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Abstract

We consider the control problem of controlling the rates of an ifinite chain of coupled harmonic oscil
lators with a Langevin thermostat at the origin. We study the effect of two types of open-loop boundary 
controls, impulsive control and linear memory-feedback control, in the high frequency limit. We investigate 
their action on the reflection-transmission coefficients for the wave energy for the scattering of the thermo
stat. Our study shows that the impulsive boundary controls have no impact on the rates and are thus not 
appropriate to act on the system, despite their physical meaning and relevance. In contrast, the second kind 
of control that we propose, which is less standard and uses the past of the state solution of the system, is 
adequate and relevant. We prove that any triple of rates satisfying appropriate assumptions is asymptotically 
reachable thanks to the linear memory-feedback controls that we design explicitly.
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1. Introduction

Heat reservoirs at temperature T are commonly modeled by the Langevin stochastic dynam
ics. When the bulk evolution is governed by a discrete wave equation, a small parameter ε > 0
is introduced to dictate the ratio between microscopic and macroscopic space-time units. In gen
eral, the noise is chosen so that by the stochastic mechanism, there is only a finite amount of 
momentum exchanged in a finite interval of time. As thus, each particle undergoes only a finite 
number of collisions in any finite interval of time. It is common to let ε tend to 0, which is often 
referred to as taking the kinetic limit for the system (for instance, see [9], [10], [12]). When a 
chain has no microscopic boundary, the energy density evolution is often described by a linear 
kinetic equation.

A useful tool to localize in space the energy per frequency mode is the Wigner distribu
tion, introduced in [14]. In the absence of the thermostat, by adding a small conservative noise 
exchanging velocities, the authors of [1] prove that, in the kinetic limit ε→ 0, the Wigner distri
bution converges to the solution of the kinetic transport equation

∂tW(t, x, k)+ vg(k)∂xW(t, x, k)= 2γ0

∫︂
R(k, k′)

(︁
W(t, x, k′)−W(t, x, k)

)︁
dk′, (1)
T
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for all (t, x, k) ∈ [0,+∞)×T ×R. The explicit scattering kernel R(k, k′)≥ 0 is given by

R(k) :=
∫︂

T
R(k, k′)dk′ ∼ |k|2 for |k| ≪ 1.

Here and in the sequel T is the unit torus, identfied with the interval [−1/2,1/2] with periodic 
endpoints. The parameter γ0 > 0 is the scattering rate for the microscopic chain. The group 
velocity is dfined by vg(k) := ω(k)/2π , ω(k) is the dispersion relation of the chain.

When a heat bath at temperature T is applied to one particle, which is labeled α0, with a 
coupling strength γ1 > 0, the action of the heat bath is not affected by the scale of the small 
parameter ε. As a consequence, when a thermostat is included in the system, its presence can 
be regarded as a singular perturbation of the dynamics of the system. Mathematically speaking, 
when ε → 0, in [5,8], it has been proved that the thermostat enforces that phonons of wave num
ber k are generated with rate ra(k)T , incoming k-phonons can be transmitted with probability 
rt (k) and rflected with probability rr(k), which means that one needs to introduce the boundary 
conditions at x = 0 on (1):

W(t,0+, k)= rr (k)W(t,0+,−k)+ rt (k)W(t,0−, k)+ ra(k)T , for 0 < k ≤ 1/2,

W(t,0−, k)= rr (k)W(t,0−,−k)+ rt (k)W(t,0+, k)+ ra(k)T , for −1/2 < k < 0.
(2)

Those quantities are properly normalized according to ra(k) + rt (k) + rr (k) = 1, so that 
W(t, x, k)= T is a thermal equilibrium.

In the recent years, there have been significant progresses on the control theory for kinetic 
models [3,11]. The goal of our work is to initiate the study of the Wigner distributions for 
stochastic discrete wave equations under the point of view of control theory. To be more precise, 
in the setting of the stochastic discrete wave equations considered in [5,8], the three important 
parameters ra(k), rt (k), rr (k) are respectively the probabilities for absorption, transmission and 
rflection of a phonon of mode k. Within the control theory viewpoint, we investigate the follow
ing question:

Question A - Controllability at the kinetic limit: if we add a control function, having a relevant 
physical meaning, to the wave system/equation, can we control the above three important rates 
ra(k), rt (k), rr (k): absorption, transmission, and rflection of a phonon of mode k in (2)?

To address Question A, we consider two possible types of open-loop boundary controls.
The first boundary control is impulsive (see Section 4 or further reading at [2,6]) and consists 

of adding the term F(t)δ0,n to the system. At the kinetic limit such a control has an impact only 
at the boundary, causing a shoot-up explained by the friction ν at the boundary. Physically, this 
type of control corresponds to adding a force F(t) at the boundary. Similar physical phenomena 
(subjecting a chain of oscillators to a point force) have been considered recently in [6]. The 
difference with our work lies in the nature of the force: L1 in time in our case vs. periodic in 
time in theirs. Another difference is the scaling regime that we consider for the control of the 
kinetic limit, in contrast to their setup that corresponds to the diffusive scaling. Our control is 
impulsive in the sense that it creates a new term in the kinetic limit equation (see (13) further), 
namely, a Dirac delta measure along the characteristic δ(x− vg(k)t). This means that the control 
is too strong and the whole dynamics of the chain follows the control and not its own dynamics. 
Even when we take a smooth function F , an extra Dirac delta measure along the characteristic 
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δ(x − vg(k)t) pops up in the final equation, as proved in (13). It follows that the probabilities 
for absorption, transmission and rflection of a phonon of mode k are not controllable using this 
control (see Remark 3).

The second type of open-loop boundary control is a linear memory-feedback control (see 
Section 5) on the stochastic process of the wave consisting of adding the convolution term 
(F + νδ(t)) ⋆ α0δ0,n. In control theory, the time-convolution integral for a continuous-time sys
tem calculates the output of a system to a given input using the response of the system. Therefore 
it is natural to utilize time-convolution as a tool to control the system at any time t given that 
the anterior states of the system are known. In this respect, the control uses feedback from pre
vious times to control outputs at the current time and is often called memory-feedback. Since 
the control in this case follows closely the dynamics of the system, the ``impulsive'' behavior in 
which a delta function pops up in the final result can be avoided. Noticing that the three quantities 
ra, rt , rr depend on the friction ν, a time-convolution control can be imposed on this parameter ν, 
which sticks to the stochastic process α0. Thanks to this feedback-type boundary control, even
tually the effect of the control on the kinetic limit is much better: the three rates (ra, rt , rr ) can 
be changed at the kinetic limit. We will prove that for a given class of function rates (ra, rt , rr ), 
enjoying appropriate conditions, it is possible to find a control F asymptotically steering the rates 
to desired target functions (see Corollary 7).

Another type of control, which seems to be technically harder is the so-called ``internal con
trol'', for which, the control acts on several points of the chain, will be studied in future work. 
Let us mention that instead of a Langevin thermostat, one may also consider a Poisson scattering 
mechanism at the boundary. Such mechanisms are studied in [7]. Controlling the rate of such 
problems seems doable via our methods.

Acknowledgments: The authors would like to express their gratitude to Tomasz Komorowski, 
Stefano Olla, Herbert Spohn and Enrique Zuazua for several useful remarks, guidance, and in
structions on the topic.

2. Setting and notations

We consider the evolution of an ifinite particle system governed by the Hamiltonian

H(α,β) := 1

2

∑︂
n∈Z

α2
n + 1

2

∑︂
n,n′∈Z

σn−n′βnβn′ = 1

2

∑︂
n∈Z

∥α∥2 + ⟨β,σ ⋆ β⟩,

where n ∈ Z, (αn,βn) is the position and momentum of the particle n, and (α,β) =
{(αn,βn), n ∈ Z}. The assumptions on σ will be specfied in Section 2.2.

The convolution of two functions on Z is

(f ⋆ g)n :=
∑︂
n′∈Z

fn−n′gn′ . (3)

We denote by δ0,n and δ(x) the Dirac delta functions on Z and R respectively. The Hamiltonian 
dynamics with stochastic source without control reads

β̇n(t)= αn(t),

dα (t)= −(σ ⋆ β) (t)dt + (︁− να (t)dt + √
2νT dR(t)

)︁
δ , n ∈ Z,
n n 0 0,n
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where {R(t), t ≥ 0} is a Wiener process on a probability space with proper filtration (Ω,Ft ,P )
and an initial probability measure με on ℓ2(Z). In this setting, we couple the particle whose label 
is 0 to a Langevin thermostat at temperature T and we assume that the friction is ν > 0.

We denote by E the expectation with respect to P and the expectation with respect to με
is denoted by ⟨·⟩με . The expectation for the two processes, the Wiener process and the initial 
measure με , is denoted by Eε .

The Fourier transform of fn ∈ ℓ2(Z) and the inverse Fourier transform of f̂ ∈ L2(T ) are

f̂ (k) :=
∑︂
x∈Z

fn exp{−2πink}, fn :=
∫︂
T

f̂ (k) exp{2πink}dk, n ∈Z, k ∈T .

The wave function is given by

ψn(t) := (ω̃ ⋆ β)n(t)+ iαn(t) (4)

in which {ω̃n, n ∈ Z} is the inverse Fourier transform of the dispersion relation dfined by 
ω(k) :=√︁σ̂ (k). The Fourier transform of the wave function is

ψ̂(t, k) := ω(k)β̂(t, k)+ iα̂(t, k) ∀k ∈T .

We also have

α̂ (t, k)= 1 
2i

[ψ̂(t, k)− ψ̂∗(t,−k)], α0(t)=
∫︂
T

Im ψ̂(t, k)dk.

For a function O(x, k) in the Schwartz space S (R × T ), we denote by Ô : R × T → C, 
Õ :R×Z →C the Fourier transforms of O in the x and k variables, respectively,

Ô(ξ, k) :=
∫︂
R 

e−2πiξxO(x, k)dx,

Õ(x,n) :=
∫︂
T

e−2πinkO(x, k)dk.

The Laplace transform for the time variable is

L(f )(Z) :=
∞ ∫︂

0 

e−Ztf (t)dt

Also, for now, if we don’t say anything further, we assume the domain for convergence of the 
Laplace transform is C+ = {z ∈ C : Re(z) > 0}. We keep the notations Re(z), Im(z), z∗ for the 
real part, imaginary part and complex conjugate of z.

The Laplace transform of the Wiener process is denoted by

R̃ := L(R).
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One can observe that R̃ is a Gaussian process, determined by its covariance which is given by:

E(R̃(Z1)R̃(Z2))= 1 
Z1 +Z2

, ReZ1,ReZ2 > 0.

Recall the convolution notation in (3). We also use the notation ⋆ for convolutions with respect 
to the time variable t , as

f ⋆ g(t) :=
t∫︂

0 

f (t − s)g(s)ds.

We use this for convenience. To avoid confusion, we have a convention that we only use this 
notation when dealing with functions F,Θ,Ψ,Cω. We dfine those functions in Section 4 and 
Section 5.

The ε time scaling of a function f is dfined by

f (ε)(t) := f (t/ε). (5)

For the estimates, we use the following symbols: for f,g :D →R, we write

f ≲ g if there exists C > 0 : f (x)≤ Cg(x), x ∈D.

We write f ≈ g if f ≲ g and g ≲ f.

Our estimation usually involves ε → 0+, hence when we use those symbols we mean that D is a 
small positive neighborhood of 0 for the variable ε and C does not depend on ε.

We now state a few basic assumptions.

2.1. Assumptions on the initial wave

We dfine the space N as the completion of S (R×T ) for the norm

∥O∥N :=
∫︂
R 

sup 
k∈T

|Ô(ξ, k)|dξ

and we consider it dual space N ′, where the dual is dfined in (6).
The Wigner distribution is dfined by

⟨O,Wε(t)⟩N := ε

2

∑︂
n,n′∈Z

Eε

[︂
ψ̂(ε)
n (t)ψ̂

(ε)∗
n′ (t)

]︂
Õ∗(ε n+ n′

2 
, n− n′), (6)

for every test function O ∈ S (R×T ).
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The Wigner distribution is also dfined by its Fourier transform, as

Ŵε(t, ξ, k) := ε

2
Eε

[︂
ψ̂(ε)∗(t, k − εξ/2)ψ̂(ε)(t, k + εξ/2)

]︂
, (7)

⟨O,Wε(t)⟩N =
∫︂

T×R

Ŵε(t, ξ, k)Ô
∗(ξ, k)dξdk.

For the Wigner distribution’s Laplace transform, we use the notation

Wε(Z, ξ, k) := L(Ŵε(·, ξ, k))(Z).
For most parts, we will find the limit of the Laplace transform Wε instead of directly find the limit 
of Ŵε . When we mention about the initial condition, we omit the time variable and we write

ψ̂(k)= ψ̂(0, k) and Ŵε(ξ, k)= Ŵε(0, ξ, k).

The assumptions for the initial state are the following

(I1) ⟨ψ̂(k), ψ̂(h)⟩με = 0, ∀k,h ∈T .
(I2) supε∈(0,1]

∑︁
n∈Z ε⟨|ψn|2⟩με = supε∈(0,1] ε⟨∥ψ̂∥2

L2(T )
⟩με <∞.

(I3) There exist constants C1, κ > 0 such that |Ŵε(ξ, k)| ≤ C1

⟨ξ⟩3+κ
R

, for (ξ, k) ∈ T2/ε × T , ε ∈
(0,1] (T2/ε is the periodic torus [−ε−1, ε−1]). Here, the Japanese bracket is dfined by

⟨x⟩R :=
√︁

1 + x2.

Note that, for any κ > 0, 
∫︁
R⟨x⟩−1−κ

R dx <∞.

(I4) Ŵε(ξ, k) converges weakly in N ′ to Ŵ0 ∈ L1(R×T ).
The energy of the wave grows at most linearly in time (Lemma 10 or Lemma 13), hence

sup 
t∈[0,τ ]

∥Wε(t)∥N ′ <∞,

for every τ > 0. Therefore, the family of all Wε is sequentially weak-star compact in 
(L1([0, τ ];N ))⋆. We obtain this assumption by taking a subsequence of ε if it is neces
sary.

2.2. Assumptions on the dispersion relation

The coupling between two points n,n′ ∈ Z is denoted by

σn−n′ ∈ C.

The dispersion relation is dfined using this coupling

ω(k) :=
√︁
σ̂ (k).
259 
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The function k →⃓ ω(k) is smooth, even, and is positive on T (following (σ1) - (σ3)). Further
more, we have ω′(k) > 0 for k ∈ (0,1/2) (following (ω1)). The minimum and maximum values 
of the dispersion relation are

ωmin = ω(0) and ωmax = ω(−1/2)= ω(1/2).

Since ω is continuous and strictly increases on [0,1/2], given any ω ∈ [ωmin,ωmax] there exists 
a unique k ∈ [0,1/2] such that ω(k)= ω. We dfine two inverse functions ϕ+ : [ωmin,ωmax] →
[0,1/2] and ϕ− : [ωmin,ωmax] → [−1/2,0], the value of ϕ(ω) is set as k. We mean that

ϕ+(ω(k)) := |k| and ϕ−(ω(k)) := −|k|.
The following assumptions are imposed.

(σ1) There exist C2,C3 > 0 such that

|σn| ≤ C2e
−C3|n|, ∀n ∈Z.

(σ2) σ̂ is even.
(σ3) σ̂ (k) > 0 for k ∈T .

(ω1) ω is decreasing on the negative branch, or equivalently, increasing on the positive branch.
(ω2) There are smooth positive functions ϕ1 and ϕ2 such that

ϕ′±(ω)= ±(ω−ωmin)
−1/2ϕ1(ω), ω−ωmin ≪ 1, (8)

ϕ′±(ω)= ±(ωmax −ω)−1/2ϕ2(ω), ωmax −ω ≪ 1. (9)

Remark 1. We consider one example for the dispersion relation (see [1]):

ω(k)=
√︂
ω2

0 + γ (1 − cos(2πk)),

where ω0, γ > 0. For ω ∈ [ω0,

√︂
ω2

0 + 2γ ], we have

ϕ±(ω)= ± 1 
π

arcsin

√︄
ω2 −ω2

0

2γ

and

ϕ′±(ω)= ± ω

π

√︂
2γ +ω2

0 −ω2
√︂
ω2 −ω2

0

.

When ω−ω0 ≪ 1, we dfine

ϕ1(ω)= ω

π

√︂
2γ +ω2 −ω2√ω+ω0

,

0
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and when 
√︂
ω2

0 + 2γ −ω≪ 1, we dfine

ϕ2(ω)= ω

π

√︃√︂
ω2

0 + 2γ +ω

√︂
ω2 −ω2

0

.

Finally, we introduce some notations related to the dispersion relation

Dε(k, ξ) := ε−1 [ω(k + εξ/2)−ω(k − εξ/2)] for k ∈T , ξ ∈T2/ε,

D+
ε (k, ξ) := ε−1 [ω(k + εξ)−ω(k)] for k ∈ T , ξ ∈ T1/ε,

D−
ε (k, ξ) := ε−1 [ω(k)−ω(k − εξ)] for k ∈ T , ξ ∈ T1/ε.

(10)

When ε → 0, Dε(k, ξ),D
+
ε (k, ξ),D

−
ε (k, ξ) all converge to ω′(k)ξ .

2.3. Assumptions on target rates

Given target rates (ra, rt , rr ), we want to reach them using our controls.

Definition 1. For a triple of functions (ra, rt , rr ) on T , it is called ``asymptotically reachable'' 
if there exist a control function F and a sequence {FN }∞N=1 such that FN is equal to F in finite 

time and rFNa , r
FN
t , r

FN
r converge almost everywhere to ra, rt , rr on T as N → ∞.

We state some assumptions on the target rates to make a sufficient condition for ``asymptoti
cally reachable''

(H1) The three functions (ra, rt , rr ) are even on T ;
(H2) ra(k)+ rt (k)+ rr (k)= 1 for all k ∈T ;
(H3) rt (k), rr (k) > 0 and there exists c1 > 0 such that ra(k)≥ c1 for k ∈ (0,1/2);
(H4) The three functions (ra, rt , rr ) are continuous on (0,1/2);
(H5)

√
rt (k)+ √

rr (k)≥ 1 for all k ∈ T ;
(H6)

∫︁∞
0 Re(F̄ (u)) cos(ut)du= ∫︁∞

0 Im(F̄ (u)) sin(ut)du for all t > 0.

In (H6), F̄ is dfined by

• RE(k) := |vg(k)|(rt (k)− rr (k)− 1) for k ∈ (0,1/2);

• IM(k) :=
√︂

4|vg(k)|2rr (k)−RE(k)2 for k ∈ (0,1/2);
• FT (k) :=RE(k)+ iIM(k) for k ∈ (0,1/2);
• TH(k) := 1 + FT (k) limZ→0 L(Cω)(Z − iω(k)) for k ∈ (0,1/2);
• F̄ (u) := FT (ϕ+(u))/T H(ϕ+(u)) for u ∈ (ωmin,ωmax).

We have the definition of the group velocity

vg(k) := ω′(k)
.

2π
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3. Main results

In this section, we will first show in Theorem 2 the transport equation with impulsive control 
to see that the rates cannot be controlled in this way. In contrast, we show in Theorem 5 the 
equation with the rates having control using linear memory-feedback control. Finally, we state 
the result on a sufficient condition to get asymptotically reachable rates.

We dfine the rates without control

ra(k) := ν|θ(k)|2
|vg(k)| ,

rt (k) := 1 − Re(θ(k))
ν

|vg(k)| + νra(k) 
4|vg(k)| ,

rr (k) := νra(k) 
4|vg(k)| ,

where θ is dfined further in (31). Recall that the terms ra, rt and rr represent the absorption rate, 
transmission rate and rflection rate.

3.1. Impulsive control

The impulsive control term is associated with a real-valued function F(t). We consider the 
system of equations

β̇n(t)= αn(t), (11)

dαn(t)= −(σ ⋆ β(t))ndt + (−να0dt + F(t)dt + √
2νT dR(t))δ0,n. (12)

In this system, we assume some additional assumptions.

