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Abstract

A challenging problem in solving the Boltzmann equation numerically is that the
velocity space is approximated by a finite region. Therefore, most methods are based
on a truncation technique and the computational cost is then very high if the velocity
domain is large. Moreover, sometimes, non-physical conditions have to be imposed
on the equation in order to keep the velocity domain bounded. The current paper is
the first part of our work on the nonlinear approximation theory for the homogeneous
Boltzmann equation. In this part, we introduced an adaptive, non-truncated wavelet
spectral method for the numerical resolution of the equation. An complete convergence
theory is provided.
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1 Introduction

The Boltzmann equation describes the behaviour of a dilute gas of particles when the binary
elastic collisions are the only interactions taken into account. In this work, we are interested
in the space homogeneous Boltzmann equation, which reads

T =Qn, vew (1.1)

where f := f(t,v) is the time-dependent particle distribution function for the phase space.
The Boltzmann collision operator ) is a quadratic operator defined as

AN = [ [ Blo=vl.cost)(if = f.f)dodo.. (1.2
where | = f(v), f. = f(u.), /' = [0/), f. = () and
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with o € S? and

cosf = v ,O ).
DECH

B(|ul, cos 0) = |u|"b(cos ), (1.3)

We assume that

where v € [0, 1] and b is a smooth function satisfying
™
/ b(cos 0) sin 0df < +oo, (1.4)
0

and assumptions (2.1)-(2.2) in [48]
30, > 0 such that supp{b(cos0)} C {0 | 6, <0 <m—6}. (1.5)
Under these assumptions, the collision operator could be split as

QU F) = QH(f. 1) — LD,
with
Q+(f.f) :/Rg /S2B(\U—v*l,cosﬁ)fif’dadv*

and

L(f) = /R3 /S2 B(|v — vy, cos 0) frdodu,.

Numerical resolution methods for the Boltzmann equation plays a very important role in
the practical and theoretical study of the theory of rarefied gas. The main difficulty in the
approximation of the Boltzmann equation is due to the multidimensional structure of the
Boltzmann collision operator.

After the early work of Carleman ([11, 10]), Discrete Velocity Models - DVMs has been
developed as a class of deterministic algorithms to resolve the Boltzmann equation numer-
ically ([60, 7, 8, 5, 57, 6, 49, 9, 37]). They are based on a Cartesian grid in velocity and
a discrete collision operator, which is a nonlinear system of conservation laws. In order
to guarantee the convergence, the mesh size needs to be small and the truncated domain
needs to be large. DVMs are then expensive. The models were proved to be consistent
([50, 28]), i.e. the discrete collision term could be seen as an approximation of the real
collision operator. In [44, 51, 21] the approximate solutions are proved to converge weakly
to the solution of the main equation by DiPerna-Lions theory ([24]). However, it is not easy
to obtain an accuracy estimate of errors between the approximate solutions and the global
solution on the entire non-truncated space.

The second deterministic approximation is the Fourier Spectral Methods - FSMs, which
were first introduced in [53] inspired by spectral methods in fluid mechanics. The methods
were later developed in several works, where a new way of accelerating the algorithms was
also introduced ([54, 46, 56, 32, 47, 32, 46, 55, 52, 29, 33, 30, 39]). The analysis of the meth-
ods was provided in [31]. The idea of the methods is to truncate the Boltzmann equation
on the velocity space and periodize the solution on this new bounded domain. To illustrate
this idea, we consider the equation

of

a7 = QU 1) (w0,1) € 2 x (=R, R) xR, (16)



where Q¥ is the truncated collision operator and f is periodic on (—R, R)3. Since f is
periodic on (—R, R)3, we can write an approximation fy of f in terms of Fourier series

(N,N,N)

fn = Z fk exp (—z’%k.v) ,

k=—(N,N,N)

which leads to a system of ODEs
O fn = PnQ"(fw, fn)-

The major problem with deterministic methods like DVMs and FSMs that use a fixed
discretization in the velocity space is that the velocity space is approximated by a finite
region. Physically, the velocity space is R and even if the initial condition is compactly
supported, the collision operator does not preserve this property. The collision operator
indeed spreads out the supports by a factor v/2 (see [59]). Therefore in order to use both
DVMs and FSMs, we have to impose nonphysical conditions to keep the supports of the
solutions in the velocity space uniformly compact. For DVMs, we have to remove binary
collisions which spread outside the bounded velocity space. This truncation breaks down
the convolution structure of the collision operators. For FSMs, the convolution structure is
perfectly preserved however we need to add nonphysical binary collisions by a periodized
process. Notice that in [35], [36], Gamba and Tharkabhushanam proposed another class of
FSMs, called Spectral-Lagrangian Methods (SLMs), to preserve the conservation of mass,
momentum and energy on the numerical schemes. The method works very well and pre-
serves several important properties of the solutions.

