|g) can be similarly estimated. As a result, do(f, g) < dc(fz, g-). Therefore,
0 < dg(f,9) —dc(f.g) < Ofe).

A.3. Proof of Lemma (3| Without loss of generality, we omit f, g in our proof. There exists
kNl € 12 (Q) such that

+ N > / C(z, ) kN (2, y)dody + 7F (KN 1) —l—TF(k[N]\gE)

For n < with the convenion that 1/(|k N]HL2 = +o0 if |EV)]| 2 = 0, we have

1
2N||klN1||2

o+ > / C(z, ) kN (2, y)dzdy + n||k™2, + 7FEDN fo) + 7F (6N | ge) > d.
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Note that for any n > 0,

/Q Oz, y)k(z, y)dady + nl|E|2s +7F(kal f2) + 7F (ky o)

> /Q Cla,y)k(a, y)dedy + 7F (k| f2) + 7F(kylge)
>ds,  Vke LZ(Q).

Thus, dg" > di,. Therefore, when we take ny = L e obtain the result of the lemma.
L2

1
2N || kY
A.4. Proof of Lemma 4. We consider
O(k) = /Q C(x,y)k(z,y)dady + nl|k(z,y) |72 + 7F (k| f2) + 7F (kylge).

It is clear that O(k) > 0. We also have O(0) = || fc|| 11 + [|gell 1 < 00, so the infimum value of
O is not +o00. We take {k[n]}neN C L2(Q) such that O(k") — dZ"(f,g). Then, ||k L2 is
bounded. Because L?(f) is reflexive and {k["} bounded, by [22, Theorem 5.18], there exists
a convergent subsequence {k:[”j}}j N under weak topology of L?(2). We denote the limit by
k0 e 12 ().

To show that k[ is a minimizer, it suffices to show that O(k) is lower semi-continuous.
With a bit of abusing the notations we assume k[ weakly converges to &% in L2(€2). We take

C(2,y) = inf {C(0,50) +m (= — zoll2 + ly — woll2)}-

(xo0,y0

It is clear that C,, is an increasing sequence in the pointwise sense and Cy,(z,y) < C(x,y).
Since C' is lower semi-continuous and bounded from below, for each (z,y) and €, there exists
pe such that C(z1,y1) > C(z,y) — € for all ||x — z1]|2 + ||y — y1ll2 < pe. For m > C(w’if)%,
we consider (x2,y2) such that Cp,(x,y) + € > C(z2,y2) + m(||lx — zall2 + ||y — y2|2), then
|z — z2|l2 + ||y — y2]l2 < pe. Now, we see that

Cm(z,y) > C(x2,92) + 1 (||lv — 22[]2 + [y — 92/l2) > C(2,9) — + m (|2 — z2(l2 + [y — 32]l2) -

If 29 = ,y2 =y, then Cp,(z,y) > C(z,y) — €. If ||z — 2|2 + ||y — y2]|]2 > 0 then we can pick
m sufficiently large and we get Cy,(x,y) > C(x,y), which is a contradiction. This means that
Cm(z,y) = C(x,y) as m — +oo. For x,z € Qf,y,w € Qy, we have

C(z0,90) +m ([[x — zoll2 + ly — yoll2) < C(wo,y0) +m (||z — zoll2 + [lw — yoll2)
+m |z = zll2 + |y —wl|2) .

This leads to Cy,(z,y) — Cpu(z,w) < m(||z — z||2 + ||y — wl|2). By switching (x,y) and (z,w)
we get [Cr(z,y) — Cm(z,w)| < m(||lz — z||2 + ||y — wl[2). Therefore, Cy, is continous. By the
properties of the weak topology, the monotonicity of Cy, in m, and the Monotone Convergence
Theorem, we have

lim inf / CkMdazdy > liminf | CpkMdady = / CrnklVdady ™=5° / CkOdzdy.
n Q Q Q Q

n—oo

Hence, fQ Ckdxdy is lower semi-continuous.
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It also follows that the norm ||k||z2 is lower semi-continuous under the weak topology. Thus,

timinf [[EP 7, = (liminf [K0]22)2 > [KO)7.

Finally, we will study the entropic marginal cost. Since k™ weakly converges to k% in
L%(Q), for ¢ € L?(§2y), we have

—kMdxdy = / Edxdy = ¢
\f fa Vi \/ﬁ
[n] n]

o]
This means 2 weakly converges to %2— in L?*(Qy). Similarly, we also have kL

Vife Ve
2
) .
.2
[n] )2

converges to k2 in L?(Qy). Then, we find
liminf F'(k"]| fe) = lim inf — —
n o Ja\

hm @b

weakly

b A
Vi

VE| .

lim inf
n

2
= | lim inf
n
L2
As a consequence, we get

1>

V fe
G 0]
Z/Q(fg 2k + fo | de = F(kL'|fo).