(C1) εd |P(ε, k − εξ/2)| is bounded for each fixed k, ξ , where P(ε, k)= ⟨ψ̂(k)⟩με and d < 1/6.
(C2) There exists F ∈ C(T ) such that ε1/2L(F )(εZ + iω(k − εξ/2))→ F(k) for any fixed ξ

as ε → 0.
(C3) There exists C4 > 0 such that supε∈(0,1]

∫︁ t/ε
0 εF 2(s)ds ≤ C4t,∀t > 0.

Theorem 2. Consider the wave system governed by (11) and (12) along with all the assumptions 
(I1) - (I4), (σ1) - (σ3), (ω1) - (ω2) and (C1) - (C3). For any τ > 0 and O ∈ L1([0, τ ];N ) we 
have

lim 
ε→0

τ∫︂
0 

⟨O(t),Wε(t)⟩N dt =
τ∫︂

0 

∫︂
R×T

O∗(t, x, k)W(t, x, k)dxdkdt, (13)

where

W(t, x, k)=W0(x − vg(k)t, k)1[0,vg(k)t]c (x)+ ra(k)T 1[0,vg(k)t](x)

+ rt (k)W0(x − vg(k)t, k)1[0,vg(k)t](x)+ rr (k)W0(−x + vg(k)t,−k)1[0,vg(k)t](x)
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+ |vg(k)|ra(k)|F(k)|2
ν

δ(x − vg(k)t). (14)

Remark 3. In a related context, the authors of [6] enforced impulsive forces on two ends of a 
finite harmonic chain to study a stationary state relating to the chain. Therefore, the question of 
impulsive control is quite natural and has already considered in [6] for a different model.

Remark 4. In view of Question A, posed in our introduction, we observe that the three rates 
ra, rt , rr are not modfied under the ifluence of the impulsive control F(t)δ0,n. The control 

appears in the term |vg(k)|ra(k)|F(k)|2
ν

δ(x − ω̄′(k)t) in (14)(F is given by (C2): this is where the 
control F(t)δ0,n appears in (14)). With respect to the main result of [8], the latter term is the new 
additional one.

Therefore, despite its physical meaning and relevance, such an impulsive control is not appro
priate to act on the thermostat system. In Section 5, we will propose another type of control called 
memory-feedback because it uses the information provided by the past of the state solution. This 
alternative kind of control enables us to act on the triple rates.

3.2. Linear memory-feedback control

The linear memory-feedback control is the convolution control term (F + νδ(t)) ⋆ α0(t)δ0,n. 
Hence, we will consider the system of equations:

β̇n(t)= αn(t), (15)

dαn(t)= −(σ ⋆ β(t))ndt + (F ⋆ α0(t)dt + √
2νT dR(t))δ0,n. (16)

In the system, we use the assumption

(L1) F ∈ C∞((0,+∞))∩Lm((0,+∞)),m ∈ [1,∞) and Re
(︂
F̂
(︂
ω(k)
2π

)︂)︂
< 0 for k ∈T .

Because F ∈ L1 we have the equality (20) and the Fourier transform F̂ is a bounded and contin
uous function.

We dfine the three new rates and use them for our main theorem

rFa (k) := −Re(F̂ (ω(k)/2π))
|θF (k)|2
|vg(k)| , (17)

rFt (k) := 1 + Re(F̂ ∗(ω(k)/2π)θF (k))

|vg(k)| + |F̂ (ω(k)/2π)|2|θF (k)|2
4|vg(k)|2 , (18)

rFr (k) := |F̂ (ω(k)/2π)|2|θF (k)|2
4|vg(k)|2 . (19)

We dfine the function θF later in (90).

Theorem 5. Consider the system of equations (15) and (16) with all the assumptions (I1) - (I4), 
(σ1) - (σ3), (ω1) - (ω2) and (L1). Then, for any τ > 0 and G ∈ L1([0, τ ];A ) we have
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τ∫︂
0 

⟨G(t),Wε(t)⟩dt =
τ∫︂

0 

∫︂
R×T

G∗(t, x, k)W(t, x, k)dxdkdt,

where

W(t, x, k)=W0(x − vg(k)t, k)1[0,vg(k)t]c (x)− νT rFa (k) 

Re(F̂ (ω(k)/2π))
1[0,vg(k)t](x)

+ rFt (k)W0(x − vg(k)t, k)1[0,vg(k)t](x)+ rFr (k)W0(−x + vg(k)t,−k)1[0,vg(k)t](x).

On the well-posedness of (15)-(16), we recall (25) in which the solution ψ̂ is uniquely deter
mined by (92).

Remark 6. In view of addressing Question A, posed in the introduction, we observe that the 
three rates (rFa , r

F
t , r

F
r ) can now be controlled under the ifluence of the linear memory-feedback 

control. An ``inverse problem'' question is: given a triple of functions (ra, rt , rr ) as target rates, 
can we determine if (ra, rt , rr ) can be asymptotically reached following (17)-(18)-(19) in sense 
of Definition 1?

Corollary 7. If a triple (ra, rt , rr ) satifies (H1) - (H6), then it is asymptotically reachable.

Remark 8. We emphasize on the convergence type used in asymptotically reachable is only in 
the a.e. sense, which is weak. We desire to improve on this convergence type. Another highly 
important issue is the rate at which the control is achieved. For both issues, we hope that a better 
construction of FN would allow one to obtain a better convergence type with a good convergence 
rate. To be more precise, in the design of F̄ of (H6), the function FN is constructed by multiplying 
the inverse Fourier of F̄ with a smooth cut-off function, whose values are 1 on [0,N], are in [0,1]
on (N,N + 1), and are 0 on [N + 1,+∞). This simple construction of FN gives the desired 
achievable control in a.e. sense. However, this construction is not sufficient to obtain a better 
convergence type nor the rate at which the control is achieved. A better construction of FN may 
give a better result. However, such computations would be rather very long and we will devote 
this issue for an upcoming work.

Remark 9. As discussed above, the work [6] establishes the first impulsive control, in which 
the force is periodic. Time periodic control is therefore a very interesting direction to explore. 
For instance, it would be important to see whether or not our linear-feedback control (or even 
different types of control) can be done in a periodic in time manner. We will investigate this 
question in a follow-up paper.

4. Impulsive control - proof of Theorem 2

4.1. Preliminary computations

In this section, we work with the impulsive control introduced in (11) and (12). We use the 
notation F̂ for the Fourier transform of F in the time variable. We recall a basic relation between 
Laplace and Fourier transforms. For F ∈ L1([0,+∞)) we have
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lim 
Z→0

L(F )(Z + iω)= lim 
Z→0

+∞∫︂
0 

e−Zt−iωtF (t)dt =
+∞∫︂
0 

e−iωtF (t)dt = F̂ (ω/2π). (20)

We clarify the reasons for the assumptions in this control. In (C1), we have d < 1/6 so that P
is small enough, when the control acts on the wave, the new term involving P will disappear 
when taking the limit. Assumption (C2) is a generalization of (20). The bound in (C3) ensures 
the growth of the energy is at most linear. We prove the following lemma using an Itô analysis 
shown in the Section A.4.1.

Lemma 10. Consider the wave system governed by (11) and (12) with all the assumptions (I1) -
(I4), (σ1) - (σ3), (ω1) - (ω2) and (C1) - (C3). There is a constant C5 such that

εEε∥ψ̂(ε)(t)∥2
L2(T )

≤ εEε∥ψ̂(ε)(0)∥2
L2(T )

+C5t.

In the proof of Theorem 2, to analyze the kinetic limit, the Wigner distribution is splitted into 
13 terms that we categorize into 4 types.

(1) Terms not involving the control: one of the thermal terms (38), the ballistic term (52), the 
first and the second scattering terms (58), (59).

(2) Terms with a single Wiener process: (36) and (37). Since the expectation of the Wiener 
process is zero, thus these terms are zero.

(3) Terms involving one occurrence of F in the product: those terms are (54), the third, the 
fourth, the fifth and the sixth scattering terms, (60), (61), (62), (63).

(4) Terms involving two occurrences of F in the product: (35) and (64).

We will see that only the first and the fourth types have non-zero kinetic limits. All other terms 
vanish at the limit.

We write dψ using the system of equations (see [4,13] for a related nonlinear problem)

dψ̂(t, k)= d(ω(k)β̂(t, k))+ idα̂(t, k)

= ω(k)α̂(t, k)dt + i(−ω2(k)β̂dt − να0(t)dt + F(t)dt + √
2νT dR(t))

= −iω(k)ψ̂(t, k)dt − iνα0(t)dt + iF (t)dt + √
2νT idR(t). (21)

Solving the linear ODE (21) gives

ψ̂(t, k)= e−iω(k)t ψ̂(k)− iν

t∫︂
0 

e−iω(k)(t−s)α0(s)ds + i

t∫︂
0 

e−iω(k)(t−s)F (s)ds

+ i
√

2νT

t∫︂
0 

e−iω(k)(t−s)dR(s). (22)

Noting that by definition of inverse Fourier transform,
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α0(t)=
∫︂
T

Im(ψ̂(t, k))dk, (23)

and that the real part of e−iω(k)(t−s) is cos(ω(t − s)), we infer from (22) and (23)

α0(t)=Ψ(t)− ν

∫︂
T

t∫︂
0 

cos (ω(k)(t − s))α0(s)dsdk +
∫︂
T

t∫︂
0 

cos (ω(k)(t − s))F (s)dsdk

+ √
2νT

∫︂
T

t∫︂
0 

cos (ω(k)(t − s)) dR(s)dk

=Ψ(t)− νCω ⋆ α0(t)+Cω ⋆ F(t)+ √
2νT Cω ⋆ dR(t), (24)

where

Ψ(t) :=
∫︂
T

Im
(︂
ψ̂(k)e−iω(k)t)︂dk, (25)

and

Cω(t) :=
∫︂
T

cos(ω(k)t)dk. (26)

We can compute the Laplace transform

L(Cω)(Z)=
∫︂
T

Z

Z2 +ω2(k)
dk. (27)

Recall that Re(Z) > 0 so Re(L(Cω)(Z)) > 0. For L(Cω), we also get the following lemma. We 
put the detailed proof for this lemma in Section A.1.

Lemma 11. For k ∈ (0,1/2), we have

lim 
Z→0

L(Cω)(Z − iω(k))= π

|ω′(k)| + i

⎛
⎜⎝

1/2∫︂
0 

dh 
ω(k)+ω(h)

+ log
ω(k)−ωmin

ωmax −ω(k)
+ Cω,0(ω(k))

|ω′(k)| 

⎞
⎟⎠ ,

where Cω,0 is a continuous, bounded and real-valued function.

Using the Laplace transform on (24) and the notation

Θ̃(Z) := 1 
1 + νL(Cω)(Z)

=
∞ ∑︂
j=0 

(−νL(Cω)(Z))j ,
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we get

α̃0(Z)= L(α0)(Z)= Θ̃(Z)L(Ψ)(Z)+ Θ̃(Z)L(Cω)(Z)L(F )(Z)

+ √
2νT Θ̃(Z)L(Cω)(Z)R̃(Z)

= Θ̃(Z)L(Ψ)(Z)+ 1 
ν
(1 − Θ̃(Z))L(F )(Z)+ √

2νT Θ̃(Z)L(Cω)(Z)R̃(Z).
(28)

We will write Θ as the inverse Laplace transform of Θ̃ and it can be understood using the ifinite 
sum of convolution terms

Θ(t) := L−1(Θ̃)= δ(t)+L−1(Θ̃− 1)= δ(t)+
∞ ∑︂
n=1 

(−ν)n(⋆nCω),

where (⋆nCω) is the n-time convolution of Cω with itself.
Applying the Laplace transform to (22), and using (28) we obtain

L(ψ̂(·, k))(Z)= ψ̂(k)− iνα̃0(Z)+ iL(F )(Z)+ i
√

2νT R̃(Z)

Z + iω(k) 

= ψ̂(k)− iνL(Ψ)(Z)+ iΘ̃(Z)L(F )(Z)+ i
√

2νT Θ̃(Z)R̃(Z)

Z + iω(k) 
.

Therefore, by inverse Laplace transform,

ψ̂(t, k)= e−iω(k)t ψ̂(k)− iν

t∫︂
0 

Θω(t − s, k)Ψ(s)ds + i

t∫︂
0 

Θω(t − s, k)F (s)ds

+ i
√

2νT

t∫︂
0 

Θω(t − s, k)dR(s), (29)

where

Θω(t, k) :=
t∫︂

0 

e−iω(k)(t−s)dΘ(s).

Denoting by

Θω(t, k) :=
t∫︂

0 

eiω(k)sdΘ(s)= eiω(k)tΘω(t, k), (30)

we have the important identity
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L((Θω)(ε)(·, k))(Z)= Θ̃(εZ − iω(k))

Z
.

Because Re(1 + νL(Cω)(Z)) > 1 we get Θ̃(εZ− iω(k)) is bounded by 1. Hence, using Fatou’s 
Theorem, Θ̃(εZ − iω(k)) converges (a.e. and in any Lp) when Z → 0. We also write

θ(k) := lim 
ε→0+ Θ̃(εZ − iω(k)). (31)

θ is used to dfine the rates, it has an important property that allows us to compute the sum of 
the rates. Lemma 12 is an immediate consequence of Lemma 11.

Lemma 12. We have

Re(θ(k))=
(︃

1 + νπ

|ω′(k)|
)︃

|θ(k)|2.

As a consequence, ra(k)+ rt (k)+ rr (k)= 1 for a.e. k ∈ T .

We consider the truncation

ψ̂1(0, k)= ψ̂(k)χϱ(k), (32)

dψ̂1(t, k)=
⎧⎨
⎩−iω(k)ψ̂1(t, k)− ν

2i

∫︂
T

[ψ̂1(t, k′)− ψ̂1∗(t, k′)]dk′ + F(t)

⎫⎬
⎭dt + i

√
2νT dR(t).

ψ̂2(0, k)= ψ̂(k)(1 − χϱ(k)),

dψ̂2(t, k)=
⎧⎨
⎩−iω(k)ψ̂1(t, k)− ν

2i

∫︂
T

[ψ̂2(t, k′)− ψ̂2∗(t, k′)]dk′
⎫⎬
⎭dt.

Here, χϱ(k) is a smooth function with values in [0,1] such that it is equal to 0 on [T ](ϱ) and to 
1 on T \ [T ](2ϱ), where

[T ](ϱ) :={k : dist(k, [T ](0)) < ϱ},
[T ](0) :={k : ω′(k)= 0} = {0,±1/2}. (33)

In the computations of scattering terms (Section 4.3), we will consider ψ1 in (32) as ψ . For 
a sufficiently small ϱ, we will show that ψ1 in (32) and ψ in (21) give the same kinetic limit 
(Section 4.4). Thus, we only consider the situation where the initial state satifies

There exists ϱ > 0 such that the support of ψ̂(0, ·) is in T \ [T ](ϱ). (34)

We now split the wave into several terms to compute the kinetic limit.
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4.2. Thermal terms

The thermal part of the wave is considered independently from the initial state of the wave 
system. Therefore, for the thermal part, we put ψ̂(k)≡ 0. With that assumption, (29) becomes

ψ̂(t, k)= i

t∫︂
0 

Θω(t − s, k)F (s)ds + i
√

2νT

t∫︂
0 

Θω(t − s, k)dR(s).

The Wigner distribution’s definition (7) gives

Ŵε(t, ξ, k)= ε

2
Eε

⎡
⎣ t/ε∫︂

0 

Θω(t/ε− s, k + εξ/2)F (s)ds

t/ε∫︂
0 

Θ∗
ω(t/ε− s, k − εξ/2)F (s)ds

(35)

+√
2νT

t/ε∫︂
0 

Θω(t/ε− s, k + εξ/2)F (s)ds

t/ε∫︂
0 

Θ∗
ω(t/ε− s, k − εξ/2)dR(s)

(36)

+√
2νT

t/ε∫︂
0 

Θ∗
ω(t/ε− s, k − εξ/2)F (s)ds

t/ε∫︂
0 

Θω(t/ε− s, k + εξ/2)dR(s)

(37)

+ 2νT

t/ε∫︂
0 

Θω(t/ε− s, k + εξ/2)dR(s)

t/ε∫︂
0 

Θ∗
ω(t/ε− s, k − εξ/2)dR(s)

⎤
⎦ .

(38)

4.2.1. First thermal term (35)
Since the term is independent from any random process, its Laplace transform is

ε

2
L
(︂
(Θω ⋆ F)

(ε)(·, k + εξ/2)(Θ∗
ω ⋆ F)

(ε)(·, k − εξ/2)
)︂
. (39)

We rewrite the convolution Θω ⋆ F using (30) as

Θω ⋆ F(t, k)=
t∫︂

0 

Θω(t − s, k)F (s)ds =
t∫︂

0 

Θω(t − s, k)eiω(k)(s−t)F (s)ds

=
t∫︂
Θω(t − s, k)e−iω(k)tF ∗

k (s)ds
0 
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= e−iω(k)tΘω ⋆ F ∗
k (t), (40)

where

Fk(t) := F(t)e−iω(k)t . (41)

We also rewrite the conjugation,

Θ∗
ω ⋆ F(t, k)= eiω(k)t (Θω)∗ ⋆ Fk(t). (42)

Using (10), (40) and (42), the product of the two convolutions is

(Θω ⋆ F(t, k + εξ/2))(Θ∗
ω ⋆ F(t, k − εξ/2))

= e−iεDε(k,ξ)t (Θω ⋆ F ∗
k+εξ/2)(t, k + εξ/2)((Θω)∗ ⋆ Fk−εξ/2)(t, k − εξ/2). (43)

Now, we use (43), (39), and the formula of the Laplace transform of a product to get

ε

4iπ
lim 
L→∞

c+iL∫︂
c−iL

L((Θω ⋆ F ∗
k+εξ/2)

(ε))(ζ )L(((Θω)∗ ⋆ Fk−εξ/2)
(ε))(Z + iDε(k, ξ)− ζ )dζ

= ε

4iπ
lim 
L→∞

c+iL∫︂
c−iL

L((Θω)(ε))(ζ, k + εξ/2)L(F ∗
k+εξ/2)(εζ )

L((Θω)(ε)∗)(Z + iDε(k, ξ)− ζ, k − εξ/2)L(Fk−εξ/2)(ε(Z + iDε(k, ξ)− ζ ))dζ

= ε

4iπ
lim 
L→∞

c+iL∫︂
c−iL

Θ̃(εζ − iω(k + εξ/2))

ζ
L(F )(εζ − iω(k + εξ/2))

Θ̃(ε(Z + iDε(k, ξ)− ζ )+ iω(k − εξ/2))

Z + iDε(k, ξ)− ζ
L(F )(ε(Z + iDε(k, ξ)

− ζ )+ iω(k − εξ/2))dζ,

where we follow the notation of (5). From (31) and (C2), taking the limit ε→ 0, we obtain

1 
4iπ

lim 
L→∞

c+iL∫︂
c−iL

|θ(k)|2|F(k)|2
ζ(Z + iω′(k)ξ − ζ )

dζ. (44)

We have

1 
ζ(Z + iω′(k)ξ − ζ )

= 1 
Z + iω′(k)ξ

(︃
1 
ζ

+ 1 
Z + iω′(k)ξ − ζ

)︃
.

We also have the identity
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lim 
L→∞

c+iL∫︂
c−iL

1 
ζ
dζ = i lim 

L→∞

⎛
⎝ L ∫︂

−L

c

c2 + x2 dx − i

L ∫︂
−L

x

c2 + x2 dx

⎞
⎠

= iπ. (45)

Hence, (44) equals

|θ(k)|2|F(k)|2
2(Z + iω′(k)ξ)

= |vg(k)|ra(k)|F(k)|2
2ν(Z + iω′(k)ξ) 

.

4.2.2. Second and third thermal terms (36), (37)
Each term has one dR(s), and because they follow a Gaussian distribution, those terms vanish.

4.2.3. Last thermal term (38)
Because of the correlation of Wiener process, (38) is equal to

νT ε

t/ε∫︂
0 

Θω(t/ε− s, k + εξ/2)Θ∗
ω(t/ε− s, k − εξ/2)ds

= νT

t∫︂
0 

Θ(ε)
ω (s, k + εξ/2)(Θ∗

ω)
(ε)(s, k − εξ/2)ds.