In order to be able to construct numerical schemes, it is natural that we require the compu-
tation domain to be bounded. The main idea of our new adaptive wavelet spectral method
is the following: Consider the following change of variables ¢ from R3 to (—1,1)3

(Y

vV—> U= .
1+ v

Apply this change of variables to the Boltzmann equation, we get a new formulation where
the equation is considered on a bounded domain. The price that we need to pay after using
this change of variable is its Jacobian, which is W. Notice that (1/1+ [v[2)~* is the
momentum with order —4, which goes naturally into the physics of the equation. This new
formulation of the Boltzmann equation is discussed in details in Section 2.

After having an equation on a bounded domain through a change of variables technique,
we can construct a spectral algorithm similar as in [53]. However, different from [53], we do
not use Fourier basis. We recall some quantitative properties of the Boltzmann equation
that we want to preserve on the numerical schemes. Notice that these properties could not

be preserved with previous strategies.

e Maxwellian lower bounds ([11, 59]): if the initial condition fy satisfies
3

/ Fo0)(1 + [o)dv < +o0,
R
then

Vtg > 0,3Ko > 0,340 > 0;t > tg = Vv € R3 f(t,v) > Koexp(—Aplv|?), (1.7)



or

v
1—|1]

Vig > 0,3dKy > 0,349 > 0; t >ty = Vv e (-1, 1)3, f(t,v) > Koexp (—AO

e Production of polynomial moments ([58, 20, 64, 45]): if the initial condition fy

satisfies
/ fo(0)(1 + |v*)dv < +o0,
R3
then
Vs > 2,Vtg > 0,sup [ f(t,v)(1+ |[v]®) < +oo. (1.8)
t>to JR3

e Propagation of exponential moments ([4, 34, 1]): Assume that the initial data
satisfies for some s € [v, 2]

/R3 fo(v) exp(ap|v|®)dv < Cy,

then there are some constants C,a > 0 such that
/ f(t,v)exp(alv|®)dv < C. (1.9)
R3

Suppose that we approximate f by its truncated Fourier series

(N,N,N)
In= Z frexp(ink.v),
ki k2 ks=(—N,—N,—N)
with )
fr= / f(v) exp(—imk.v)dv.
8 (_171)3

We can see that the approximate solution fy will not satisfy the properties that we mention
above. The reason is that all components of the Fourier basis, i.e. the sin and cos functions
are globally and smoothly defined on the whole interval [—1, 1] and they encounter singular
problems at the extremes —1 and 1. This raises the need for a compactly supported wavelet
basis and a wavelet filtering technique. In this paper, we only focus on the preservation of
the Maxwellian lower bound. The wavelet filtering technique, whose role is to preserve the
propagation of polynomial and exponential moments, will be presented in the second part
of our work [61].

We preserve the good properties of both DVMs and FSMs: we are able to keep the convo-
lution structure of the collision operators and do not have to impose a periodic boundary
condition on the equation. The wavelet basis and the spectral method will be presented in
section 3. More precisely, our spectral equation is defined in (3.12).

In order to understand better the mechanism of our nonlinear, adaptive spectral method,
we now provide a different point of view based on Nonlinear Approximation Theory (][22,
19, 23]). The fundamental problem of approximation theory is to resolve a complicated
function, by simpler, easier to compute functions called ”the approximants”. The main

)



idea of nonlinear approximation is that the approximants do not come from linear spaces
but rather from nonlinear manifolds. An important application of nonlinear approximation
is the adaptive finite element methods for elliptic equations originated in [3] and developed
in [14, 13, 16]. These methods are based on the idea that fine meshes are put where the
solutions are ’bad’ and coarse meshes are set where the solutions are 'good’. Coming back
to the Boltzmann equation, suppose that we use the Haar wavelet to solve the Boltzmann
equation with the new variable # on (—1,1)3. As we see later from (3.16) and (3.17), solv-
ing the Boltzmann equation with ¥ on (—1,1)% means that we need construct a mesh by
dividing (—1,1)? into 23" small cubes. To explain better our idea, suppose that we are in
one dimension and we need to approximate the solution in a space spanned by the following
orthogonal basis