The fact that marginal entropic cost F'(ky|g:) is lower semi-continuous can be proved in a
similar way. The function O is then lower semi-continuous as it is the sum of lower semi-
continuous functions.

2k 4 fa> dz

Remark 15. We want to be careful with the topology being used here. The statement fQ Ckdxdy
is lower semi-continuous” is similar to a part of [14, Lemma 4.3], and “F (k.| f:) is lower semi-
continuous” is similar to a part of [33, Corollary 2.9]. But, we are working with the weak
topology of L? and the quoted statements are for the weak topology of measures.

A.5. Proof of Lemma (5| Let k € L% (2) be the minimizer of (11]). For § > 0, we consider

max{k(z,y),6} if (z,y) € Q,
k -
©) (z,9) {0 otherwise.

On Q, C' is bounded and hence 0 < [, Ck(sdady — [, Ckdrdy < (sup, ,yeq C)9|2 = O(9).
We estimate the difference

k) (@, p)ll72 = Nk, w)ll72] < k@) (2,9) = k@, y) 22 (k) (2, 9) = k@, )|z + 20k, )] 22)
< 5[Q[(8[Qf + 2[|k(z,y)[|2) = O(9).

We also estimate the difference of the entropic cost

/ (koo — k) (; - 2) dz| < 5|9 <2+ i_) — 0(5).

The conclusion of the lemma can be obtained by summing up the differences.

A.6. Proof of Lemma [6l

’F((k(d))x|fs) - k ‘fs ’ =
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A.6.1. Minimizer of . The proofs for the claim that Problem admits a minimizer is
the same as the proof of Lemma 4| with L% replacing L%r.

A.6.2. Proof of (18)). For vl € Mfc(Rd), v(z) > 0,Vx € suppv, and u* € L?(suppv), we
compute

Fy(u*|v) = sup {/ wu*dr — F(u|v)}
u€L2(suppv) suppv

—u2
= sup {/ [+u(u*+2)—v] da:}
u€L2(suppv) supp v v

u(z)=0 if v(z)=0

z/ U[max{g,u—l—l} (u*+2—max{9,u+1}>—l}dm.
supp v v 2 v 2

Combining with the regularized parameter, we get
(TEF)g(u"|v) = 7Fg (u*/7|v)

:7'/ v[max{e,u—|—1}<u—|—2—max{9,u—|—1}>—1}daﬁ (49)
supp v v 2T T v 2T

The maximum solution ug in the convex conjugate is given by

up(x) = vmax{i, “2(? +1}

for almost everywhere x in supp v.
Next, we compute

Ons(B*) = sup / [k (k* — C) — nk?] dady
keL2(Q)/Q

k*—C k*—C k*—C (50)
= 77/ max{d, _ } ( — —max{é, — }) dxdy.
Q 2n n 2n
The maximum solution kg in the convex conjugate is given by
ko :max{5,k _C},
2n
for almost everywhere (z,y) in Q.
From , we immediately get

~Dj(f.0) = Dithe) == sw {=Crski (@) + k5 () = TFj, (=Ki/7112) = TFi, (k3 /7lge) }

e

k%eLQ(Qz)

We want to show that DS'L(f,9) = d5l(f,9).
We consider the following quantity

Lk, k1, k3) =AC(w,y)k($,y)dxdy+nIIkIIQLz —/Q’f(ﬂ?,y)(kf(w)+k§(y))d:ﬂdy

= TE50,|(=k1/7Ife) = TF5q, | (=Fk2/7ge)-
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For a domain U C R? we define the convex and lower semi-continuous indicator I L) -
L*(U) - RU {oo} as

0 ifue L2(V),

oo otherwise.

ILg(U) (u) := {

By [33, Corollary 2.9], F(-|v) is convex, and by the proof of Lemma {4, F'(-|v) is lower semi-
continuous. Applying [25, Proposition 4.1 Chapter 1 Part 1], we obtain

ILg(supp’U) + TF(U|U) = (ILg(suppv) + TF(U”U))**

= sup {/ uu*dx — TFQ*(U*/T"U)} :
u*€L2(suppv) supp v

We substitute 6 = §|Qq|,0|Qf|, u = ks, ky and v = [z, g, respectively and find

d;l(f,g) = inf sup L(k,kj,k3).
¢ kELF(Q) kreL?(Qy) b
k5 EL2(Q)

On the other hand, by definition, we have

Dyl(f.g)= sup  inf L(k,kj,k3).
¢ kreL?(Qy) kELF(Q) b
k3 €L2(Qy)

We can see that d3'lL(f, g) > Dg’g( f,g). To obtain the desired equality, we apply the Minimax
Duality Theorem (see [33, Theorem 2.4] for the statement, or [38, Theorem 3.1] for the proof).
To this end, we need to check that L(-,-, ) satisfies all the needed conditions.