Similarly to the computation of (35), by using the identity (30) and the formula of the Laplace 
transform of a product, the last thermal term gives

Wε(Z, ξ, k)= νT

Z

∞ ∫︂
0 

e−(Z+iDε(k,ξ))sΘω
(︂
ε−1s, k + εξ/2

)︂
(Θω)∗

(︂
ε−1s, k − εξ/2

)︂
ds

= νT

Z

1 
2πi

lim 
L→∞

c+iL∫︂
c−iL

Θ̃(εζ − iω(k + εξ/2))Θ̃∗(ε(Z + iDε(k, ξ)− ζ )− iω(k − εξ/2))

ζ(Z + iDε(k, ξ)− ζ ) 
dζ.

The limit of Wε is

νT |θ(k)|2
Z(Z + iω′(k)ξ)

= T |vg(k)|ra(k) 
Z(Z + iω′(k)ξ)

.

4.3. Scattering terms

From (7), we have

∂t Ŵε(t, ξ, k)= ε

2
Eε

[︂(︂
∂t ψ̂

(ε)(t, k + εξ/2)
)︂
ψ̂(ε)∗(t, k − εξ/2)

+
(︂
∂t ψ̂

(ε)∗(t, k − εξ/2)
)︂
ψ̂(ε)(t, k + εξ/2)

]︂
. (46)
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Then, we compute each term of (46) by replacing T = 0 in (21):

(︂
∂t ψ̂

(ε)(t, k + εξ/2)
)︂
ψ̂(ε)∗(t, k − εξ/2) (47)

= 1

ε

[︂
−iω(k + εξ/2)ψ̂(ε)(t, k + εξ/2)− iνα

(ε)
0 (t)+ iF (ε)(t)

]︂
ψ̂(ε)∗(t, k − εξ/2),(︂

∂t ψ̂
(ε)∗(t, k − εξ/2)

)︂
ψ̂(ε)(t, k + εξ/2) (48)

= 1

ε

[︂
iω(k − εξ/2)ψ̂(ε)∗(t, k − εξ/2)+ iνα

(ε)
0 (t)− iF (ε)(t)

]︂
ψ̂(ε)(t, k + εξ/2).

We infer from (47) and (48) that

∂t Ŵε(t, ξ, k)= −iDε(k, ξ)Ŵε(t, ξ, k) (49)

− ν

2 
Eε

[︂
iα

(ε)
0 (t)ψ̂(ε)∗(t, k − εξ/2)− iα

(ε)
0 (t)ψ̂(ε)(t, k + εξ/2)

]︂
(50)

i

2
Eε

[︂
F (ε)(t)ψ̂(ε)∗(t, k − εξ/2)− F (ε)(t)ψ̂(ε)(t, k + εξ/2)

]︂
. (51)

Using the Laplace transform on (49), (50) and (51), we obtain

(Z + iDε(k, ξ))Wε(Z, ξ, k)= Ŵε(ξ, k) (52)

− ν

2 

[︁
Sε(Z, k − εξ/2)+ S∗

ε (Z, k + εξ/2)
]︁

(53)

−L
(︄
iF (ε)(t)

2 
(Eε[ψ̂(ε)(t, k + εξ/2)] −Eε[ψ̂(ε)∗(t, k − εξ/2)])

)︄
(Z), (54)

where

Sε(Z, k) := iL
(︂
Eεα

(ε)
0 (t)ψ̂(ε)∗(t, k)

)︂
, (55)

S∗
ε (Z, k) := −iL

(︂
Eεα

(ε)∗
0 (t)ψ̂(ε)(t, k)

)︂
.

To handle the term (53) we split (55) into seven terms. First, rewrite (29) and (28) in convolution 
form with T = 0

ψ̂(t, k)= e−iω(k)t ψ̂(k)− iνΘω ⋆ Ψ(t)+ iΘω ⋆ F(t), (56)

α0(t)=Θ ⋆Ψ(t)+ 1 
ν
F (t)− 1 

ν
Θ ⋆ F(t). (57)

Then Sε is the sum of the Laplace transforms of I (ε)ϵ , I I
(ε)
ϵ , I II

(ε)
ϵ , IV

(ε)
ϵ ,V

(ε)
ϵ ,V I

(ε)
ϵ ,V II

(ε)
ϵ :
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(1) Iε is obtained as the product of the first term of (57) and the first term of (56):

Iε(t, k) := iEε

[︂
g ⋆ Ψ(t)eiω(k)t ψ̂∗(k)

]︂
= ieiω(k)t

t∫︂
0 

⟨Ψ(t − s)ψ̂∗(k)⟩μεdΘ(s). (58)

(2) IIε is obtained as the product of the first term of (57) and the second term of (56):

IIε(t, k) := iEε [Θ ⋆Ψ(t) (iνΘω ⋆ Ψ(t))]

= − ν

t∫︂
0 

t∫︂
0 

Θ∗
ω(t − s, k)⟨Ψ(s)Ψ(t − s′)⟩μεdsdΘ(s′). (59)

(3) IIIε is obtained as the product of the first term of (57) and the third term of (56):

IIIε(t, k) :=iEε

[︁
(Θ ⋆ Ψ(t))

(︁−iΘ∗
ω ⋆ F(t)

)︁]︁
=

t∫︂
0 

Θ∗
ω(s, k)F (t − s)ds

⟨︄ t∫︂
0 

Ψ(t − s′)dΘ(s′)
⟩︄
με

. (60)

(4) IVε is obtained as the product of the second term of (57) and ψ̂∗:

IVε(t, k) := iEε

[︃(︃
1 
ν
F (t)

)︃
ψ̂∗(t, k)

]︃
= i

ν
F (t)⟨ψ̂∗(t, k)⟩με . (61)

(5) Vε is obtained as the product of the third term of (57) and the first term of (56):

Vε(t, k) := iEε

[︃(︃
−1 
ν
Θ ⋆ F(t)

)︃(︂
eiω(k)t ψ̂∗(k)

)︂]︃
= −i

ν

t∫︂
0 

F(t − s)dΘ(s)eiω(k)t ⟨ψ̂∗(k)⟩με .

(62)

(6) V Iε is obtained as the product of the third term of (57) and the second term of (56):

V Iε(t, k) := iEε

[︃(︃
−1 
ν
Θ ⋆ F(t)

)︃(︁
iνΘ∗

ω ⋆ Ψ(t)
)︁]︃

=
t∫︂

0 

F(t − s)dΘ(s)

⟨︄ t∫︂
0 

Θ∗
ω(s

′, k)Ψ(t − s′)ds′
⟩︄
με

. (63)

(7) V IIε is obtained as the product of the third term of (57) and the third term of (56):

V IIε(t, k) := iEε

[︃(︃
−1 

Θ ⋆ F(t)

)︃(︁−iΘ∗
ω ⋆ F(t)

)︁]︃

ν
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= − 1 
ν

t∫︂
0 

F(t − s)dΘ(s)

⟨︄ t∫︂
0 

Θ∗
ω(s

′, k)F (t − s′)ds′
⟩︄
με

. (64)

We next show how to treat the scattering terms.
The ballistic term is the term generated from Ŵε(η, k) in (52). The limit is

∫︂
R×T

Ô(ξ, k)
Ŵε(ξ, k) 

Z + iDε(k, ξ)
dξdk →

∫︂
R×T

Ô(ξ, k)
Ŵ0(ξ, k) 

Z + iω′(k)ξ
dξdk, as ε → 0, (65)

where O is the test function used in (6).

4.3.1. The first scattering term (58)
The first scattering term is obtained in (53) using Iε . The technique and result for the kinetic 

limit of this term is similar to that of Section 5.3.2. In this case, the limit is

−ν
∫︂

R×T

Re(θ(k))
Ŵ0(ξ

′, k) 
Z + iω′(k)ξ ′

∫︂
R 

Ô∗(ξ, k) 
Z + iω′(k)ξ

dξdξ ′dk,

under the same limit with (65).

4.3.2. The second scattering term (59)
The second scattering term is obtained in (53) using IIε . Similar to the treatment of first 

scattering term, the computations in Section 5.3.3 can be used to get the limit

ν

4 

∫︂
R×T

ra(k)Ŵ0(ξ
′, k)

Z + iω′(k)ξ ′

∫︂
R 

Ô∗(ξ, k) 
Z + iω′(k)ξ

dξdξ ′dk

+ ν

4 

∫︂
R×T

ra(k)Ŵ0(ξ
′,−k)

Z − iω′(k)ξ ′

∫︂
R 

Ô∗(ξ, k) 
Z + iω′(k)ξ

dξdξ ′dk,

under the same limit with (65).
The sum of the first and second scattering terms is

∫︂
R×T

(rt (k)− 1)
∫︂
R 

Ŵ0(ξ
′, k) 

Z + iω′(k)ξ ′
Ô∗(ξ, k)|vg(k)|
Z + iω′(k)ξ

dξ ′dξdk

+
∫︂

R×T

(rr (k))

∫︂
R 

Ŵ0(ξ
′,−k) 

Z − iω′(k)ξ ′
Ô∗(ξ, k)|vg(k)|
Z + iω′(k)ξ

dξ ′dξdk,

under the same limit with (65).
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4.3.3. The fourth scattering terms (61)
The fourth scattering terms are obtained in (53) using IVε . We see that − ν

2 (L(IV
(ε)
ε (·, k −

εξ/2))+L(IV (ε)∗
ε (·, k+ εξ/2)) is the same as the term (54) but with a different sign. Therefore, 

the fourth scattering term and term (54) cancel each other. The limit is 0.

4.3.4. The fifth scattering terms (62)
The fifth scattering terms are obtained in (53) using Vε . We have

L(V (ε)
ε )(Z, k − εξ/2)= εL(Vε)(εZ, k − εξ/2)

= −iε
ν

L(Θ ⋆ F)(εZ − iω(k − εξ/2))P (ε, k − εξ/2)

= −iε
ν

Θ̃(εZ − iω(k − εξ/2))L(F )(εZ − iω(k − εξ/2))P (ε, k − εξ/2).

By (C1), (C2) and (31), the limit is 0.

4.3.5. The third and the sixth scattering terms (60), (63)
We compute IIIε and V Iε in (53)

− ν

2 

∫︂
R×T

L
(︂
III (ε)ε (·, k − εξ/2)+ III (ε)∗ε (·, k + εξ/2)

)︂
(Z)

Ô∗(ξ, k) 
Z + iDε(k, ξ)

dξdk

− ν

2 

∫︂
R×T

L
(︂
V I (ε)ε (·, k − εξ/2)+ V I (ε)∗ε (·, k + εξ/2)

)︂
(Z)

Ô∗(ξ, k) 
Z + iDε(k, ξ)

dξdk

= −ν

2 

[︄ ∫︂
R×T

L
(︂
III (ε)ε (·, k)

)︂
(Z)

Ô∗(ξ, k + εξ/2)

Z + iD+
ε (k, ξ) 

dξdk

+
∫︂

R×T

L
(︂
III (ε)∗ε (·, k)

)︂
(Z)

Ô∗(ξ, k − εξ/2)

Z + iD−
ε (k, ξ) 

dξdk

]︄

− ν

2 

[︄ ∫︂
R×T

L
(︂
V I (ε)ε (·, k)

)︂
(Z)

Ô∗(ξ, k + εξ/2)

Z + iD+
ε (k, ξ) 

dξdk

+
∫︂

R×T

L
(︂
V I (ε)∗ε (·, k)

)︂
(Z)

Ô∗(ξ, k − εξ/2)

Z + iD−
ε (k, ξ) 

dξdk

]︄

= −ν

2 

⎡
⎢⎣ ∫︂

SIIIε (Z, k)
Ô∗(ξ, k + εξ/2)

Z + iD+
ε (k, ξ) 

dξdk +
∫︂

SIII∗ε (Z, k)
Ô∗(ξ, k − εξ/2)

Z + iD−
ε (k, ξ) 

dξdk

⎤
⎥⎦
R×T R×T
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− ν

2 

⎡
⎢⎣ ∫︂
R×T

SV Iε (Z, k)
Ô∗(ξ, k + εξ/2)

Z + iD+
ε (k, ξ) 

dξdk +
∫︂

R×T

SV I∗ε (Z, k)
Ô∗(ξ, k − εξ/2)

Z + iD−
ε S(k, ξ) 

dξdk

⎤
⎥⎦ .

Here, we use the notations

SIIIε (Z, k) :=
∞ ∫︂

0 

εe−Zεt I IIε(t, k)dt, (66)

SIII∗ε (Z, k) :=
∞ ∫︂

0 

εe−Zεt I II ∗
ε (t, k)dt, (67)

SV Iε (Z, k) :=
∞ ∫︂

0 

εe−ZεtV Iε(t, k)dt, (68)

SV I∗ε (Z, k) :=
∞ ∫︂

0 

εe−ZεtV I ∗
ε (t, k)dt. (69)

Let us compute (66) + (68). The sum (67) + (69) is similar.
To this end, we have

SIIIε (Z, k)= ε

∞ ∫︂
0 

e−Zεt I IIε(t, k)dt

= ε

∞ ∫︂
0 

e−Zεt
t∫︂

0 

eiω(k)(t−s)Θ ⋆ F(s)⟨Θ ⋆Ψ(t)⟩μεdsdt.

Hence

ReSIIIε (Z, k)= ε

∞ ∫︂
0 

e−Zεt
t∫︂

0 

cos(ω(k)s)Θ ⋆ F(s) cos(ω(k)t)⟨Θ ⋆Ψ(t)⟩μεdsdt

+ ε

∞ ∫︂
0 

e−Zεt
t∫︂

0 

sin(ω(k)s)Θ ⋆ F(s) sin(ω(k)t)⟨Θ ⋆Ψ(t)⟩μεdsdt.

Proceeding similarly with V Iε we get

ReSV Iε (Z, k)= ε

∞ ∫︂
e−Zεt cos(ω(k)t)Θ ⋆ F(t)

⟨︄ t∫︂
cos(ω(k)s)Θ ⋆Ψ(s)ds

⟩︄
dt
0 0 με
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+ ε

∞ ∫︂
0 

e−Zεt sin(ω(k)t)Θ ⋆ F(t)

⟨︄ t∫︂
0 

sin(ω(k)s)Θ ⋆Ψ(s)ds

⟩︄
με

dt.

Therefore, using integrations by parts, we have

ReSIIIε (Z, k)+ ReSV Iε (Z, k)

= ε2Z

∞ ∫︂
0 

e−Zεt
⎛
⎝ t∫︂

0 

cos(ω(k)s)Θ ⋆ F(s)ds

⎞
⎠⟨︄ t∫︂

0 

cos(ω(k)s)Θ ⋆Ψ(s)ds

⟩︄
με

dt (70)

+ ε2Z

∞ ∫︂
0 

e−Zεt
⎛
⎝ t∫︂

0 

sin(ω(k)s)Θ ⋆ F(s)ds

⎞
⎠⟨︄ t∫︂

0 

sin(ω(k)s)Θ ⋆Ψ(s)ds

⟩︄
με

dt.

Using the identity

Ψ(t)= 1 
2i

⎛
⎝∫︂
T

e−iω(k)t ψ̂(0, k)−
∫︂
T

eiω(k)t ψ̂∗(0, k)

⎞
⎠ ,

we expand the term (70) as

ε2Z

2i

∞ ∫︂
0 

e−Zεt
t∫︂

0 

t∫︂
0 

cos(ω(k)s) cos(ω(k)s′)

×
s∫︂

0 

s′∫︂
0 

F(s − u)

⟨︄∫︂
T

e−iω(h)(s′−u′)ψ̂(0, h)dh

⟩︄
με

dΘ(u)dΘ(u′)dsds′dt (71)

− ε2Z

2i

∞ ∫︂
0 

e−Zεt
t∫︂

0 

t∫︂
0 

cos(ω(k)s) cos(ω(k)s′)

×
s∫︂

0 

s′∫︂
0 

F(s − u)

⟨︄∫︂
T

eiω(h)(s
′−u′)ψ̂∗(0, h)dh

⟩︄
με

dΘ(u)dΘ(u′)dsds′dt. (72)

Let us estimate (71), the term (72) can be estimated similarly. After that, we subtract (71) and
(72) to get (70). Using the identity

δ(t − t ′)= 1 
2π

∫︂
R 

eia(t
′−t)da,

and changing e−λεt into e−λε(t+t ′)/2, (71) becomes
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ε2Z

2i

∞ ∫︂
0 

e−Zε(t+t ′)/2

t∫︂
0 

t ′∫︂
0 

cos(ω(k)s) cos(ω(k)s′)

s∫︂
0 

s′∫︂
0 

F(s − u)

⟨︄∫︂
T

e−iω(h)(s′−u′)ψ̂(0, h)dh

⟩︄
με

dΘ(u)dΘ(u′)dsds′δ(t − t ′)dtdt ′

= ε2Z

4iπ

∫︂
R 

∞ ∫︂
0 

∞ ∫︂
0 

eia(t
′−t)e−Zε(t+t ′)/2

t∫︂
0 

t ′∫︂
0 

cos(ω(k)s) cos(ω(k)s′)

s∫︂
0 

s′∫︂
0 

F(s − u)

⟨︄∫︂
T

e−iω(h)(s′−u′)ψ̂(0, h)dh

⟩︄
με

dΘ(u)dΘ(u′)dsds′dtdt ′da.

By rewriting the domain of integration,

(u, s, t) ∈ [0, s] × [0, t] × [0,∞] → (t, s, u) ∈ [s,∞] × [u,∞] × [0,∞],

this term is equal to

εZ

4iπ

∫︂
R 

∫︂
T

εP (ε,h)A(h, k,Z)AF (k,Z)dhda,

where

A(h, k,Z) := 1 
2(Zε/2 − ia)

(︄
Θ̃(Zε/2 − ia − iω(k)) 

Zε/2 − ia − i(ω(k)−ω(h))
+ Θ̃(Zε/2 − ia + iω(k)) 
Zε/2 − ia + i(ω(k)+ω(h))

)︄
,

and

AF (k,Z) :=
∞ ∫︂

0 

∞ ∫︂
u 

cos(ω(k)s)F (s − u)

∞ ∫︂
s

e−(Zε/2+ia)t dtdsdΘ(u)

= 1 
Zε/2 + ia

∞ ∫︂
0 

∞ ∫︂
u 

cos(ω(k)s)F (s − u)e−(Zε/2+ia)sdsdΘ(u)

= 1 
2(Zε/2 + ia)

∞ ∫︂
0 

(︂
e−(Zε/2+ia−iω(k))uL(F )(Zε/2 + ia − iω(k))dΘ(u)

+e−(Zε/2+ia+iω(k))uL(F )(Zε/2 + ia + iω(k))
)︂

= 1 (︂
Θ̃(Zε/2 + ia − iω(k))L(F )(Zε/2 + ia − iω(k))
2(Zε/2 + ia)
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+Θ̃(Zε/2 + ia + iω(k))L(F )(Zε/2 + ia + iω(k))
)︂
.

Making the change variable a → εa, (71) is equal to

Z

16iπ

∫︂
R 

∫︂
T

P(ε,h)
1 

(λ/2)2 + a2

×
{︂
Θ̃(ε(Z/2 + ia)− iω(k))L(F )(ε(Z/2 + ia)− iω(k))

+ Θ̃(ε(Z/2 + ia)+ iω(k))L(F )(ε(Z/2 + ia)+ iω(k))
}︂

× Θ̃(ε(Z/2 − ia)− iω(k)) 
Z/2 − ia − iε−1(ω(k)−ω(h))

dhda (73)

+ Z

16iπ

∫︂
R 

∫︂
T

P(ε,h)
1 

(Z/2)2 + a2

×
{︂
Θ̃(ε(Z/2 + ia)− iω(k))L(F )(ε(Z/2 + ia)− iω(k))

+ Θ̃(ε(Z/2 + ia)+ iω(k))L(F )(ε(Z/2 + ia)+ iω(k))
}︂

× εΘ̃(ε(Z/2 − ia)+ iω(k)) 
ε(Z/2 − ia)+ i(ω(k)+ω(h))

dhda. (74)

We expect that most of the contribution at the limit comes from (73). We will prove that the 
limit of (74) is zero. From (C1), (C2), (31), using the bound of test function Ô∗, and the bound 
|Z + iD+

ε (k, η)| ≥ Re(Z), it suffices to estimate

⃓⃓⃓
⃓ ε1−d

ε(Z/2 − ia)+ iω(k)+ iω(h)

⃓⃓⃓
⃓≲ ε1−d . (75)

For ε sufficient small, |ε(Z/2 − ia)+ iω(k)+ iω(h)| ≳ 2ωmin > 0, and (75) follows.
Next, we handle the term (73). If |ω(k)− ω(h)| ≳ ε1/3, then we do the same as (75) to show 

that the integral on this domain is small. We consider the domain |ω(k)− ω(h)| ≤ ϱ1ε
1/3 for 

some ϱ1 to be specfied later.
Recall that we consider the (34) where ϱ to be chosen later. In the domain, k ∈ [︁− 1

2 ,− 1
2 + ϱ

2 
]︁∪[︁−ϱ

2 ,
ϱ
2 
]︁ ∪ [︁ 1

2 − ϱ
2 ,

1
2

]︁
, we choose ϱ1 ≪ ϱ2

4 . Then, h ∈ [T ](ϱ) according to (8) and (9). As a re
sult, P(ε,h)= 0 on this domain.