{ SN k(D) = X(2-N(2h-1)2-N(2k1)) Tor k= 0,1, 2V 1),
Onan-1(V) = X(—1,—142-N)U(1—2-N,1)-

v

Let us make the change of variable v — v = [

¢N,k(v) = X(min{ 2k—1 2k+1 X{ 2k—1 2k+1 ) for k=0,£1,..., i(2]\[71 - 1)7

ma.
2N _j2k—1|"2N —|2k+1| J’ 2N _j2k—1]7 2N —|2k+1|

¢N,2N—1 (v) = X(=00,2N —1)u(2N —1,400)"

We can see that solving the Boltzmann equation in v on a uniform mesh in (—1,1) is
equivalent with solving the Boltzmann equation in v on a non-uniform mesh in R. In other
words, the role of the change of variables v — ¥ is to construct a new non-uniform mesh to
approximate the Boltzmann equation. The non-uniform mesh has the following interesting
property: the larger |v| is the coarser the mesh is, and the smaller |v| is the finer the mesh
is. This is crucial, since properties (1.7), (1.8) and (1.9) play the role of a preconditioning
analysis in our nonlinear approximation theory: the solution f of the Boltzmann equation
behaves like a Maxwellian as |v| large, which means that if |v| is large, we only need a
coarse mesh to represent the value of f. This is also the main difference between our
approximation and classical ones. We can see from the spectral equations (3.12) and (3.13)
that the mapping ¢ has a ”"support-stretching” effect: it maps the wavelet basis {®y 1}
supported in (—1,1)% to a new "nonlinear basis” {®y x(¢)} supported in the whole space,
which are ”the approximants” of our nonlinear approximation. Our method therefore gives
a general frame work for solving kinetic integral equations (for example, the coagulation
models [26], the quantum Boltzmann equations [27]) numerically: Suppose that we need to
solve the following problem

8tf(tvv) = Q(f’ f)(t,?)), on (OuT) X Rsa
f(O,U) = fO(U) on R?)’
where Q is some bilinear form. We approximate f as

(N,N,N)

fn(v) = Z ar®n i (p(v)),

k=(—N,—N,—N)



and get the approximate equation on the unknown (ay, (t))](g(]g\\;)_ N—N)

(N,N,N)

= > a;0;(Q (2n,i(¢(v)), P, ((v))) , P (e(v)))-

4,j=(—N,—N,—N)

O
ot

Moreover, our approximation also provides a general view point for both DVMs and FSMs:
FSMs and DVMs are special cases of our approximation using Fourier and Haar wavelet
basis. If we take Haar wavelet basis as the spectral basis, our algorithm in this special case
then gives an nonlinear, adaptive DV Ms for Boltzmann equation, where no direct truncation
is imposed and the convolution structure of the collision operator is preserved. Our new
adaptive DVMs is then not expensive and it has a spectral accuracy. Therefore, both
classical DVMs and FSMs could be seen as special linear and non-adaptive approximations
in our theory. We will come back to this discussion at the end of subsection 3.2.

We also introduce a full new analysis to study theoretically our algorithm. Different with
the periodized case ([31]) where the truncated Boltzmann collision operator is a bounded
bilinear form and the projection of the collision operator onto the subspaces PyQ% could
be considered as a perturbation of QF with a small term (Id — PN)QR, in our case, the
collision operator is unbounded. Since Py does not preserve the symmetry of @, the first
problem is how we could preserve the conservation laws with this approximation

[ onQU.pde = [ PuQU. fudo = [ PvQUE. Plufdo =0,
R3 R3 R3

Another problem is the preservation the ” coercivity” property of the gain part of the collision
operator

[ Qs ngae= [ of s
R3 R3

Notice that this is one of the main advantages of our approximation: preserve the coer-
civity property of the gain part of the collision operator. Approximation strategies using
Fourier basis could not preserve this coercivity structure because of the effect of the Gibbs
phenomenon. We construct the following scheme to study our algorithm theoretically.

e We approximate the projected operator Py(@ by bounded operators @y, and prove
that the solutions fx ) produced by the bounded operators are uniformly bounded in
L' and L?, moreover they are bounded from below by a Maxwellian.

e We prove that fy  converges to fy as A tends to infinity. Moreover fy are uniformly
bounded in L', L? and they are bounded from below by a Maxwellian.

e We perform a detailed analysis to prove that fy converges to f which guarantees the
convergence of the algorithm.

The structure of the paper is the following: In Section 2, we introduce the change of
variable mapping and the new formulation of the Boltzmann equation. Section 3 is devoted
to the contruction of the adaptive wavelet basis and the spectral method. We also provide
some assumptions on the multiresolution analysis. Our main results are represented in
Section 4. We prove that the algorithm converges; the energy, mass and momentum of the
approximate solution converge to that of the original equation; moreover the approximate
solution is bounded from below by a Maxwellian. These are the results of theorems 4.1 and
4.2.