(1) For fixed ki € L*(Qy),k3 € L*(Qg), the function L(-,k},k3) is convex and lower
semi-continuous under weak topology in L?(€2). In Lemma {4 we already proved that
Jq Ckdxdy + n|k||72 is lower semi-continuous. We also have [, k(k} + k3)dazdy is
continuous under the weak topology. The convexity of L(-, k], k3) follows from the
convexity of ||k[|2, and the linearity of [, Ckdzdy, [, k(k} + k3)dzdy.

(2) For fixed k € LZ(€), the function L(k,-) is concave in L?(Q) x L?(€),). This follows
from the linearity of [, k(k{ + k3)dxdy and the convexity of Fyj(-|v) (see [25, Definition
4.1 Chapter 1 Part 1]).

(3) There are M > D;’g(f,g), ki € L?(Q), k3 € L*(Qy) such that

{k € L3(Q)|L(k, k}, k3) < M} is compact under weak topology of L*(9).

By choosing M = d5(f,9) + 1 and k} = k3 = 0, for k € L(Q2) and L(k, k}, k) < M,

we have ||k||z2 < 1/%. By Kakutani’s Theorem, {k € L}(Q)|L(k,k},k3) < M} is a
subset of a compact set. The set is also a closed set as it is a sublevel set of the lower
semi-continuous function L(-, k%, k%). Hence, the set {k € L2(Q)|L(k,k},k3) < M} is
compact.

Thus, we are done proving dgg( fi9)+ ng’g,( f,9) =0.
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A.6.3. Equations - (I7). We take a sequence {((k:f)[”], (k;)["})}neN C L2(Sy) x L*(Qy)
such that

d50(f. 9) + Cos (R, (k)) + 7 Fyjgy (—~(RDI /71 12) + 7 Ffjg (— (k) /7g2) — 07,

as n — co. Let k € L}(€2) be the minimizer of (13), we estimate

/demdernllklliz—/k‘((ki‘)[”]+(k%‘)[”])dlfdy+Cf;,(s((kik)[”}+(k§)[”])
Q Q

_ max b DM ) = C
B S )

*\[n] x\[n] _ *\ [n] x\[n] _
y (Hm&x{& (kD)™ + (k3) c} D+ (3) c) dndy

2n 7

] L ()il _ 2
= 77/ k — max < 6, (k7)™ + (k3) ¢ dxdy
Q 2n
*\[n] *\[n] _
+277/ (k—max{é, (k7)™ + (k) C})
Q 2n

*\[n] *\[n] _ *\[n] *\[n] _
y (max{& (k)P + (k) c} D+ () c) dndy
2n 2n

2
*\[n] x\[n] _
.- k_max{é, (k) 4 (k3) c}
2n
L2

DI 0)C 5 DIy —C

2n 2n <

We obtain the desired inequality simply by considering
6 < k. Similarly, we also have

TF (k| f2) + / ko (k)M d + 7 Fgq (= (kD)1 /7 £2)
Qy
/ [ max { Wl 4 (kD)™ de
: fs fs ’ 27
/ Je <f5 max{(ﬂzg',l — (k;_[n] }>
. (max{mgyl_ (k)" } ~ (1 - <k;‘>["1>> .
fe 2T 2T

2
— — max ,1—
Je { Je 27

L2

> TE

9
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and

Fllylge) + [ Ry(69)dy + T, (- (65)1 rlg.)

g

SORRN
:T/ g€<ky—max{69f’,l—(k2) }) dy
Qg 9e 9e 27
x)[n]
—|—T/ g5<ky—max{5|9f|,l—(k2) })
Qg 9e 9e 27

[ x)[n]

X<mw{ﬂ9ﬂﬂ_(@) }_(L_%a ))d
Je 2T 2T

2
x)[n]
@ﬂmﬁwugm}
e e 27

> Te
L2
Thus, we obtain
* [n] #\[n] _
max{é, (k7)™ + (k) C} L—2>k,
2n
AN
max ,1— — —,
{ Je 27 Je
k

I

*\[n]
mwﬁmu_%>} ky
Je 2T Je

If a minimizer of exists, then , , will follow immediately.
A.6.4. Minimizer of . We set
o2 0|
(k5)!" = min {(k{){"l,zf <1 - ‘ff") } , (k%) = min {(k;)["l,zf (1 _ 2%y f|> } :
€ e