We will focus on: k ∈ [︁− 1
2 + ϱ

2 ,−ϱ
2 
]︁ ∪ [︁ϱ2 , 1

2 − ϱ
2 
]︁

and h such that |ω(k)− ω(h)| ≤ ϱ1ε
1/3

for some small ϱ1. Because |ω(k) − ω(h)| = |ω′(k′)||k − h| ≳ |k − h|, we consider h − k ∈
[−ϱ1ε

1/3, ϱ1ε
1/3] for some small ϱ1.

We perform the change of variables h → k − εξ ′ where ξ ′ ∈ [−ϱ1ε
−2/3, ϱ1ε

−2/3]. (73) be
comes

−Zε
16iπ

∫︂
R 

ϱ1ε
−2/3∫︂
−2/3

P(ε, k − εξ ′) 1 
(Z/2)2 + a2
−ϱ1ε
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×
{︂
Θ̃(ε(Z/2 + ia)− iω(k))L(F )(ε(Z/2 + ia)− iω(k))

+ Θ̃(ε(Z/2 + ia)+ iω(k))L(F )(ε(Z/2 + ia)+ iω(k))
}︂

× Θ̃(ε(Z/2 − ia)− iω(k)) 
Z/2 − ia − iε−1(ω(k)−ω(k − εξ ′))

dξ ′da. (76)

We approximate (76) using the derivative of ω, that is

−Zε
16iπ

∫︂
R 

ϱ1ε
−2/3∫︂

−ϱ1ε
−2/3

P(ε, k − εξ ′) 1 
(Z/2)2 + a2

×
{︂
Θ̃(ε(Z/2 + ia)− iω(k))L(F )(ε(Z/2 + ia)− iω(k))

+ Θ̃(ε(Z/2 + ia)+ iω(k))L(F )(ε(Z/2 + ia)+ iω(k))
}︂ Θ̃(ε(Z/2 − ia)− iω(k))

Z/2 − ia − iω′(k)ξ ′ dξ ′da.

(77)

We have ⃓⃓⃓
⃓ ε

Z/2 − ia − iε−1(ω(k)−ω(k − εξ ′))
− ε

Z/2 − ia −ω′(k)ξ ′

⃓⃓⃓
⃓

=
⃓⃓⃓
⃓ ω(k)−ω(k − εξ ′)+ω′(k)εξ ′

(Z/2 − ia − iε−1(ω(k)−ω(k − εξ ′)))(Z/2 − ia − iω′(k)ξ ′)

⃓⃓⃓
⃓ ,

and |ω(k)− ω(k − εξ ′)+ ω′(k)εξ ′| ≈ |ω′′(k′)(εξ ′)2| ≲ ϱ2
1ε

2/3. Besides, by Cauchy-Schwarz’s 
inequality, we have⃓⃓⃓

⃓ 1 
(Z/2 − ia − iε−1(ω(k)−ω(k − εξ ′)))(Z/2 − ia − iω′(k)ξ ′)

⃓⃓⃓
⃓

≲ 1 
|Z/2 − ia − iε−1(ω(k)−ω(k − εξ ′))|2 + 1 

|Z/2 − ia − iω′(k)ξ ′|2

≈ 1 
1 + |a + ε−1(ω(k)−ω(k − εξ ′))|2 + 1 

1 + |a +ω′(k)ξ ′|2 .

Next, by the estimate ∫︂
R 

da

(1 + a2)(1 + (a + b)2)
≲ 1 

1 + b2 , (78)

the difference (76) − (77) is estimated by

ϱ2
1ε

1/6−d

infk∈[ϱ/2−ϱ1,1/2−ϱ/2+ϱ1] |ω′(k)|
∫︂
R 

dx

1 + x2 ≲ ϱ2
1ε

1/6−d .
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In the latter estimate, we recall that d ∈ [0,1/6) so ε1/6−d tends to 0 as ε → 0.
We now estimate (77) for some small ϱ1. Using (C1), (C2) and (31), we only need to estimate

ε1/2−d
ϱ1/ε

1/3∫︂
−ϱ1/ε

1/3

dξ ′

|Z/2 − ia − iω′(k)ξ ′|

= ε1/2−d
ϱ1ε

−2/3∫︂
−ϱ1ε

−2/3

dξ ′√︁
Re(Z/2)2 + (ω′(k)ξ ′ + a − Im(Z/2))2

≲ ε1/2−d

ω′(k) 
arcsinh(x)

⃓⃓⃓
⃓ω

′(k)ϱ1ε
−2/3+a−Im(Z/2)

−ω′(k)ϱ1ε
−2/3+a−Im(Z/2)

≈ ε1/2−d log(ε−2/3). (79)

The limit of term (79) is 0. This implies that the term (73) also has limit 0.

4.3.6. The seventh scattering terms (64)
The seventh scattering terms are obtained in (53) using V IIε . We have a transformation for 

V IIε(t, k) using (30) and (41)

V IIε(t, k)= −1

ν

t∫︂
0 

F(t − s′)dΘ(s′)
t∫︂

0 

Θ∗
ω(t − s, k)F (s)ds

= −1

ν

t∫︂
0 

eiω(k)s
′
eiω(k)(t−s′)F (t − s′)dΘ(s′)

t∫︂
0 

(Θω)∗(t − s, k)e−iω(k)sF (s)ds

= −1

ν
((eiω(k)·Θ) ⋆ F ∗

k (t))((Θ
ω)∗ ⋆ Fk(t)).

Next, we compute L(V II (ε)ε )(Z, k − εξ/2) using the formula for the Laplace transform of a 
product

L(V II (ε)ε )(Z, k − εξ/2)

= −1 
2νiπ

lim 
L→∞

c+iL∫︂
c−iL

L((eiω(·)·Θ) ⋆ F ∗· (ε))(σ, k − εξ/2)L((Θω)∗ ⋆ F·(ε))(Z − ζ, k − εξ/2)dζ

= −ε2

2νiπ
lim 
L→∞

c+iL∫︂
c−iL

Θ̃(εζ − iω(k − εξ/2))L(F )(εζ − iω(k − εξ/2))

L((Θω)∗)(ε(Z − ζ ), k − εξ/2)L(F )(ε(Z − ζ )+ iω(k − εξ/2))dζ

= −ε
2νiπ

lim 
L→∞

c+iL∫︂
Θ̃(εζ − iω(k − εξ/2))L(F )(εζ − iω(k − εξ/2))
c−iL
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L((Θω)(ε)∗)(Z − ζ, k − εξ/2)L(F )(ε(Z − ζ )+ iω(k − εξ/2))dζ

= −ε
2νiπ

lim 
L→∞

c+iL∫︂
c−iL

Θ̃(εζ − iω(k − εξ/2))L(F )(εζ − iω(k − εξ/2))

Θ̃(ε(Z − ζ )+ iω(k − εξ/2))

Z − ζ
L(F )(ε(Z − ζ )+ iω(k − εξ/2))dζ. (80)

At the limit ε → 0, the term (80) gives

−1 
2νiπ

lim 
L→∞

c+iL∫︂
c−iL

|θ(k)|2|F(k)|2
Z − ζ

dζ.

Now, the integral is estimated using (45). We get

−|θ(k)|2|F(k)|2
2ν

. (81)

Expanding (81) in (53), the result is

|θ(k)|2|F(k)|2
2(Z + iω′(k)ξ)

.

4.4. Proof of Theorem 2

To prove the theorem, we first show that the kinetic limit of ψ1 in (32) and the kinetic limit 
of ψ in (21) give the same result. The growth of energy of ψ̂1 is at most linear, which is similar 
to ψ̂ . Meanwhile, the energy of ψ̂2 is decreasing. We use the bound on the initial condition (I2) 
and get the following estimate

lim sup
ε→0+

sup 
ξ∈T2/ε

∫︂
T

|Wε(Z, ξ, k)− W 1
ε (Z, ξ, k)|dk

= lim sup
ε→0+

sup 
ξ∈T2/ε

ε

2
Eε

⎡
⎣∫︂
T

⃓⃓⃓
⃓⃓⃓ ∞ ∫︂

0 

e−Zt
(︃
ψ̂(ε)(t, k + εξ

2 
)ψ̂(ε)∗(t, k − εξ

2 
)

−ψ̂1(ε)(t, k + εξ

2 
)ψ̂1(ε)∗(t, k − εξ

2 
)

)︃
dt

⃓⃓⃓
⃓dk

]︃

≤ lim sup
ε→0+

sup 
ξ∈T2/ε

ε

2
Eε

⎡
⎣ ∞ ∫︂

0 

e−ReZt
∫︂
T

⃓⃓⃓
⃓
(︃
ψ̂(ε)(t, k + εξ

2 
)ψ̂(ε)∗(t, k − εξ

2 
)

−ψ̂1(ε)(t, k + εξ
)ψ̂1(ε)∗(t, k − εξ

)

)︃
dt

⃓⃓⃓
⃓dk

]︃

2 2 
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≤ lim sup
ε→0+

sup 
ξ∈T2/ε

ε

2
Eε

⎡
⎣ ∞ ∫︂

0 

e−ReZt
∫︂
T

⃓⃓⃓
⃓ψ̂2(ε)(t, k + εξ

2 
)ψ̂2(ε)∗(t, k − εξ

2 
)dt

⃓⃓⃓
⃓dk

⎤
⎦

+ lim sup
ε→0+

sup 
ξ∈T2/ε

εEε

⎡
⎣ ∞ ∫︂

0 

e−ReZt
∫︂
T

⃓⃓⃓
⃓ψ̂2(ε)(t, k + εξ

2 
)ψ̂1(ε)∗(t, k − εξ

2 
)dt

⃓⃓⃓
⃓dk

⎤
⎦

≲
∞ ∫︂

0 

e−ReZt lim sup
ε→0+

εEε

⃦⃦⃦
ψ̂2(t/ε)

⃦⃦⃦
L2(T )

(︃⃦⃦⃦
ψ̂2(t/ε)

⃦⃦⃦
L2(T )

+
⃦⃦⃦
ψ̂1(t/ε)

⃦⃦⃦
L2(T )

)︃
dt

≲ ρ(ϱ)

⎛
⎝ρ(ϱ)+

t∫︂
0 

e−ReZt tdt

⎞
⎠≪ 1.

In this estimate, ρ(ϱ)2 is a bound for supε εEε∥ψ̂2∥2
L2 . We see that the limit ρ(ϱ) is 0 as ϱ tends 

to 0 by Dominated Convergence Theorem. If we denote W 1 to be the limit of W 1
ε , then for 

Ô∗ ∈ S (R×T ) we have

lim sup 
ε→0+

⃓⃓⃓
⃓⃓⃓
⃓
∫︂

R×T

Ô∗(ξ, k)W 1(Z, ξ, k)dξdk −
∫︂

R×T

Ô∗(ξ, k)Wε(Z, ξ, k)dξdk

⃓⃓⃓
⃓⃓⃓
⃓

≤

⃓⃓⃓
⃓⃓⃓
⃓
∫︂

R×T

Ô∗(ξ, k)W 1
ε (Z, ξ, k)dξdk −

∫︂
R×T

Ô∗(ξ, k)W 1(Z, ξ, k)dξdk

⃓⃓⃓
⃓⃓⃓
⃓

+

⃓⃓⃓
⃓⃓⃓
⃓
∫︂

R×T

Ô∗(ξ, k)W 1
ε (Z, ξ, k)dξdk −

∫︂
R×T

Ô∗(ξ, k)Wε(Z, ξ, k)dξdk

⃓⃓⃓
⃓⃓⃓
⃓

≲ ρ(ϱ).

With 34, we combine all results in Section 4.2.1, 4.2.2, 4.2.3, 4.3.1, 4.3.2, 4.3.3, 4.3.4, 4.3.5
and 4.3.6 to get

W 1(Z, ξ, k)= T |vg(k)|ra(k) 1 
Z(Z + iω′(k))ξ⏞ ⏟⏟ ⏞

(a) 

+ Ŵ0(ξ, k) 
Z + iω′(k)ξ⏞ ⏟⏟ ⏞

(b) 

+ (rt (k)− 1)
∫︂
R 

|vg(k)|Ŵ0(ξ
′, k)dξ ′

(Z + iω′(k)ξ)(Z + iω′(k)ξ ′)⏞ ⏟⏟ ⏞

(c) 
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+ rr (k)

∫︂
R 

|vg(k)|Ŵ0(ξ
′,−k)dξ ′

(Z + iω′(k)ξ)(Z − iω′(k)ξ ′)⏞ ⏟⏟ ⏞
(d) 

+|vg(k)|ra(k)|F(k)|2 1 
ν(Z + iω′(k)ξ)⏞ ⏟⏟ ⏞

(e) 

.

(82)

Hence, W (Z, ξ, k)= W 1(Z, ξ, k) since W 1 does not depend on ϱ.
To get W in the main theorem, we take the inverse Laplace and Fourier transform of each 

term. Let us make precise the technical computations as follows.
We first compute the inverse Laplace of term (a) of (82) with test function O

∫︂
R 

Ô∗(ξ, k)L−1
(︃

1 
Z(Z + iω′(k)ξ)

)︃
(t)dξ =

∫︂
R 

∫︂
R 

1 − e−i2πvg(k)tξ

i2πvg(k)η
ei2πxξO∗(x, k)dxdξ

=
∫︂
R 

O∗(x, k)
(︁
1[0,∞)(x)− 1[vg(k)t,∞)(x)

)︁
dx =

∫︂
R 

O∗(x)1[0,vg(k)t](x)dx. (83)

Term (b) of (82) can be computed as

∫︂
R 

Ô∗(ξ, k)L−1

(︄
Ŵ0(ξ, k) 

Z + iω′(k)ξ

)︄
(t)dξ =

∫︂
R 

∫︂
R 

e−i2πvg(k)tξ ei2πxξO∗(x, k)Ŵ0(ξ, k)dxdξ

=
∫︂
R 

O∗(x, k)W0(x − vg(k)t, k)dx. (84)

Term (c) of (82) is now computed

∫︂
R 

∫︂
R 

L−1

(︄
Ŵ0(ξ

′, k)Ô∗(ξ, k)|vg(k)| 
(Z + iω′(k)ξ ′)(Z + iω′(k)ξ)

)︄
(t)dξ ′dξ

=
∫︂
R 

∫︂
R 

ei2πxξO∗(x, k)|vg(k)|
∫︂
R 

(︂
e−i2πvg(k)ξ · ⋆ (e−i2πvg(k)ξ ′

Ŵ0(ξ
′, k))(t)

)︂
dξ ′dξdx

=
∫︂
R 

t∫︂
0 

|vg(k)|O∗(x, k)W0(−vg(k)(t − s), k)δ(x − vg(k)s)dsdx

=
∫︂
R 

O∗(x, k)W0(x − vg(k)t, k)1[0,vg(k)t](x)dx. (85)

Now, we calculate term (d)

∫︂ ∫︂
L−1

(︄
Ŵ0(ξ

′,−k)Ô∗(ξ, k)|vg(k)| 
(Z − iω′(k)ξ ′)(Z + iω′(k)ξ)

)︄
(t)dξ ′dξ
R R 
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=
∫︂
R 

∫︂
R 

ei2πxξO∗(x, k)|vg(k)|
∫︂
R 

(︂
e−i2πvg(k)ξ · ⋆ (ei2πvg(k)ξ ′

Ŵ0(ξ
′,−k))(t)

)︂
dξ ′dξdx

=
∫︂
R 

t∫︂
0 

|vg(k)|O∗(x, k)W0(vg(k)(t − s),−k)δ(x − vg(k)t)dsdx

=
∫︂
R 

O∗(x, k)W0(vg(k)t − x,−k)1[0,vg(k)t](x)dx. (86)

Finally, we develop term (e) of (82)

∫︂
R 

Ô∗(ξ, k)L−1
(︃

1 
Z + iω′(k)ξ

)︃
(t)dξ =

∫︂
R 

∫︂
R 

ei2π(x−vg(k)t)ξO∗(x, k)dξdx

=
∫︂
R 

O∗(x, k)δ(x − vg(k)t)dx.

We have proved that

lim
ε

⟨O,Wε(t)⟩N =
∫︂

R×T

O∗(x, k)W(t, x, k)dkdx

for any t and any O ∈ S (R×T ). The conclusion of the theorem follows.

5. Linear memory-feedback control - proof of Theorem 5 & Corollary 7

5.1. Preliminary computations

In this Section, we focus on the system dfined by (15) and (16). Assumption (L1) allows us 
to keep the control over the energy of the wave. We have the lemma.

Lemma 13. Consider the wave system governed by (15) and (16) with all the assumptions (I1) -
(I4), (σ1) - (σ3), (ω1) - (ω2) and (L1). There is a constant C6 such that

εEε∥ψ̂(ε)(t)∥2
L2(T )

≤ εEε∥ψ̂(ε)(0)∥2
L2(T )

+C6t.

Similar to Lemma 10, we use an Itô analysis for the proof of Lemma 13, the details will be 
given in Section A.4.2.

Recalling (4), we write (15), (16) as:

dψ̂(t, k)= −iω(k)ψ̂(t, k)dt + iF ⋆ α0(t)dt + i
√

2νT dR(t). (87)

Solving (87), we obtain
285 



A. Hannani, M.-N. Phung, M.-B. Tran et al. Journal of Differential Equations 426 (2025) 253--316 
ψ̂(t, k)= e−iω(k)t ψ̂(k)+ ie−iω(k)· ⋆ F ⋆ α0(t)+ i
√

2νT

t∫︂
0 

e−iω(k)(t−s)dR(s). (88)

Hence,

α0(t)=Ψ(t)+Cω ⋆ F ⋆ α0(t)+ √
2νT Cω ⋆ dR(t), (89)

where we have used the notation of (26). To solve (89), we dfine, formally,

Θ̃F (Z) := 1 
1 −L(F )(Z)L(Cω)(Z)

for Z ∈ C+.

We are going to see that Θ̃F is well dfined and is bounded, similarly to Θ̃. First, we infer 
from (20) that

θF (k) := lim 
Z→0

Θ̃F (Z − iω(k))= 1 

1 − F̂ ∗(ω(k)/2π) limZ→0 L(Cω)(Z − iω(k))
. (90)

Note that, limZ→0 L(Cω)(Z − iω(k)) = 1 
ν

(︂
1 

θ(k)
− 1

)︂
if θ(k) ≠ 0. By (L1), the limit 

limZ→0 Θ̃F (Z − iω(k)) exists. When θ(k) = 0, we have |L(Cω)(Z − iω(k))| → ∞, and we 
also get θF (k)= 0. Since θ(k) is dfined almost everywhere, so is θF (k).

The boundedness of Θ̃F (Z − iω(k)) comes from (L1) and it is satified almost everywhere. 

This can be proved as follows. By (L1), we get 
⃓⃓⃓
1 − F̂ (ω(k)/(2π))

ν

(︂
1 

θ(k)
− 1

)︂⃓⃓⃓
≥ C > 0, for a 

constant C. Indeed, the function Re(F̂ ) is bounded continuous and Re(F̂ (ω(k)/(2π))) < 0 so 
there exist C′,C′′ > 0 such that C′ ≥ |F̂ (ω(k)/(2π))| ≥ |Re(F̂ (ω(k)/(2π)))| ≥ C′′. Thus⃓⃓⃓

⃓⃓1 − F̂ (ω(k)/(2π))

ν

(︃
1 

θ(k)
− 1

)︃⃓⃓⃓⃓⃓= |F̂ (ω(k)/(2π))|
ν

⃓⃓⃓
⃓ ν

F̂ (ω(k)/(2π))
−
(︃

1 
θ(k)

− 1

)︃⃓⃓⃓
⃓

≥ C′′

ν

⃓⃓⃓
⃓Re

(︃
ν

F̂ (ω(k)/(2π))

)︃
− Re

(︃
1 

θ(k)
− 1

)︃⃓⃓⃓
⃓

≥ C′′

ν

ν(−Re(F̂ ))

|F̂ |2 ≥
(︃
C′′

C′

)︃2

> 0.

Similar to Lemma 12, we have another lemma for linear memory-feedback controls.

Lemma 14. 

Re(F̂ ∗(ω(k)/2π)θF (k))=
(︃

Re(F̂ (ω(k)/2π))− |F̂ (ω(k)/2π)|2 π

|ω′(k)|
)︃

|θF (k)|2.

As a consequence,

rFa (k)+ rFt (k)+ rFr (k)= 1 (91)
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for k ∈T almost everywhere.

The lemma is an immediate consequence of Lemma 11, we show the proof here.

Proof. Using (90), we get

F̂ ∗(ω(k)/2π)θF (k)

= F̂ ∗(ω(k)/2π) 

1 − F̂ ∗(ω(k)/2π) limε→0 L(Cω)(ε− iω(k))

= |F̂ (ω(k)/2π)|2 1 

F̂ (ω(k)/2π)− |F̂ (ω(k)/2π)|2 limε→0 L(Cω)(ε− iω(k))
.

From Lemma 11, we have Re(limε→0 L(Cω)(ε− iω(k)))= π
|ω′(k)| . Thus, using Re z= |z|2 Re 1

z
, 

the conclusion of the lemma follows. �
We introduce more notations. We write (88) in the form

ψ̂(t, k)= e−iω(k)t ψ̂(k)+ iΘF
ω ⋆ F ⋆ Ψ(t)+ i

√
2νTΘF

ω ⋆ R(t), (92)

where

ΘF
ω(t, k) :=

t∫︂
0 

e−iω(k)(t−s)ΘF (ds).

We will also consider

Θω
F (t, k) :=

t∫︂
0 

eiω(k)sΘF (ds)= eiω(k)tΘF
ω (t, k),

L((Θω
F )

(ε))(Z, k)= Θ̃F (εZ − iω(k))

Z
.

Using [T ](ϱ) dfined by (33), we dfine a truncation similar to (32):

ψ̂1(0, k)= ψ̂(k)χϱ(k), (93)

dψ̂1(t, k)=
⎧⎨
⎩−iω(k)ψ̂1(t, k)+ 1 

2i

∫︂
T

t∫︂
0 

F(s)[ψ̂1(t − s, k′)− ψ̂1∗(t − s, k′)]dsdk′
⎫⎬
⎭dt

+ i
√

2νT dR(t),

ψ̂2(0, k)= ψ̂(k)(1 − χϱ(k)),
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dψ̂2(t, k)=
⎧⎨
⎩−iω(k)ψ̂1(t, k)+ 1 

2i

∫︂
T

t∫︂
0 

F(s)[ψ̂2(t − s, k′)− ψ̂2∗(t − s, k′)]dsdk′
⎫⎬
⎭dt.

Similar to (32), for sufficiently small ϱ, ψ1 in (93) and ψ in (87) give the same kinetic limit. 
Therefore, in the scattering terms (Section 5.3), we only consider the situation where the initial 
state satifies (34).

5.2. Thermal term

Due to the independence between the initial wave and the thermostat, we simplify the com
putation of the thermal term by setting the initial wave to be 0. The thermal term in linear 
memory-feedback control is

νT

t∫︂
0 

(ΘF
ω )

(ε)(s, k + εξ/2)(ΘF
ω )

∗(ε)(s, k − εξ/2)ds.

In that case, we compute

Wε(Z, ξ, k)= νT

Z

∞ ∫︂
0 

e−(Z+iDε(k,ξ))sΘω
F

(︂
ε−1s, k + εξ/2

)︂
(Θω

F )
∗ (︂ε−1s, k − εξ/2

)︂
ds

= νT

Z

1 
2πi

lim 
L→∞

c+iL∫︂
c−iL

Θ̃F (εζ − iω(k + εξ/2))Θ̃∗
F (ε(Z + iDε(k, ξ)− ζ )− iω(k − εξ/2))

ζ(Z + iDε(k, ξ)− ζ ) 
dζ.

Taking the limit ε → 0 and using (45), we obtain

νT |θF (k)|2
Z(Z + iω′(k)ξ)

= νT |vg(k)|rFa (k) 
Re(F̂ (ω(k)/(2π)))Z(Z + iω′(k)ξ)

.

5.3. Scattering terms

For scattering terms, we consider T = 0. The derivative of the Wigner transform is given by

∂t Ŵε(t, ξ, k)= −iDε(k, ξ)Ŵε(t, ξ, k)

+Eε

[︂
i(F ⋆ Ψ)(ε)(t)ψ̂(ε)∗(t, k − εξ/2)− i(F ⋆ Ψ)(ε)(t)ψ̂(ε)(t, k + εξ/2)

]︂
.

Using the Laplace transform we obtain

(Z + iDε(k, ξ))Wε(Z, ξ, k)= Ŵε(ξ, k) (94)

+ SIε (Z, k − ε, ξ/2,F )+ SI∗ε (Z, k + ε, ξ/2,F ) (95)

+ SIIε (Z, k − ε, ξ/2,F )+ SII∗ε (Z, k + ε, ξ/2,F ), (96)
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where SIε and SIIε will be dfined in (97) and (98).

5.3.1. The ballistic term (94)
The ballistic term is unchanged with respect to (65). The term only involves the initial condi

tion of the wave, neither the control nor the thermostat affects this term.

5.3.2. The first scattering term (95)
The first scattering term is given by

Iε(t, k,F ) := ieiω(k)t

t∫︂
0 

⟨F ⋆Ψ(t − s)ψ̂∗(k)⟩μεdΘF (s)

= 1

2

t∫︂
0 

∫︂
T

t−s∫︂
0 

F(s′)⟨ψ̂∗(k)ψ̂(h)⟩μεei(ω(k)−ω(h))t+iω(h)(s+s
′)ds′dhdΘ(s),

and

SIε (Z, k,F ) := L(I (ε)ε )(Z, k,F ). (97)

We have

SIε (Z, k,F )= ε

2

∞ ∫︂
0 

e−εZt
t∫︂

0 

∫︂
T

t−s∫︂
0 

F(s′)⟨ψ̂∗(k)ψ̂(h)⟩μεei(ω(k)−ω(h))t+iω(h)(s+s
′)ds′dhdΘ(s)dt

= ε

2

∫︂
T

⟨ψ̂∗(k)ψ̂(h)⟩με
∞ ∫︂

0 

F(s′)
∞ ∫︂

0 

∞ ∫︂
s+s′

e−εZt ei(ω(k)−ω(h))t+iω(h)(s+s′)dtdΘ(s)ds′dh

= ε

2

∫︂
T

⟨ψ̂∗(k)ψ̂(h)⟩με
λε+ i(ω(h)−ω(k))

∞ ∫︂
0 

F(s′)
∞ ∫︂

0 

e−εZ(s+s′)eiω(k)(s+s′)dΘ(s)ds′dh

= ε

2

∫︂
T

⟨ψ̂∗(k)ψ̂(h)⟩με
λε+ i(ω(h)−ω(k))

L(F )(εZ − iω(k))Θ̃F (εZ − iω(k))dh.

Changing the variables from k to k′ − εξ ′/2 and h to k′ + εξ ′/2, we call the new domain 
Tε ⊂ T2/ε ×T . We get

∫︂
R×T

Ô∗(ξ, k + εξ/2)S1
ε (Z, k,F )

Z + iD+
ε (k, ξ) 

dξdk

=
∫︂ ∫︂

Ŵε(ξ
′, k′)L(F )(εZ − iω(k′ − εξ/2))Θ̃F (εZ − iω(k′ − εξ ′/2))Ô∗(ξ, k′ + εξ/2 − εξ ′/2)

(εZ + i(ω(k′ + εξ ′/2)−ω(k′ − εξ ′/2)))(Z + iD+
ε (k′ − εξ ′/2, ξ)) 

dξ ′dξdk

R Tε
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ε→0 −→
∫︂

R2×T

Ŵ0(ξ
′, k′)F̂ ∗(ω(k′)/(2π))θF (k)Ô∗(ξ, k′)
(Z + iω′(k′)ξ)(Z + iω′(k′)ξ ′) 

dξ ′dξdk.

Similarly, we have

∫︂
R×T

Ô∗(ξ, k − εξ/2)SI∗ε (Z, k,F )

Z + iD−
ε (k, ξ) 

dξdk

ε→0 −→
∫︂

R2×T

Ŵ ∗
0 (ξ

′, k′)F̂ (ω(k′)/(2π))θ∗
F (k)Ô

∗(ξ, k′)
(Z + iω′(k′)ξ)(Z − iω′(k′)ξ ′) 

dξ ′dξdk.

Taking the sum and using the fact that Ŵ ∗
0 (η, k)= Ŵ0(−η, k), we get the limit of the first scat

tering term

∫︂
R2×T

Re
(︂
F̂ ∗(ω(k)/(2π))θF (k)

)︂ Ŵ0(ξ
′, k)O∗(ξ, k) 

(Z + iω′(k)ξ ′)(Z + iω′(k)ξ)
dξ ′dξdk.

5.3.3. The second scattering term (96)
The second scattering term is given by

IIε(t, k,F ) :=
t∫︂

0 

t∫︂
0 

ΘF
ω(t − s, k)⟨F ⋆Ψ(s)F ⋆ Ψ(t − s′)⟩μεdsdΘ(s′),

and

SIIε (Z, k,F ) := L(II (ε)ε )(Z, k,F ). (98)

We compute

ReSIIε (Z, k,F )= ReL(II (ε)ε )(Z, k,F )

= ε2Z

t∫︂
0 

e−εZt
⟨︄⎛⎝ t∫︂

0 

cos(ω(k)s)(ΘF ⋆ F ⋆ Ψ)(s)ds

⎞
⎠

×
⎛
⎝ t∫︂

0 

cos(ω(k)s)(ΘF ⋆ F ⋆ Ψ)(s)ds

⎞
⎠⟩︄

με

dt (99)

+ ε2Z

t∫︂
e−εZt

⟨︄⎛⎝ t∫︂
sin(ω(k)s)(ΘF ⋆ F ⋆ Ψ)(s)ds

⎞
⎠

0 0 
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×
⎛
⎝ t∫︂

0 

sin(ω(k)s)(ΘF ⋆ F ⋆ Ψ)(s)ds

⎞
⎠⟩︄

με

dt. (100)

Let us analyze (99). (100) can be treated similarly.
We write

ε2Z

2 

∞ ∫︂
0 

e−εZt
t∫︂

0 

t∫︂
0 

cos(ω(k)s) cos(ω(k)s′)
s∫︂

0 

s′∫︂
0 

×
∫︂
T 2

e−iω(h)(s−u)eiω(h′)(s′−u′)
⟨︂
ψ̂(h)ψ̂∗(h′)

⟩︂
με
dh′dhdΘF ⋆ F(u

′)dΘF ⋆ F(u)ds
′dsdt

= εZ

4π

∫︂
R 

∫︂
T 2

ε
⟨︂
ψ̂(h)ψ̂∗(h′)

⟩︂
με

∞ ∫︂
0 

∞ ∫︂
0 

eia(t−t ′)e−εZ(t+t ′)/2

t∫︂
0 

t∫︂
0 

cos(ω(k)s) cos(ω(k)s′)

×
s∫︂

0 

s′∫︂
0 

e−iω(h)(s−u)eiω(h′)(s′−u′)dΘF ⋆ F(u
′)dΘF ⋆ F(u)ds′dsdt ′dtdh′dhda

= εZ

4π

∫︂
R 

∫︂
T 2

ε
⟨︂
ψ̂(h)ψ̂∗(h′)

⟩︂
με
A(h, k,λ,F )A∗(h′, k, λ,F )dh′dhda, (101)

in which

A(h, k,Z,F ) :=
∞ ∫︂

0 

cos(ω(k)s)

s∫︂
0 

e−iω(h)(s−u)
∞ ∫︂
s

e(−εZ/2+ia)t dtdΘF ⋆ F(u)ds

= 1 
2(εZ/2 − ia)

L(F )(εZ/2 − ia − iω(k))Θ̃F (εZ/2 − ia − iω(k))

εZ/2 − ia − i(ω(k)−ω(h)) 
(102)

+ 1 
2(εZ/2 − ia)

L(F )(εZ/2 − ia + iω(k))Θ̃F (εZ/2 − ia + iω(k))

εZ/2 − ia + i(ω(k)+ω(h)) 
,

(103)

and A∗ is dfined in a similar manner, that is

A∗(h′, k,Z,F ) := 1 
2(εZ/2 + ia)

L(F )(εZ/2 + ia + iω(k))Θ̃F (εZ/2 + ia + iω(k))

εZ/2 + ia + i(ω(k)−ω(h′)) 
(104)

+ 1 
2(εZ/2 + ia)

L(F )(εZ/2 + ia − iω(k))Θ̃F (εZ/2 + ia − iω(k))

εZ/2 + ia − i(ω(k)+ω(h′)) 
.

(105)
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We will see that among the four terms in the expansion of (101), these are the products be
tween (102) or (103) and (104) or (105), only the term generated by (102) and (104) contributes 
to the high frequency limit. To derive the limit, we need some lemmas.

Lemma 15. The following limit holds true

lim 
ε→0

1

ε

∫︂
R 

1 
(Z/2)2 + a2

∫︂
T 3

⃓⃓⃓
⃓⟨︂ψ̂(h)ψ̂∗(h′)

⟩︂
με

⃓⃓⃓
⃓

×
⃓⃓⃓
⃓⃓L(F )(εZ/2 − iεa − iω(k))Θ̃F (εZ/2 − iεa − iω(k))

Z/2 − ia − iε−1(ω(k)−ω(h)) 

⃓⃓⃓
⃓⃓

×
⃓⃓⃓
⃓⃓L(F )(εZ/2 + iεa − iω(k))Θ̃F (εZ/2 + iεa − iω(k))

Z/2 + ia − iε−1(ω(k)+ω(h′)) 

⃓⃓⃓
⃓⃓dh′dhdkda = 0

The proof of the lemma will be provided later in Section A.2. To use Lemma 15, we change 
a into εa in (101). Therefore,

Z

16πε

∫︂
R 

1 
(Z/2)2 + a2

∫︂
T 2

ε
⟨︂
ψ̂(h)ψ̂∗(h′)

⟩︂
με

× L(F )(εZ/2 − iεa − iω(k))Θ̃F (εZ/2 − iεa − iω(k))

Z/2 − ia − iε−1(ω(k)−ω(h)) 

× L(F )(εZ/2 + iεa + iω(k))Θ̃F (εZ/2 + iεa + iω(k))

Z/2 + ia + iε−1(ω(k)−ω(h′)) 
dh′dhda

is the only term contributing in the limit. By changing the variables from h into k′ + εξ ′/2 and 
h′ into k′ − εξ ′/2, we need to evaluate

Z

16π

∫︂
R×T2/ε

1 
(Z/2)2 + a2

∫︂
T×T 2

ε

Ŵε(ξ
′, k′) 

Z/2 − ia − iε−1(ω(k)−ω(k′ + εξ ′/2))

×
⃓⃓⃓
L(F )(εZ/2 − iεa − iω(k))Θ̃F (εZ/2 − iεa − iω(k))

⃓⃓⃓2
Ô∗(ξ, k + εξ/2)

(Z/2 + ia + iε−1(ω(k)−ω(k′ − εξ ′/2)))(Z + iD+
ε (k, ξ)) 

dk′dξ ′dkdξda.

In the integral, we have the set T 2
ε =

{︂
(ξ ′, k′) : |ξ ′| ≤ ρ

2100ε
, |k′| ≤ 1−ε|ξ ′|

2 

}︂
⊂ T2/ε ×T , where ρ

is in (34). By Assumption (I3), if |ξ ′| > ρ

2100ε
, then |Ŵε| ≲ ε3/2; it makes the whole term tends 

to 0.
We dfine

I±(Z, ε,F )
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= Z

32π

∫︂
R×T2/ε

1 
(Z/2)2 + a2

∫︂
T 3
ε,±

Ŵε(ξ
′,±k + εξ ′′/2) 

Z/2 − ia − iε−1(ω(k)−ω(k ± ε(ξ ′ + ξ ′′)/2))

×
⃓⃓⃓
L(F )(εZ/2 − iεa − iω(k))Θ̃F (εZ/2 − iεa − iω(k))

⃓⃓⃓2
Ô∗(ξ, k + εξ/2)

(Z/2 + ia + iε−1(ω(k)−ω(k ∓ ε(ξ ′ − ξ ′′)/2)))(Z + iD+
ε (k, ξ)) 

dξ ′′dξ ′dkdξda.

In this integral,

T 3
ε,± =

{︂
(k, ξ ′, ξ ′′) : k ∈T , |ξ ′| ≤ ϱ

250ε
, |k ± εξ ′′/2| ≤ 1 − ε|ξ ′|

2 
,

signk = sign(k ± ε(ξ ′ + ξ ′′)/2)
}︂
,

where we have used the change of variables k′ → ±k + εξ ′′/2.
We also dfine the following integrals

I(1)± (Z, ε,F ) := Z

32π

∫︂
R×T2/ε

1 
(Z/2)2 + a2

∫︂
T 3
ε,±

Ŵε(ξ
′,±k + εξ ′′/2) 

Z/2 − ia ± iω′(k)(ξ ′ + ξ ′′)/2

×
⃓⃓⃓
L(F )(εZ/2 − iεa − iω(k))Θ̃F (Zε/2 − iεa − iω(k))

⃓⃓⃓2
Ô∗(ξ, k + εξ/2)

(Z/2 + ia + iε−1(ω(k)−ω(k ∓ ε(ξ ′ − ξ ′′)/2)))(Z + iD+
ε (k, ξ)) 

dξ ′′dξ ′dkdξda;

I(2)± (Z, ε,F ) := Z

32π

∫︂
R×T2/ε

1 
(Z/2)2 + a2

∫︂
T 3
ε,±

Ŵε(ξ
′,±k + εξ ′′/2) 

Z/2 − ia ± iω′(k)(ξ ′ + ξ ′′)/2

×
⃓⃓⃓
L(F )(εZ/2 − iεa − iω(k))Θ̃F (εZ/2 − iεa − iω(k))

⃓⃓⃓2
Ô∗(ξ, k + εξ/2)

(Z/2 + ia ± iω′(k)(ξ ′ − ξ ′′)/2)(Z + iD+
ε (k, ξ)) 

dξ ′′dξ ′dkdξda;

I(3)± (Z, ε,F ) := Z

32π

∫︂
R×T2/ε

1 
(Z/2)2 + a2

∫︂
T 3
ε,±

Ŵε(ξ
′,±k + εξ ′′/2) 

Z/2 − ia ± iω′(k)(ξ ′ + ξ ′′)/2

×
⃓⃓⃓
F̂ (ω(k)/(2π))θF (k)

⃓⃓⃓2
Ô∗(ξ, k + εξ/2) 

(Z/2 + ia ± iω′(k)(ξ ′ − ξ ′′)/2)(Z + iD+
ε (k, ξ))

dξ ′′dξ ′dkdξda;

I(4)± (Z,F ) := Z

32π

∫︂
R2

1 
(Z/2)2 + a2

∫︂
T×R2

Ŵ0(ξ
′,±k) 

Z/2 − ia ± iω′(k)(ξ ′ + ξ ′′)/2

×
⃓⃓⃓
F̂ (ω(k)/(2π))θF (k)

⃓⃓⃓2
Ô∗(ξ, k) 

′ ′ ′′ ′ dξ ′′dξ ′dkdξda.