We get

) [n] *)[n] *)[n] *)[n]
kwn:m%m\ %)}F%)ﬁMFMMJM}_
27 fa 2T 27 e 2T

Using the L? convergence, (k). (k3)!" is bounded in L? and both

Flk, 1) / (k)" da + 7 Fyg, (— (k)™ /71 1),

me+AkNwW%”%wF%Wﬁ@)

g

converge to 0 as n — +o00. Also by the convergence, for fixed M > 0, there is Njs such that
H(k{)[n]HLQ <2r (6*1Hk$HL2 +1+ M) and H(k;)[”]H,y <27 (slekyHLz +1+ M) forn > Nyy.
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For z,y satisfying k(x,y) = J, we have

*\[n] xyn] _ *)[n] x)nl _
Ogmax{é, (D)™ + (k) C} —k:gmax{(s, (kD)™ + (k3) C} —k (51)

2n 21
and

(k . { 5 (B + () = C }) <max { 5. () (k) — o} )l ()l C) .
2n 2n or
(52)

Thus, for [ Ck + nllk|> = fo k(DM + (k3)) + Cr 5((EDIM + (k3)I), we only need to
consider the case k(x,y) > 0. We set QF = {(2,) € Q : k(z,y) > §}. By Egoroff’s Theorem,
for A; € Z*, there exists a measurable set N C 7,(QF) such that VM| < 1/A; and

E*\[n]
max {(5\(29], 1-— ( ;) } — k, uniformly on 7, (QF) \ N
T

If ky(x) > 6|Qg| 4+ 1/Xg for some Ao > 0, for sufficiently large n,

(k)" 1 A
1-— ;7_ > 6|Qq| + o on 7, (%) \ N
Hence, there is ny, such that (k)" = (k1) for n > ny, on m,(QF) \ N, Similarly, there
exists my, such that (k%) = (k)" for n > my, on m, (QF)\N32 for Ay € Z+ and a measurable
set N2 C m, () 1 |N32| < Ag. We note that in [22, Theorem 2.33], the set A canbe taken

so that as \ increase, N decrease in the inclusion sense.
We now study N = {(z,y) € Q% : z € N or y € N2 or ky(x) < 69| + )%O or ky(y) <

*\[n] *)[n] _
51| + /\1—0} For (z,y) € N : W > k, we come back to and (52)). For

(z,y) € N and % < k, we have
*\[n] *\[n] _ *\[n] *\[n] _ *\[n] x\[n] _
k— max 4 6, (k7)™ + (k3) C k +max {6, (k)™ + (k3) cl (k7)™ + (k3) C
2n 2n n
< 2 .

By Cauchy-Schwarz’s inequality, the integration on N is bounded by

/ <k_max{5, (k) + (k)" —c})2
N 2n

1
+ 4\///\/ E2(IkN1Z: + %(872(6*1 max {|[kz | L2, [|kyll 2} + 1+ M)? + (|C]| 2= [$2])?))

2
= //\/(k’—max{(s, <k1)[]+2(:;2)[]_0}> —|—4U/Nk2lC.
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Summing the cases, we get

| Cidady -+l ~ | B + ()M dady -+ Co (7)) + ()
Q Q

< [ Crdudy ki — [ KD+ 050 + Gk + 05+ 4y [ ek
Q Q N

for n > max{Ny;,ny,my,}. As we increase A\, A1, A2, the quantity N decreases in the
inclusion sense and [N| — 0. By the Monotone Convergence Theorem, [y, k* — 0%, which

implies 4,/ [ I k2K — 0F. Thus, by choosing g, A1, A2 sufficiently large and n also sufficiently
large, we get

| oy -+ i — [ KD+ (05) Py + Co () + (5)) = 0F
Q Q

This means (%), (k%)) is a bounded sequence minimizing (14). By [22, Theorem 18],

(k1) (k3)I"]) has a convergent subsequence in weak topology of L?. Since (7;;’ 5, Fy are lower

semi-continuous in the weak topology (see [25, Definition 4.1 Chapter 1 Part 1]), the problem
admits a minimizer.

To finish the proof, we check that |[A|, in fact, converges to 0 as Ao, A1, Ao — co. We have
N c{(z,y) e W :ze NMIU{(z,y) € Q¥ y e N32}
U{(z,y) € Q% : ku(z) < 6]Q] + )\10} U{(z,y) € QF : ky(y) < 8| + ):\lo}
For the first and second sets in the union, we estimate
{(@y e 0o e M| < M) — o,
{(@y e 9y e A2} < INg2 il — 0%,
For the third one, we notice that

{(x,y) e OF : ky(a) = 5;99\} -N {(x,y) € OF < k(x) < 6| + Alo} .
Ao

For ky(x) = 0|€y|, we have k(z,y) = 0 for almost everywhere y € €,. This implies the
intesection is of measure 0. By [22, Theorem 1.8], we obtain

1
0
The fourth set can be similarly estimated.
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