(Z/2 + ia ± iω (k)(ξ − ξ )/2)(Z + iω (k)ξ)
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Lemma 16. We have the following approximations

lim 
ε→0

⃓⃓⃓
I±(Z, ε,F )− I(1)± (Z, ε,F )

⃓⃓⃓
= 0; (106)

lim 
ε→0

⃓⃓⃓
I(1)± (Z, ε,F )− I(2)± (Z, ε,F )

⃓⃓⃓
= 0; (107)

lim 
ε→0

⃓⃓⃓
I(2)± (Z, ε,F )− I(3)± (Z, ε,F )

⃓⃓⃓
= 0; (108)

lim 
ε→0

⃓⃓⃓
I(3)± (Z, ε,F )− I(4)± (Z,F )

⃓⃓⃓
= 0. (109)

As a consequence,

lim 
ε→0

I±(Z, ε,F )= I(4)± (Z,F ).

Lemma 17. 

lim 
ε→0

∫︂
R×T

ImSIIε (Z, k,F )

(︄
Ô∗(ξ, k + εξ/2)

Z + iD+
ε (k, ξ) 

− Ô∗(ξ, k − εξ/2)

Z + iD−
ε (k, ξ) 

)︄
dξdk = 0.

The proofs of Lemma 16 and Lemma 17 will be given in Section A.3.
We apply to I(4)± the following identity

∫︂
R 

dz

(z− z+)(z− z−)
= 2πi

z+ − z−
when Im(z+) > 0 > Im(z−).

The variable z is a∓ω′(k)ξ ′′ in our case, dξ ′′ is integrated out first. Then, we also integrate with 
respect to a:

I(4)± (λ,F )= Z

16

∫︂
R2

1 
(Z/2)2 + a2

∫︂
T×R

|F̂ (ω(k)/(2π))|2|θF (k)|2Ŵ0(ξ
′,±k)Ô(ξ, k)

|ω′(k)|(Z ± iω(k)ξ ′)(Z + iω′(k)ξ) 
dξ ′dkdξda

=
∫︂

T×R2

|F̂ (ω(k)/(2π))|2|θF (k)|2Ŵ0(ξ
′,±k)Ô(ξ, k)

16|vg(k)|(Z ± iω(k)η′)(Z + iω′(k)ξ) 
dξ ′dkdξ.

By repeating these steps, the term (100) will produce the same result as (99). That concludes the 

computation for SIIε (Z, k,F ). We also have the same result for Ô
∗(k−εξ/2) 

Z+iD−
ε (k,ξ)

, so the result gets 
doubled. The second scattering term limit is

∫︂
2

|F̂ (ω(k)/(2π))|2|θF (k)|2Ŵ0(ξ
′, k)Ô(ξ, k)

4|vg(k)|(Z + iω(k)ξ ′)(Z + iω′(k)ξ) 
dξ ′dξdk
T×R
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+
∫︂

T×R2

|F̂ (ω(k)/(2π))|2|θF (k)|2Ŵ0(ξ
′,−k)Ô(ξ, k)

4|vg(k)|(Z − iω(k)ξ ′)(Z + iω′(k)ξ) 
dξ ′dξdk.

5.4. Proof of Theorem 5

The technical detail for this part is similar to that of the impulsive control. We see that (83), 
(84), (85), and (86) do not depend on the rates. Thus, we do not repeat the same arguments to 
obtain the conclusion of Theorem 5 even though the rates are different.

5.5. Proof of Corollary 7

In this section, we show how to design controls that asymptotically steer the system to some 
desired rates (ra, rt , rr ) in the kinetic limit. First, we state some basic properties that the rates 
must satisfy and the implications in finding a control.

(1) By (17), (18), and (19), the target rates must be dfined when ω′(k) ≠ 0. Hence the domain 
of definition is (−1/2,0)∪ (0,1/2). Since ω(·) is an even function, the three rates are even 
functions. We reduce the domain of definition to the positive branch (0,1/2). This explains 
Assumption (H1).

(2) By (91), the sum of the three rates is 1, that is why we have Assumption (H2) for the target 
rates. Hence, we only need to know two among the three rates (ra, rt , rr ). We focus on rt
and rr .

(3) All the rates are positive functions, i.e. rFa , r
F
t , r

F
r > 0. For the target rates, we assume a 

stronger positivity, which is Assumption (H3).
(4) Recall the Lemma 11: for k ∈ (0,1/2), we have

lim 
Z→0

L(Cω)(Z − iω(k))

= π

|ω′(k)| + i

⎛
⎜⎝

1/2∫︂
0 

dh 
ω(k)+ω(h)

+ log
ω(k)−ωmin

ωmax −ω(k)
+ Cω,0(ω(k))

|ω′(k)| 

⎞
⎟⎠ ,

where Cω,0 is a continuous, bounded and real-valued function. Because of the continuity of 
F̂ , we deduce that the rates are continuous on (0,1/2). This means the target rates need to 
be continuous on (0,1/2), or target rates need to meet Assumption (H4).

(5) By the triangular inequality, we have

√︂
rFt (k)+

√︂
rFr (k)=

⃓⃓⃓
⃓⃓1 + F̂ ∗(ω(k)/(2π))θF (k)

2|vg(k)| 

⃓⃓⃓
⃓⃓+

⃓⃓⃓
⃓⃓ F̂ ∗(ω(k)/(2π))θF (k)

2|vg(k)| 

⃓⃓⃓
⃓⃓≥ 1.

(110)

This corresponds to Assumption (H5) on the target rates.

To sum up, we consider two continuous functions rt , rr on (0,1/2) such that rt (k) + rr (k) ≤
1 − c1 and 

√
rt (k)+ √

rr (k)≥ 1. These are Assumptions (H1) - (H5).
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We dfine

RE(k) := |vg(k)| (rt (k)− rr (k)− 1) ∀k ∈ (0,1/2).

It follows from (18) and (19) that RE(k)= Re(F̂ (ω(k)/(2π))θF (k)).
We also dfine

IM(k) :=
√︂

4|vg(k)|2rr (k)−RE(k)2 ∀k ∈ (0,1/2),

which is well-defined because, using (110),

4|vg(k)|2rr (k)−RE(k)2 = |vg(k)|2(
√︁
rt (k)+√︁rr (k)− 1)(

√︁
rt (k)−√︁rr (k)+ 1)

× (−√︁rt (k)+√︁rr (k)+ 1)(
√︁
rt (k)+√︁rr (k)+ 1)≥ 0.

Finally, we dfine a complex-valued function FT (k), which corresponds to F̂ (ω(k)/ 
(2π))θF (k) by

FT (k) :=RE(k)+ iIM(k) ∀k ∈ (0,1/2).

By (90), the function corresponding to θF (k) is dfined by

TH(k) := 1 + FT (k) lim 
Z→0

L(Cω)(Z − iω(k)).

We claim that |TH(k)| ≥ c1/4 for any k ∈ (0,1/2). To prove this claim, we consider two cases: 
either Im(limλ→0 L(Cω)(λ− iω(k)))≥ 0 or Im(limλ→0 L(Cω)(λ− iω(k))) < 0. In the first case,

Re(T H(k))= 1 +RE(k)Re( lim 
Z→0

L(Cω)(Z − iω(k)))+ IM(k) Im( lim 
Z→0

L(Cω)(Z − iω(k)))

≥ 1 − 1 + rr (k)− rt (k)

2 
= 1 + rt (k)− rr (k)

2 
≥ rt (k)+ c1/2.

In the second case, we have either

|IM(k) Im( lim 
Z→0

L(Cω)(Z − iω(k)))| ≤ 1 + rt (k)− rr (k)

4 

⇒ Re(T H(k))≥ 1 + rt (k)− rr (k)

4 
≥ rt (k)

2 
+ c1

4 
,

or

|IM(k) Im( lim 
Z→0

L(Cω)(Z − iω(k)))|> 1 + rt (k)− rr (k)

4 
,

and then
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Im(T H(k))=RE(k) Im( lim 
Z→0

L(Cω)(Z − iω(k)))+ IM(k)Re( lim 
Z→0

L(Cω)(Z − iω(k)))

>
√︁
(1 + rr (k)− rt (k))(1 + rt (k)− rr (k))/

√
2 ≥

√
c1 + 2rt (k)

√
c1 + 2rr (k)√

2
.

The claim is proved. In particular, TH(k) ≠ 0 for every k ∈ (0,1/2), so we can dfine F̄ (u) :=
FT (ϕ+(u))/T H(ϕ+(u)), u ∈ (ωmin,ωmax), which corresponds to F̂ ∗(ω(k)/2π).

The next step consists of computing the inverse Fourier of F̄ . We recall that the control func
tion F is real-valued and is only dfined on [0,+∞). It is more convenient to use the half-line 
Fourier transform dfined by

f c(s)=
∞ ∫︂

0 

f (t) cos(st)dt,

f s(s)=
∞ ∫︂

0 

f (t) sin(st)dt,

for all f ∈ L1([0,+∞))∩L2([0,+∞)). We obtain f c, f s ∈ L2([0,+∞)). It is also possible to 
dfine the inverses in the case the transformed functions are also in L1 by

f (x)= 2 
π

∞ ∫︂
0 

∞ ∫︂
0 

f (t) cos(st)dt cos(sx)ds,

f (x)= 2 
π

∞ ∫︂
0 

∞ ∫︂
0 

f (t) sin(st)dt sin(sx)ds.

By (20), if there is a control F ∈ L1, we have

lim 
Z→0

L(F )(Z + iω)= Fc(ω)− iF s(ω).

We see that Re(F̄ ) and Im(F̄ ) correspond to Fc and F s , respectively. Thus, the existence of F
depends on whether we have

∞ ∫︂
0 

Re(F̄ (u)) cos(ut)du=
∞ ∫︂

0 

Im(F̄ (u)) sin(ut)du,

for all t > 0. This happens because if F exists, then both sides equal π2 F(t). Therefore, on the 
target rates, we expect them to satisfy Assumptions (H1) - (H6).

For a triple of rates that satisfy Assumptions (H1) - (H6), let us design an explicit control 
function F by
297 



A. Hannani, M.-N. Phung, M.-B. Tran et al. Journal of Differential Equations 426 (2025) 253--316 
F(t)= 2 
π

∞ ∫︂
0 

Re(F̄ (u)) cos(ut)du.

It is easy to see that F̄ is continuous. Therefore,

dn

dtn
F (t)= 2 

π

∞ ∫︂
0 

Re(F̄ (u))
dn

dtn
cos(ut)du

are continuous for all n. This means that F must belong to C∞(0,+∞). We also note that 
|F̄ | ≤ 8|vg(k)|rr (k)

c1
and F̄ is supported on [ωmin,ωmax], in particular F̄ ∈ L2(0,+∞), and thus 

also F ∈ L2(0,+∞).
We dfine a family of function FN ∈ C∞

c ⊂ C∞ ∩ Lm,m ≥ 1. For each N ∈ N , FN is the 
product of F with a smooth function with values in [0,1] such that it is equal to 1 on [0,N]
and to 0 on [N + 1,+∞). It is clear that FN converges to F in L2. Thus, Fc

N,F
s
N converge to 

Fc = Re(F̄ ),F s = Im(F̄ ) in L2, respectively. Taking a subsequence if necessary, we obtain a 
family FN such that F̂ ∗

N(·/2π) converges almost everywhere to F̄ . We have

FT (k)= F̄ (ω(k)) 

1 − F̄ (ω(k)) limZ→0 L(Cω)(Z − iω(k))

and

F̂ ∗
N(ω(k)/2π)θF (k)= F̂ ∗

N(ω(k)/2π) 

1 − F̂ ∗
N(ω(k)/2π) limZ→0 L(Cω)(Z − iω(k))

.

Hence, F̂ ∗
N(ω(k)/2π)θF (k) converges almost everywhere to FT (k). We also have

rr (k)= RE(k)2 + IM(k)2

4|vg(k)|2 = |FT (k)|2
4|vg(k)|2 ,

rt (k)= 1 + RE(k) 
|vg(k)| + rr (k)= 1 + Re(FT (k))

|vg(k)| + |FT (k)|2
4|vg(k)|2 .

By (18) and (19), we get that rFNt , r
FN
r converge almost everywhere to rt , rr on (0,1/2). By (H1) 

and (H2), the result is extended to all three rates on the whole T , i.e. rFNa , r
FN
t , r

FN
r converge 

almost everywhere to ra, rt , rr on T .
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Appendix A. Proofs of the lemmas

A.1. Proof of Lemma 11

Recalling (27), we have

lim 
Z→0

L(Cω)(Z − iω(k))= lim 
Z→0

∫︂
T

Z − iω(k) 
(Z − iω(k))2 +ω(h)

dh

=1

2

⎛
⎝ lim 
Z→0

∫︂
T

dh 
Z − iω(k)+ iω(h)

+ lim 
Z→0

∫︂
T

dh 
Z − iω(k)− iω(h)

⎞
⎠

= i

2

⎛
⎝ lim 
Z→0

∫︂
T

dh 
iZ +ω(k)−ω(h)

+
∫︂
T

dh 
ω(k)+ω(h)

⎞
⎠ .

Due to the symmetry of T in both integrals, we get

i

⎛
⎜⎝ lim 
Z→0

1/2∫︂
0 

dh 
iZ +ω(k)−ω(h)

+
1/2∫︂
0 

dh 
ω(k)+ω(h)

⎞
⎟⎠ .

It is therefore enough to compute the limit of the first integral. We change the variable ω(h)→w, 
the integral becomes

ωmax∫︂
ωmin

dw

ω′(ϕ+(w))(iZ +ω(k)−w)
,

where ϕ+ is dfined in (ω2). For u ∈ (ωmin,ωmax), we dfine

Cω,0(u) := lim 
Z→0

ωmax∫︂
ωmin

(ω′(ϕ+(u))−ω′(ϕ+(w)))dw
ω′(ϕ+(w))(iZ + u−w) 

=
ωmax∫︂
ωmin

(ω′(ϕ+(u))−ω′(ϕ+(w)))dw
ω′(ϕ+(w))(u−w) 

.

When both u,w are close to each other and close to ωmin or ωmax, then Assumption (ω2) ensures 
that

|ω′(ϕ+(u))−ω′(ϕ+(w))| =
⃓⃓⃓
⃓ 1 
ϕ′+(u)

− 1 
ϕ′+(w)

⃓⃓⃓
⃓≈ |√u− √

w| ≤ |u−w|/(2√
ωmin).

In the case both u,w are not close to the ωmin and ωmax, then for Z : |Z|< |u−w|/2

⃓⃓⃓
⃓ω′(ϕ+(u))−ω′(ϕ+(w))

⃓⃓⃓
⃓≲ ⃓⃓ϕ′+(w′)ω′′(ϕ+(w′))

⃓⃓
≲ 1,
iZ + u−w
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which is due to the fact that w′ lies between u,w which are far from ωmin,ωmax. Since ∫︁ ωmax
ωmin

dw/ω′(ϕ+(w)) = ∫︁ 1/2
0 dh = 1/2 we apply Dominated Convergence Theorem to see that 

Cω,0 is well-defined and bounded. Again, by Dominated Convergence Theorem, Cω,0 is a con
tinuous function.

To conclude, we compute

lim 
Z→0

ωmax∫︂
ωmin

dω

iZ +ω(k)−w

= lim 
Z→0

(ω(k)+Im(Z)−ωmax)/Re(Z)∫︂
(ω(k)+Im(Z)−ωmin)/Re(Z) 

(−w+ i)dω

1 +w2

= lim 
Z→0

(︂
log
√︁

1 +w2
⃓⃓(ω(k)+Im(Z)−ωmin)/Re(Z)
(ω(k)+Im(Z)−ωmax)/Re(Z) − i arctanw

⃓⃓(ωmax−ω(k)−Im(Z))/Re(Z)
(ωmin−ω(k)−Im(Z))/Re(Z)

)︂
= log

ω(k)−ωmin

ωmax −ω(k)
− iπ.

A.2. Proof of Lemma 15

Changing the variables from h into k′ + εξ ′/2 and h′ into k′ − εξ ′/2, we estimate

lim 
ε→0

∥F̂∥2∞∥Θ̃F ∥2∞
ε

∫︂
R 

1 
(Z/2)2 + a2

∫︂
T×T 2

ε

⃓⃓⃓
⃓⃓ Ŵε(ξ

′, k′) 
Z/2 − ia − iε−1(ω(k)−ω(k′ + εξ ′/2))

⃓⃓⃓
⃓⃓

× 1 
|Z/2 + ia − iε−1(ω(k)+ω(k′ − εξ ′/2))|dξ

′dk′dkda.

Using the identity

1 
(Z/2 − iu)(Z/2 + iv)

=
(︃

1 
Z/2 − iu

+ 1 
Z/2 + iv

)︃
1 

Z − i(u− v)

we only have to estimate

lim 
ε→0

∥F̂∥2∞∥Θ̃F ∥2∞
ε

∫︂
R 

1 
(Z/2)2 + a2

×
∫︂

T 2×T2/ε

⃓⃓⃓
⃓⃓ Ŵε(ξ

′, k′) 
Z − iε−1(2ω(k)−ω(k′ − εξ ′/2)+ω(k′ + εξ ′/2))

⃓⃓⃓
⃓⃓

× 1 
−1 ′ ′ dξ ′dk′dkda (111)
|Z/2 − ia − iε (ω(k)−ω(k + εξ /2))|
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+ ∥F̂∥2∞∥Θ̃F ∥2∞
ε

∫︂
R 

1 
(Z/2)2 + a2

∫︂
T 2×T2/ε⃓⃓⃓

⃓⃓ Ŵε(ξ
′, k′) 

Z − iε−1(2ω(k)−ω(k′ − εξ ′/2)+ω(k′ + εξ ′/2))

⃓⃓⃓
⃓⃓

× 1 
|Z/2 + ia − iε−1(ω(k)+ω(k′ − εη′/2))|dη

′dk′dkda. (112)

Recalling that |ξ ′|< ϱ

2100ε
on T 2

ε . We choose ϱ is sufficiently small, the limit (112) is 0 as

ε−1|2ω(k)−ω(k′ − εξ ′/2)+ω(k′ + εξ ′/2)| ≈ |2ε−1ω(k)+ω′(k′)ξ ′| ≈ ε−1,

and

ε−1(ω(k)+ω(k′ + εξ ′/2))≳ ε−1.

We need to estimate (111). To this end, we bound

∫︂
T

dk

|εZ/2 − iεa + i(ω(k)−ω(k′ − εξ ′/2))
≤ sup 

E∈R

∫︂
T

dk

|εZ/2 − i(ω(k)−E)|

= 2 sup 
E∈R

ωmax∫︂
0 

du 
|εRe(Z)/2 − i(u−E)||ω′(ϕ+(u))|

≲ sup 
E∈R

1 ∫︂
0 

du 
|ε− i(u−E)||ω′(ϕ+(ωmaxu))|

≲ sup 
E∈[0,1]

1 ∫︂
0 

du 
|ε− i(u−E)||ω′(ϕ+(ωmaxu))| .

The first estimate is obtained by changing εa + ω(k′ − εξ ′/2)− ε Im(Z) into E, the second is 
because ω(k) is even so we only need to consider the positive branch. Note that ϕ+ is dfined in 
Assumption (ω2). Combining (8) and (9), for sufficiently small ε, we have

sup 
E∈[0,1]

1 ∫︂
0 

du 
|ε+ (u−E)||ω′(ϕ+(ωmaxu))|

≈ sup 
E∈[0,1]

ε∫︂
du 

(ε+ |u−E|)√u
+

1−ε∫︂
du 

(ε+ |u−E|)√ε
+

1 ∫︂
du 

(ε+ |u−E|)√1 − u

0 ε 1−ε
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≲
ε∫︂

0 

du 
ε
√
u

+
1−ε∫︂
ε

du 
u
√
ε

+
1 ∫︂

1−ε

du 

ε
√

1 − u
≲ ε−1/2 log(ε−1).

Combining (111), with the above estimates, we find

∫︂
R 

∥F̂∥2∞∥Θ̃F ∥2∞
(Z/2)2 + a2

∫︂
T 2
ε

ε1/2 log(ε−1)|Ŵε(ξ
′, k′)| 

|2ω(k)−ω(k′ − εξ ′/2)+ω(k′ + εξ ′/2)|dξ
′dk′da

≲
∫︂
T 2
ε

ε1/2 log(ε−1)dξ ′dk′

⟨ξ ′⟩3+κ → 0.

A.3. Proof of Lemmas 16 and 17

We next prove (106) - (109) for the case +. The domain T 3
ε,+ is divided into 4 smaller domains, 

dfined by

T 3
ε,+,(±)1,(±)2 :=

{︂
(k, ξ ′, ξ ′′) ∈ T 3

ε,+ : (±)1k > 0, (±)2(k − εξ ′/2 + εξ ′′/2) > 0
}︂
.

Due to the symmetry of the domains we will only provide the proofs for T 3
ε,+,+,+, the integrals 

Iε,+,I(1)ε,+,I
(2)
ε,+,I

(3)
ε,+ on this domain are denoted by I,I(1),I(2),I(3).

A.3.1. Proof of (106)
We change the variables ω(k)→ u0,ω(k − εξ ′/2 + εξ ′′/2)→ u1,ω(k + εξ ′/2 + εξ ′′/2)→

u2 and denote (T 3
ε ) as the domain T 3

ε,+,+,+ under this change. Computing the difference gives

I(Z, ε,F )− I(1)(Z, ε,F )

= Zi

8πε2

∫︂
R×T2/ε

1 
(Z/2)2 + a2

∫︂
(T 3

ε )

Ŵε(ε
−1(ϕ+(u2)− ϕ+(u1)), (1/2)(ϕ+(u2)+ ϕ+(u1)))

Z/2 − ia − iε−1(u0 − u2) 

× Λ
(ε)
+ (u2, u0, a)|L(F )(εZ/2 − iεa − iu0)Θ̃F (εZ/2 − iεa − iu0)|2

Z/2 + ia + iε−1(u0 − u1) 

× Ô∗(ξ,ϕ+(u0)+ εξ/2)

Z + iD+
ε (ϕ+(u0, ξ)) 

2 ∏︂
j=1

1 
ω′(ϕ+(uj ))

du0du1du2dξda, (113)

where

Λ+(ε)(u′, u, a) := ε−1Dϕ+(u′, u) 
λ/2 − ia − iε−1(u− u′)− iε−1ω′(ϕ+(w))Dϕ+(u′, u)

,

with Dϕ+(u′, u) := ϕ+(u)− ϕ+(u′)− ϕ′+(u)(u− u′).
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Our aim is to estimate (113) by 0. Since L(F ) and Θ̃F are bounded, we can ignore them in this 
proof.

If there exists cu1,u2 > 0 such that |u1 − u2| > cu1,u2 , then Ŵε(ε
−1(ϕ+(u2)− ϕ+(u1)), ·) ≲

⟨ε−1⟩−3−κ . Hence, we only need to consider |u1 − u2| < ϱ2, where ϱ2 is a small number we 
can choose. Thanks to (34), we also only consider u1, u2 ∈ [ωmin + c(ρ),ωmax − c(ρ)] for some 
c(ρ) > 0; otherwise, the term vanishes. Let’s choose ϱ2 small enough so that u2 ∈ I (2ϱ2) with 

I (ϱ)= [ωmin +ϱ,ωmax −ϱ]. This implies u1 ∈ I (ϱ2). On this domain, ⃓⃓⃓ 1 
ω′(ϕ+(uj ))

⃓⃓⃓
≲ 1, j = 1,2. 

Hence, we can also ignore these terms in our estimate.
Next, we further divide the domain of u0 into I (ϱ3) as dfined above and I ′(ϱ3) =

[ωmin,ωmax] \ I (ϱ3), where ϱ3 is a small number we choose later. When u0 ∈ I ′(ϱ3), if we 
choose ϱ3 small enough, say ϱ3 < ϱ2/2, then |u0 − u1|> ϱ2/2, |u0 − u2|> ϱ2. On this domain, 
we use a simple estimate for Λ(ε)

⃓⃓⃓
Λ
(ε)
+ (u2, u0, a)

⃓⃓⃓
=
⃓⃓⃓
⃓⃓ ε−1

(︁
ϕ+(u0)− ϕ+(u2)− ϕ′+(u0)(u0 − u2)

)︁
Z/2 − ia − iε−1ω′(ϕ+(u0)) (ϕ+(u0)− ϕ+(u2))

⃓⃓⃓
⃓⃓

≲ ε−1
(︃

1 + 1 
|ω′(ϕ+(u0))|

)︃
. (114)

From (113), in I ′(ϱ3) domain, applying (I3), we use (78) to get

1 
ε3

∫︂
I ′(ϱ3)

(︃
1 + 1 

ω′(ϕ+(u0))

)︃ ∫︂
I (ϱ2)

∫︂
I (2ϱ2)

∫︂
R 

⟨Cε−1(u2 − u1)⟩−3−κ

(1 + |a + ε−1(u0 − u2)|)(1 + |a + ε−1(u0 − u1)|)
1 

1 + a2 dadu1du2du0

≲ 1 
ε3

2 ∑︂
j=1 

∫︂
I ′(ϱ3)

(︃
1 + 1 

ω′(ϕ+(u0))

)︃

×
∫︂

I (ϱ2)

∫︂
I (2ϱ2)

∫︂
R 

⟨Cε−1(u2 − u1)⟩−3−κ

(1 + |a + ε−1(u0 − uj )|)2
1 

1 + a2 dadu1du2du0

≲ 1 
ε3

2 ∑︂
j=1 

∫︂
I ′(ϱ3)

(︃
1 + 1 

ω′(ϕ+(u0))

)︃ ∫︂
I (ϱ2)

∫︂
I (2ϱ2)

⟨Cε−1(u2 − u1)⟩−3−κ

1 + ε−2(u0 − uj )2
du1du2du0

≲ 1 

εϱ2
2

∫︂
I ′(ϱ3)

(︃
1 + 1 

ω′(ϕ+(u0))

)︃
du0

∫︂
I (ϱ2)

∫︂
I (2ϱ2)

⟨ε−1(u2 − u1)⟩−3−κdu1du2

≲ 1 

ϱ2
2

∫︂
′

(︃
1 + 1 

ω′(ϕ+(u0))

)︃
du0
I (ϱ3)
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≲ 1 

ϱ2
2

⎛
⎜⎝ ∫︂
I ′(ϱ3)

du0 +
∫︂

T Iϱ3

dk

⎞
⎟⎠≲ ρ(ϱ3).

Here, T Iϱ3 ⊂ T such that ω(k) ∈ I ′(ϱ3). This means that ρ(ϱ3) is small when ϱ3 is small and 
the proof of the estimateon domain I ′(ρ3) is complete.

We now work with I (ϱ3). On this domain, we have infu0∈I (ϱ3) ω
′(ϕ+(u0)) > 0. Instead of the 

(114), a stronger estimate is used in this case. Before that, we make some changes of variables, 
changing u1 into ε−1(u1 − u0), u2 into ε−1(u2 − u0) and a into a − ε−1(u2 − u0). Under these 
changes, we denote Iε(ϱ2) as the image of I (ϱ2)× I (2ϱ2), and we change the way of writing 
Λ
(ε)
+ into

Λ̃
(ε)
+ (u′, u, a) := ε−1Dεϕ+(u′, u) 

Z/2 − ia − ε−1ω′(ϕ+(w))Dεϕ+(u′, u)
,

Dεω+(u′, u) := −
u+εu′∫︂
u 

(ω′+(v)−ω′+(u))dv = ϕ+(u)+ ϕ′+(u)εu′ − ϕ+(u+ εu′).

With these new notations, our estimate for (113) in the domain I (ϱ3) is

∫︂
I (ϱ3)

∫︂
Iε(ϱ2)

∫︂
R 

⟨u2 − u1⟩−3−κ |Δ̃(ε)
+ (u2, u0, a)| 

(1 + |a + u2 − u1|)(1 + (a + u2)2)(1 + |a|)dadu1du2du0. (115)

The domain of u2 is split into

(T 3
ε )(ϱ4) := {u2 : |u2| ≤ ϱ4/ε} ,

and (T 3
ε )

c(ϱ4), its complement, where ϱ4 is small number to be chosen later. On (T 3
ε )(ϱ4), we 

use two estimates ∫︂
R 

⟨u⟩−3−κ

1 + |a + u|du≲
1 

1 + |a| , u= u2 − u1, (116)

|Λ̃(ε)
+ (u2, u0, a)| ≲ |ε−1Dεϕ+(u2, u0)| ≲ εu2

2.

Applying them on (115) with domain (T 3
ε )(ϱ4), we estimate

∫︂
I (ϱ3)

ϱ4/ε∫︂
−ϱ4/ε

∫︂
R 

εu2
2

(1 + (a + u2)2)(1 + a2)
dadu2du0

≲
∫︂

I (ϱ3)

ϱ4/ε∫︂
−ϱ4/ε

εu2
2

1 + u2
2

du2du0 ≲ ϱ4.
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For (T 3
ε )

c(ϱ4), the domain is split again. We consider the following domains{︂
(a,u2) : |a + u2| ≤ |u2|3/4

}︂
and 

{︂
(a,u2) : |a + u2|> |u2|3/4

}︂
. (117)

For the latter domain, we can again use (116) with the estimate∫︂
R 

da

(1 + |a + b|)(1 + a2)
≲ 1 

1 + |b| .

We estimate (115) as

∫︂
I (ϱ3)

∫︂
{︁
(a,u2):|a+u2|>|u2|3/4

}︁
|Λ̃(ε)

+ (u2, u0, a)| 
(1 + (a + u2)2)(1 + a2)

dadu2du0

≲
∫︂

I (ϱ3)

C5/ε∫︂
ϱ4/ε

|ε−1Dεϕ+(u2, u0)| 
(1 + u

3/2
2 )(1 + |ε−1ω′(ϕ+(u0))Dεϕ+(u2, u0)|)

du2du0

≲
∫︂

I (ϱ3)

C5/ε∫︂
ϱ4/ε

1 

1 +w
3/2
2

du2du0.

This ensures that we can use Dominated Convergence Theorem in this case. Furthermore, we 
have

ε−1Dεϕ+(w2,w0)= ε−1(ϕ+(u0)− ϕ+(u0 + εu2))+ ϕ′+(u0)u2

= u2(ϕ
′+(u0)− ϕ′+(u′

0))≈ 0.(u′
0 ∈ (u0, u0 + εu2))

Thus, in the second domain of (117), the integral (115) is approximated by 0.
Now, we consider the first domain of (117). We have the terms

φε(u2, u0) := ε−1ω′(ϕ+(w0))D
εϕ+(u2, u0)= u2 − ϕ+(u0 + εu2)− ϕ+(u0)

εϕ′+(u0) 
,

Φ(u2, u0) := u2 − ϕ+(u0 + u2)− ϕ+(u0)

ϕ′+(u0) 
.

We then estimate

∫︂
I (ϱ3)

∫︂
{︁
(a,u2):|a+u2|≤|u2|3/4

}︁
|Λ̃(ε)

+ (u2, u0, a)| 
(1 + (a + u2)2)(1 + a2)

dadu2du0

≲
∫︂

I (ϱ3)

C5/ε∫︂
ϱ4/ε

−u2+u3/4
2∫︂

−u −u3/4

εu2
2

(1 + (a + u2)2)(1 + a2)(1 + |a − φε|)dadu2du0
2 2
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≲
∫︂

I (ϱ3)

C5/ε∫︂
ϱ4/ε

−u2+u3/4
2 −φε∫︂

−u2−u3/4
2 −φε

εu2
2

(1 + u2
2)(1 + |a|)dadu2du0

≲
∫︂

I (ϱ3)

C5/ε∫︂
ϱ4/ε

εu2
2

1 + u2
2

log

(︄
u2 + u

3/4
2 + φε − 1

u2 − u
3/4
2 + φε − 1

)︄
du2du0

≲
∫︂

I (ϱ3)

C5∫︂
ϱ4

u2
2

ε2 + u2
2

log

(︄
u2 + ε1/4u

3/4
2 +Φ(u2, u0)− ε

u2 − ε1/4u
3/4
2 +Φ(u2, u0)− ε

)︄
du2du0

ε→0 −→ 0.

Before ending our proof, we remark that the above estimate is valid if u2 > 0 but the estimates 
for u2 < 0 can be done similarly. Therefore, the proof is finished.

A.3.2. Proof of (107)
This proof is similar to the proof of (106), in which the roles of u1 and u2 switch.

A.3.3. Proof of (108)
We state another lemma, that we will later use for (122).

Lemma 18. If ω′(k0)= 0, we have

lim 
ϱ′→0

lim sup
ε→0 

sup 
a∈(−ϱ′,ϱ′)

|L(F )(ε − i[a +ω(k0)])Θ̃F (ε− i[a +ω(k0)])| = 0.

Proof of Lemma 18. We first prove that

lim 
ϱ′→0

lim inf
ε→0 

inf 
a∈(−ϱ′,ϱ′)

|L(Cω)(ε− i[a +ω(k0)])| = +∞, (118)

or lim 
ϱ′→0

lim sup
ε→0 

sup 
a∈(−ϱ′,ϱ′)

|Θ̃(ε− i[a +ω(k0)])| = 0. (119)

Indeed, it is enough to show that for each M there are ρ′, ε such that⃓⃓⃓
⃓⃓⃓
⃓

1/2∫︂
0 

dh 
iε+ a +ω(k0)−ω(h)

⃓⃓⃓
⃓⃓⃓
⃓>M.

The absolute value of the imaginary part of integral is

1/2∫︂
0 

εdh 
ε2 + (a +ω(k0)−ω(h))2

=
ωmax∫︂
ωmin

εϕ′+(w)dw
ε2 + (a +ω(k0)−w)2

≳
∫︂

′

εdw

(ρ′)1/2(ε2 + 4(ρ′)2)

B(ω(k0),ρ )
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≳ ε(ρ′)1/2

ε2 + (ρ′)2
.

We take ρ ≳ ε ≳M−2. Thus, (118) follows.
We recall (20), which gives limε→0 L(F )(ε − i[a + ω(k0)])= F̂ ∗( a+ω(k0)

2π ). Because of As

sumption (L1), F̂ ∗(ω(k0)
2π ) ≠ 0, then infa∈(−ϱ′,ϱ′) |L(F )(ε − i[a + ω(k0)])| > 0 when ε,ϱ′ are 

small enough. Therefore,

lim 
ϱ′→0

lim inf
ε→0 

inf 
a∈(−ϱ′,ϱ′)

|L(F )(ε− i[a +ω(k0)])L(Cω)(ε− i[a +ω(k0)])| = +∞

or lim 
ϱ′→0

lim sup
ε→0 

sup 
a∈(−ϱ′,ϱ′)

|Θ̃F (ε− i[a +ω(k0)])| = 0. �

We first write down the difference

I(2)(Z, ε,F )− I(3)(Z, ε,F )

= Z

32π

∫︂
R×T2/ε

1 
(Z/2)2 + a2

∫︂
T 3
ε,+,+,+

Ŵε(ξ
′, k + εξ ′′/2) 

Z/2 − ia + iω′(k)(ξ ′ + ξ ′′)/2

× DθF,ε(a, k)Ô
∗(ξ, k + εξ/2) 

(Z/2 + ia + iω′(k)(ξ ′ − ξ ′′)/2)(Z + iD+
ε (k, ξ))

dξ ′′dξ ′dkdξda,

where DθF,ε(a, k) =
⃓⃓⃓
L(F )(εZ/2 − iεa − iω(k))Θ̃(εZ/2 − iεa − iω(k))

⃓⃓⃓2 − ⃓⃓
F̂ (ω(k)/ 

(2π))θF (k)
⃓⃓2.

By (34), if k + εξ ′′ ∈ [T ](ϱ), then both I(2) and I(3) are zero on this domain. We only need 
to consider k + εξ ′′ ∈ [T ]c(ϱ).

If k ∈ [T ]c(ϱ5) for a small constant ϱ5 > 0, then infω′(k) > 0. We have the following estimate

∫︂
R 

1 
(Z/2)2 + a2

∫︂
[T ]c(ϱ5)

∫︂
R2

⟨ξ ′⟩−3−κ |DθF,ε(a, k)| 
(Z/2 + iω′(k)ξ ′/2)2 + (a +ω′(k)ξ ′′/2)2

dξ ′′dξ ′dkda

≲
∫︂
R 

1 
1 + a2

∫︂
[T ]c(ϱ5)

∫︂
R2

⟨ξ ′⟩−3−κ |DθF,ε(a, k)|
1 + (a +ω′(k)ξ ′′/2)2

dξ ′′dξ ′dkda

≲
∫︂

[T ]c(ϱ5)

∫︂
R 

1 
|ω′(k)|

C6

1 + (ξ ′′)2
dξ ′′dk ≲ C6

infω′(k)
. (120)

Here, C6 is a bound for DθF,ε when ε is small enough. Therefore, we can use Dominated Con
vergence Theorem to prove that the difference goes to 0.

We consider k ∈ [T ](ϱ5), we can see that I(3) on this domain is 0. Indeed, we can make the 
same estimation like in [T ]c,
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∫︂
R 

1 
(Z/2)2 + a2

∫︂
[T ](ϱ5)

∫︂
R2

⟨ξ ′⟩−3−κ
⃓⃓⃓
F̂ (ω(k)/(2π))θF (k)

⃓⃓⃓2
(λ/2 + iω′(k)ξ ′/2)2 + (a +ω′(k)ξ ′′/2)2

dξ ′′dξ ′dkda

≲
∫︂
R 

1 
1 + a2

∫︂
[T ](ϱ5)

∫︂
R2

⟨ξ ′⟩−3−κ
⃓⃓⃓
F̂ (ω(k)/(2π))θF (k)

⃓⃓⃓2
1 + (a +ω′(k)ξ ′′/2)2

dξ ′′dξ ′dkda

≲
∫︂

[T ](ϱ5)

∫︂
R 

1 
|ω′(k)|

⃓⃓⃓
F̂ (ω(k)/(2π))θF (k)

⃓⃓⃓2
1 + (ξ ′′)2

dξ ′′dk ≲ ϱ5. (121)

The last estimate comes from Lemma 14, which leads to 
⃓⃓⃓
F̂ (ω(k)/(2π))θF (k)

⃓⃓⃓2
≲ |ω′(k)|.

For a small number ϱ′ and a small ε, by Lemma 18, there is small number ρ(ϱ′) such that

∫︂
R 

1 
(Z/2)2 + a2

×
∫︂

[T ](ϱ5)

∫︂
(ϱ−ϱ5)/ε≤|ξ ′′|≤2/ε

⃓⃓⃓
L(F )(εZ/2 − iεa − iω(k))Θ̃(εZ/2 − iεa − iω(k))

⃓⃓⃓2
(Z/2 + iω′(k)ξ ′/2)2 + (a +ω′(k)ξ ′′/2)2

dξ ′′dkda

≲
ϱ′/ε∫︂

−ϱ′/ε

1 
1 + a2

∫︂
[T ](ϱ5)

∫︂
(ϱ−ϱ5)/ε≤|ξ ′′|≤2/ε

ρ(ϱ′) 
1 + (a +ω′(k)ξ ′′/2)2

dξ ′′dkda (122)

+
∫︂

|a|>ϱ/ε

1 
1 + a2

∫︂
[T ](ϱ5)

∫︂
(ϱ−ϱ5)/ε≤|ξ ′′|≤2/ε

1 
1 + (a +ω′(k)ξ ′′/2)2

dξ ′′dkda. (123)

If ϱ5 is small enough, then we have |ω′(k)||ξ ′′| ≤ ϱ
ε

≤ |a|. Hence, |a + ω′(k)ξ ′′/2|> |a/2|. We 
obtain an estimate for (123)

ϱ5

ε

∫︂
|a|>ϱ

ε

da

1 + a4 ≲ ϱ5

∫︂
|a|>ϱ

da

ε+ ε−3a4 ≲ ϱ5ε
3.

For (122), we have

ρ(ϱ′)
∫︂

[T ](ϱ5)

∫︂
|ω′(k)|(ϱ−ϱ5)/ε≤|ξ ′′|≤2|ω′(k)|/ε

1 
|ω′(k)|

1 
1 + (ξ ′′)2

dξ ′′dk

≲ ρ(ϱ′)
∫︂

arctan(2|ω′(k)|/ε)− arctan(|ω′(k)|(ϱ− ϱ5)/ε)

|ω′(k)| dk
[T ](ϱ5)
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≲ ρ(ϱ′)
∫︂

[T ](ϱ5)

arctan

(︃
(2−ϱ+ϱ5)|ω′(k)|

ε

(︂
1 + 2(ϱ−ϱ5)|ω′(k)|2

ε2

)︂−1
)︃

|ω′(k)| dk

≲ ρ(ϱ′)
∫︂

[T ](ϱ5)

(2 − ϱ+ ϱ5)

ε

(︃
1 + 2(ϱ− ϱ5)|ω′(k)|2

ε2

)︃−1

dk

≲ ρ(ϱ′)
∫︂

ω′([T ](ϱ5))/ε

dk

1 + k2 ≲ ρ(ϱ′)
∫︂
R 

dk

1 + k2 ≲ ρ(ϱ′)

A.3.4. Proof of (109)
As Ô∗ is a Schwartz function, we approximate Ô∗(η, k + εξ/2) by Ô∗(ξ, k) and D+

ε (k, ξ)

by ω′(k)ξ . Hence, we approximate I(3)(Z, ε,F ) with

Ĩ(3)(Z, ε,F )= Z

32π

∫︂
R×T2/ε

1 
(Z/2)2 + a2

∫︂
T 3
ε,+,+,+

Ŵε(ξ
′, k + εξ ′′/2) 

Z/2 − ia + iω′(k)(ξ ′ + ξ ′′)/2

× |F̂ (ω(k)/(2π))θF (k)|2Ô∗(ξ, k) 
(Z/2 + ia + iω′(k)(ξ ′ − ξ ′′)/2)(Z + iω′(k)ξ)

dξ ′′dξ ′dkdξda.

We change the variable k into k − εξ ′′/2 and denote by [T 3
ε ] the image of T 3

ε,+,+,+ under this 
change. The integral Ĩ(3) becomes

Ĩ(3)(Z, ε,F )= Z

32π

∫︂
R×T2/ε

1 
(Z/2)2 + a2

∫︂
[T 3
ε ]

Ŵε(ξ
′, k) 

Z/2 − ia + iω′(k − εξ ′′/2)(ξ ′ + ξ ′′)/2

× |F̂ (ω(k − εξ ′′/2)/(2π))θF (k − εξ ′′/2)|2Ô∗(ξ, k − εξ ′′/2) 
(Z/2 + ia + iω′(k − εξ ′′/2)(ξ ′ − ξ ′′)/2)(Z + iω′(k − εξ ′′/2)ξ)

dξ ′′dξ ′dkdξda

Once again, we use the regularity of Ô∗ to estimate Ô∗(ξ, k − εξ ′′/2) by Ô∗(ξ, k) and ω′(k −
εξ ′′/2)η by ω′(k)ξ . Now, we approximate Ĩ(3) with

˜̃I(3)(Z, ε,F )= Z

32π

∫︂
R×T2/ε

1 
(Z/2)2 + a2

∫︂
[T 3
ε ]

Ŵε(ξ
′, k) 

Z/2 − ia + iω′(k − εξ ′′/2)(ξ ′ + ξ ′′)/2

× |F̂ (ω(k − εξ ′′/2)/(2π))θF (k − εξ ′′/2)|2Ô∗(ξ, k) 
(Z/2 + ia + iω′(k − εξ ′′/2)(ξ ′ − ξ ′′)/2)(Z + iω′(k)ξ)

dξ ′′dξ ′dkdξda.

Then, we will approximate ˜̃I(3) with

˜̃̃
I(3)(Z, ε,F )= Z

32π

∫︂
R×T

1 
(Z/2)2 + a2

∫︂
3

Ŵε(ξ
′, k) 

Z/2 − ia + iω′(k)(ξ ′ + ξ ′′)/2

2/ε [Tε ]
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× |F̂ (ω(k)/(2π))θF (k)|2Ô∗(ξ, k) 
(Z/2 + ia + iω′(k)(ξ ′ − ξ ′′)/2)(Z + iω′(k)ξ)

dξ ′′dξ ′dkdξda.

We denote

dε(k, ξ
′, ξ ′′)

:= |F̂ (ω(k − εξ ′′/2)/(2π))θF (k − εξ ′′/2)|2
(Z/2 − ia + iω′(k − εξ ′′/2)(ξ ′ + ξ ′′)/2)(Z/2 + ia + iω′(k − εξ ′′/2)(ξ ′ − ξ ′′)/2)

− |F̂ (ω(k)/(2π))θF (k)|2
(Z/2 − ia + iω′(k)(ξ ′ + ξ ′′)/2)(Z/2 + ia + iω′(k)(ξ ′ − ξ ′′)/2)

.

This difference converges to 0 as ε → 0 and

|dε| ≤ |F̂ (ω(k − εξ ′′/2)/(2π))θF (k − εξ ′′/2)|2
(Z/2 + iω′(k − εξ ′′/2)ξ ′/2)2 + (a +ω′(k − εξ ′′/2)ξ ′′/2)2

+ |F̂ (ω(k)/(2π))θF (k)|2
(Z/2 + iω′(k)ξ ′/2)2 + (a +ω′(k)ξ ′′/2)2

.

To reach the desired result, we can repeat the techniques used in (120) and (121). We consider 
k ∈ [T ]c(ϱ − ϱ/2100), because Ŵε(ξ

′, k) vanishes otherwise. We consider two domains k −
εξ ′′ ∈ [T ]c(ϱ6) and k − εξ ′′ ∈ [T ](ϱ6). The techniques in (120) are reused to bound the terms 
concerning the first domain by Dominated Convergence Theorem. The techniques in (121) are 
reused to choose the small parameter ϱ6.

For the final step in this proof, we approximate 
˜̃̃
I(3) with I(4). This can is done by using 

Dominated Convergence Theorem to turn T2/ε into R and [T 3
ε ] into T × R2 in the limit of 

ε → 0.

A.3.5. Proof of Lemma 17
We compute ImSIIε using similar computations used to obtain (99) and (100)

ImSIIε (Z, k,F )

= ε2Z

t∫︂
0 

e−εZt
⟨︄⎛⎝ t∫︂

0 

cos(ω(k)s)(ΘF ⋆ F ⋆ Ψ)(s)ds

⎞
⎠

×
⎛
⎝ t∫︂

0 

sin(ω(k)s)(ΘF ⋆ F ⋆ Ψ)(s)ds

⎞
⎠⟩︄

με

dt.

Similar computations used to obtain (106) - (109) can be reused and we get

lim 
ε→0

∫︂
ImSIIε (Z, k,F )

Ô∗(ξ, k + εξ/2)

Z + iD+
ε (k, ξ) 

dξdk (124)
R×T
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= −
∫︂

T×R2

|F̂ (ω(k)/(2π))|2|θF (k)|2Ŵε(ξ
′, k)Ô(ξ, k)

16i|vg(k)|(Z + iω(k)ξ ′)(Z + iω′(k)ξ) 
dξ ′dξdk

−
∫︂

T×R2

|F̂ (ω(k)/(2π))|2|θF (k)|2Ŵε(ξ
′,−k)Ô(ξ, k)

16i|vg(k)|(Z − iω(k)ξ ′)(Z + iω′(k)ξ) 
dξ ′dξdk.

On the other hand, the limit when ε→ 0 of 
∫︁
R×T ImSIIε (Z, k,F )

Ô∗(ξ,k−εξ/2)
Z+iD−

ε (k,ξ) 
gives exactly the 

same result with (124). Thus, the limit of the difference is 0.

A.4. An Ito analysis

A.4.1. Proof of Lemma 10
Consider the SDE (stochastic differential equation):

dψ̂(t, k)= −iω(k)ψ̂(t, k)dt − iνα0(t)dt + iF (t)dt + √
2νT idR(t).

Taking the functional g(ψ̂, ψ̂∗)= ∥ψ∥2
L2(T )

, and applying the Ito-formula we get

d∥ψ̂(t)∥2
L2(T )

=
⎡
⎣∫︂
T

ψ̂∗(t, k)
(︂
−iω(k)ψ̂(k, t)− iνα0(t)+ iF (t)

)︂⎤⎦dt

+
⎡
⎣∫︂
T

ψ̂(k, t)
(︂
iω(k)ψ̂∗(k, t)+ iνα0(t)− iF (t)

)︂⎤⎦dt

−
⎡
⎣i√2νT

∫︂
T

(ψ̂(k, t)− ψ̂∗(k, t))

⎤
⎦dR(t)

+ [2νT ]dt.

Using the definition of α0 = ∫︁ Im(ψ) we get

d∥ψ̂(t)∥2
L2(T )

=
[︂
−2να2

0(t)+ 2α0(t)F (t)+ 2νT
]︂
dt + √

2νT α0(t)dR(t).

Upon a time rescaling t → t/ε, using scaling properties of the Wiener process we get:

d∥ψ̂(ε)(t)∥2
L2(T )

=
[︃
−2ν

ε
[α(ε)0 ]2(t)+ 2

ε
α
(ε)
0 (t)F (ε)(t)+ 2νT

ε

]︃
dt +

√︃
2νT

ε
α0(t)dR(t).

We would like bounds of the form:

sup εEε∥ψ̂(ε)(t)∥2
L2(T )

≤ sup εEε∥ψ̂(ε)(0)∥2
L2(T )

+Ct, (125)

ε∈(0,1] ε∈(0,1]
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for a constant C > 0. For this, it is sufficient to have bounds of the form:

sup 
ε∈(0,1]

1 
ν

t/ε∫︂
0 

εF 2(s)ds ≤ C′t,

as stated in Assumption (C3).

A.4.2. Proof of Lemma 13
We consider

dψ̂(t, k)= −iω(k)ψ̂(t, k)dt + iF ⋆ α0(t)dt + i
√

2νT dR(t).

Thanks the Itô formula we get

d∥ψ̂(t)∥2
L2(T )

=
[︄∫︂
T

ψ̂∗(t, k)
(︂
−iω(k)ψ̂(k, t)+ iF ⋆ α0(t)

)︂

+
∫︂
T

ψ̂(k, t)
(︂
iω(k)ψ̂∗(k, t)− iF ⋆ α0(t)

)︂]︄
dt

−
⎡
⎣i√2νT

∫︂
T

(ψ̂(k, t)− ψ̂∗(k, t))

⎤
⎦dR(t)+ 2νT dt

= [2F ⋆ α0(t)α0(t)+ 2νT ]dt + √
2νT α0(t)dR(t).

Rescaling time by 1/ε and using scaling properties of R(t) yields:

d∥ψ̂(ε)(t)∥2
L2(T )

=
[︃

2

ε
F ⋆ α0(t/ε)α0(t/ε)+ 2νT

ε

]︃
dt +

√︃
2νT

ε
α0(t/ε)dR(t).

By solving (89), α0 is given by

α0(t/ε)=ΘF ⋆Ψ(t/ε)+ √
2νTΘF ⋆ Cω ⋆ dR(t/ε).

Combining above expressions, and applying the Itô formula we get

εEε∥ψ̂(ε)(t)∥2
L2(T )

= εEε∥ψ̂(ε)(0)∥2
L2(T )

+ 2νT t + 2

t∫︂
0 

Eε [F ⋆ΘF ⋆ Ψ(s/ε)ΘF ⋆ Ψ(s/ε)]ds

+ 4νT

t∫︂ s/ε∫︂
F ⋆ΘF ⋆ Cω(s/ε− s1)ΘF ⋆ Cω(s/ε− s1)ds1ds
0 0 
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+ 2νT
√
εEε

⎡
⎣ t∫︂

0 

s/ε∫︂
0 

ΘF ⋆ Cω(s/ε− s1)dR(s1)dR(s)

⎤
⎦ .

In the above expression, we used the fact that terms with single dR has expectation zero thanks to 
properties of the Wiener process. Moreover, the second term is obtained by E

[︁
dw(s)dw(s′)

]︁=
δ(s − s′) (in the distribution sense). Using the mentioned covariance structure we also get

√
εEε

⎡
⎣ t∫︂

0 

s/ε∫︂
0 

ΘF ⋆ Cω(s/ε− s1)dR(s1)dR(s)

⎤
⎦

= Eε

⎡
⎣ t∫︂

0 

s/ε∫︂
0 

ΘF ⋆ Cω(s/ε− s1)dR(s1/ε)dR(s)

⎤
⎦

≤ΘF ⋆ Cω(0)t = Ct

To obtain a linear in-time growth bound as in (125), it is sufficient to bound the following 
expression uniformly in time

Eε [F ⋆ΘF ⋆ Ψ(t/ε)ΘF ⋆ Ψ(t/ε)]⏞ ⏟⏟ ⏞
(a) 

+2νT

t/ε∫︂
0 

F ⋆ΘF ⋆ Cω(s)ΘF ⋆ Cω(s)ds

⏞ ⏟⏟ ⏞
(b) 

.

(126)

To this end, we approximate the terms using the Laplace transform. For term (a) in (126),

Eε [F ⋆ΘF ⋆ Ψ(t/ε)ΘF ⋆ Ψ(t/ε)]

= 1

4
Eε

⎡
⎣∫︂
T

ψ̂(k)F ⋆ ΘF ⋆ e−iω(k)·(t/ε)dk
∫︂
T

ψ̂∗(k)ΘF ⋆ eiω(k)·(t/ε)dk

⎤
⎦+ c.c.

(127)

where c.c. stands for the complex conjugate. Thanks to the assumption of F , this term will be 
negative when ε is small enough. Indeed, taking a Laplace transform and by some manipulations 
we have

L

⎛
⎝Eε

⎡
⎣∫︂
T

ψ̂(k)F ⋆ ΘF ⋆ e−iω(k)·(t/ε)dk
∫︂
T

ψ̂∗(k)ΘF ⋆ eiω(k)·(t/ε)dk

⎤
⎦
⎞
⎠ (Z)

=
∫︂

2

Eε[ψ̂(k)ψ̂∗(h)] 1 
Z

T
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×L

⎛
⎝ t/ε∫︂

0 

eiω(k)sF ⋆ ΘF (s)e
−iω(k)t/εds

t/ε∫︂
0 

e−iω(h)s′ΘF (s
′)eiω(ℓ)t/εds′

⎞
⎠ (Z)dkdh

=
∫︂
T 2

Eε[ψ̂(k)ψ̂∗(h)] ε2

2Zπi
lim 
L→∞

c+iL∫︂
c−iL

L

⎛
⎝ t∫︂

0 

eiω(k)sF ⋆ ΘF (s)ds

⎞
⎠ (εζ )

×L

⎛
⎝ t∫︂

0 

e−iω(h)s′ΘF (s
′)ds′

⎞
⎠ (ε(Z − ζ )+ i(ω(k)−ω(h)))dζdkdh

=
∫︂
T 2

Eε[ψ̂(k)ψ̂∗(h)]
2Zπi

lim 
L→∞

c+iL∫︂
c−iL

L(F )(εζ − iω(k))Θ̃F (εζ − iω(k))

ζ

× Θ̃F (ε(Z − ζ )+ iω(k)) 
(Z − ζ )+ iε−1(ω(k)−ω(h))

dζdkdh. (128)

We change the variable from k into k + εξ/2, h into k − εξ/2, (128) becomes

∫︂
T×T2/ε

Ŵε(ξ, k)

Zπi
lim 
L→∞

c+iL∫︂
c−iL

L(F )(εζ − iω(k))Θ̃F (εζ − iω(k))Θ̃F (ε(Z − ζ )+ iω(k))

ζ(Z − ζ + iDε(k, ξ)) 
dζdξdk

ε→0 −→
∫︂

T×R

Ŵ0(ξ, k)

Zπi
lim 
L→∞

c+iL∫︂
c−iL

F̂ ∗(ω(k)/(2π))|θF (k)|2
ζ(Z − ζ + iω′(k)ξ) 

dζdξdk

=
∫︂

T×R

2Ŵ0(ξ, k) 
Z(Z + iω′(k)ξ)

F̂ ∗(ω(k)/(2π))|θF (k)|2dξdk.

The limit can be obtained using Dominated Convergence Theorem. Indeed, L(F ), Θ̃F are both 
bounded when ε is small; Z − ζ + iDε(k, ξ) is bounded by Re(Z)− c; limL→∞

∫︁ c+iL
c−iL 1/σdσ

is bounded using (45); finally, Assumption (I3) gives a dominating function ⟨ξ ⟩−3−κ for 
1[−1/ε,1/ε]Ŵ0(ξ, k). Then, a similar estimation can be made for the complex conjugate term 
(c.c.). By using Parseval identity like in (83), (127) is approximated by∫︂

T×R

W0(x, k)Re(F̂ (ω(k)/(2π)))|θF (k)|21[0,vg(k)](x)dxdk.

This term is negative due to Assumption (L1). Hence, when ε is small enough, Eε[F ⋆ ΘF ⋆

Ψ(t/ε)ΘF ⋆ Ψ(t/ε)] is negative.
In the same way, we now deal with term (b) in (126). We write

F ⋆ΘF ⋆ Cω(s)ΘF ⋆ Cω(s)= 1

4

∑︂
σ1,σ2∈{+,−}

∫︂
2

F ⋆ΘF ⋆ e
σ1iω(k)·(s)ΘF ⋆ eσ2iω(h)·(s)dkdh.
T
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We compute the Laplace transform for each sign; as before we do the same manipulation

L

⎛
⎜⎝

t/ε∫︂
0 

∫︂
T 2

F ⋆ΘF ⋆ eσ1iω(k)·(s)ΘF ⋆ eσ2iω(h)·(s)dkdh

⎞
⎟⎠ (Z)

=
∫︂
T 2

1 
Z
L

⎛
⎝ t/ε∫︂

0 

e−σ1iω(k)sF ⋆ ΘF (s)dse
σ1iω(k)t/ε

t/ε∫︂
0 

e−σ2iω(h)s
′
ΘF (ds

′)eσ2iω(h)t/ε

⎞
⎠ (Z)dkdh

=
∫︂
T 2

ε2

2Zπi
lim 
L→∞

c+iL∫︂
c−iL

L

⎛
⎝ t∫︂

0 

e−σ1iω(k)sF ⋆ ΘF (s)ds

⎞
⎠ (εζ )

×L

⎛
⎝ t∫︂

0 

e−σ2iω(h)s
′
ΘF (ds

′)

⎞
⎠ (ε(Z − ζ )− i(σ1ω(k)+ σ2ω(h)))dζdkdh

=
∫︂
T 2

1 
2Zπi

lim 
L→∞

c+iL∫︂
c−iL

L(F )(εζ + σ1iω(k))Θ̃F (εζ + σ1iω(k))Θ̃F (εζ − σ1iω(k))

ζ(Z − ζ − iε−1(σ1ω(k)+ σ2ω(h))) 
dζdkdh

(129)

The case σ1 has the same sign as σ2, then we can easily see that the limit is 0. We estimate the 
case σ1 = +, σ2 = −. We change k,h into k ± εξ

2 , then (129) becomes

∫︂
T×T2/ε

ε

2Zπi
lim 
L→∞

c+iL∫︂
c−iL

L(F )(εζ + iω(k))Θ̃F (εζ + iω(k))Θ̃F (ε(Z − ζ )− iω(k))

ζ(Z − ζ − iDε(k, ξ)) 
dζdkdh.

(130)

The Dominated Convergence Theorem does not work here as we don’t have a dominating func
tion ⟨ξ ⟩−3−κ , like the one in the first term. Though, the theorem can still be used to prove

lim 
ε→0

1 
2πi

lim 
L→∞

c+iL∫︂
c−iL

L(F )(εζ + iω(k))Θ̃F (εζ + iω(k))Θ̃F (ε(Z − ζ )− iω(k))

ζ(Z − ζ − iDε(k, ξ)) 
dζ

= F̂ (ω(k)/(2π))|θF (k)|2
Z − iω′(k)ξ

.

Hence, we have that

(130) =
∫︂

T×R

1[−1/ε,1/ε](ξ)ε
Z(Z − iω′(k)ξ)

F̂ (ω(k)/(2π))|θF (k)|2dξdk +
∫︂

T×T2/ε

ε

Z
o(ε)dξdk.
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Considering the other case σ1 = −, σ2 = +, and we taking its inverse Laplace transform, one 
gets ∫︂

T×R

sin(2πx/ε)ε

2πx
1[0,vg(k)t](x)Re(F̂ (ω(k)/(2π)))|θF (k)|2dxdk +

∫︂
T×T2/ε

εo(ε)dxdk.

The above term converges to 0. This means that the term (126) converges to a negative number 
as ε → 0, which concludes the desired linear estimate.
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