2 A reformulation of the Boltzmann equation

Formally, Boltzmann collision operator has the properties of conserving mass, momentum
and energy

[ auna=o. [ a.puaw=o. [ a.plPao=o
R3 R3 R3
and it satisfies the Boltzmann’s H-theorem
d
_dt/Rs flog fdv = —/R3 Q(f, Hlogfdv > 0,

in which — [ flog f is defined as the entropy of the solution. A consequence of the Boltz-
mann’s H-theorem is that any equilibrium distribution function has the form of a locally
Maxwellian distribution

_ u—vl?
M(PaU,T)—(zFT)g/QeXP<— oT ),

where p, u, T" are the density, macroscopic velocity and temperature of the gas
1 1
p= f)dv, u= / vf(v)dv, T =— lu — |2 f(v)dv.
R3 p Jr3 3p Jrs

We suppose that the initial datum fy satisfies fo(z,v) > 0 on RS and

/ Jo(0)(1 + [o[2)dv < +o0.
RB

We refer to [12] and [63] for further details and discussions on the Boltzmann equation. In
this work, we only consider the equation in R? but the methodology would be exactly the
same for other dimensions.

Different from [53], where a truncation technique is introduced in order to reduce the Boltz-
mann equation defined on the whole domain into an equation on a bounded domain, we
introduce in this section a new formulation of the Boltzmann equation defined on (—1,1)3
based on a change of variables technique. Let us define the following change of variables
mapping

R — (=1,1)3,

vy V2 U3
v) = 1), v9), v3)) = , , , 2.1
(0) = (ea(on) palin) () = (T o ) (2.1)
where we restrict our attention to the norm |v| = max{|vi|, |ve|, |vs|} with v = (v1,ve,v3) €
R3. The inverse mapping ¢! of ¢ reads

9071 : (_17 1)3 — Rga

01 (0) = (p1(01), pa(D2), 3(T3)) = (1 _ﬁlm, 1 EJQW" 1 _ﬁ3w|> .

The idea of our technique is to replace the variable v in R? by a new variable in (—1,1)3
through the mapping . Based on this idea, we define the new density function

9(t,0) = f(t, ¢~ (0)),



where © is the new variable in (—1,1)3.

With the notice that the Jacobian of the change of variable v — v is 0

1
W7 we have

[ la@P o)t = / £ @I = oo
(-1,1)3 (—1,1)

1)3
= [ P+t = [ 1#@Pa+ o)
Therefore if f(v) belongs to L! with the weight (1 + |v])®, then g(v) belongs to L' with the
weight (1 — |v])™*~*. Notice that there are several one-to-one mappings that map R3 to

—1, 1 3 however the above property makes us choose to work on @Y.
We now define

P = p sp -
z={s1 [ 5Pa-lPi < oo}, {f|/(11)3

)

[f@)P(1 = |o])~*do < +00} ;
where p, s are real numbers. For further use, we also need

po)={7 1 [ 0w < o).

wW'):{f | /(_11)3If(ﬁ)lp(W’(ﬁ))pdﬁ<+OO},

where W, W’ are some positive weights.
Moreover, we also need the notation

=1+ v, YocR

The Boltzmann equation for g is now

g (t,7) = /( /S 1—|i]>1(v*)"0) 22)
XH@(@ <v>2 RGN (U)—zsf?l(v*)\))

g (so <80_1(U) zsfl(v*) s C) —290‘1(1)*)!)) _ g(v)g(v*)] dodo..

Now define

which implies

/ [h(9)[(1 — [v])"*dv = / | f(0)|(X+[v])*dv
(—1,1)3 R3

This means if f belongs to L! then h belongs to £!. Notice that we define h(t,v) =
g(t,0)(1 — |9])~* to make our proof simpler, however the theoretical results remain the



same if h(t,v) = g(¢t,0)(1 — |0|)~", with n being any constant in R, n could be 0.
The Boltzmann equation for A then reads

v) = @) — N B, 0
anto)= [ 87w o @)

y [C(v,v*,a)h ((p <<p‘1(?7) 4;90‘1(5*) el @) —2s0‘1(17*)|>) (2.3)
. (gﬁ (wl(v) e G Il s ¢—1<v*>|>> } h@)h@*)] dods..
where
C(v,0010) = [1 iy <w<v> i)l sol(v*)r)r
>< [1 iy <s@‘1(17) (@) k) —Qw-lwmﬂ“
x(1 = fo) 71— o)~ (2.4)
Define
B(3,v.,0) = Bllp™ (0) = ¢~ (0)]. 0), (2.5)
we get

Oh(t,z,v) :/ B(v,vs,0)
(-1,1)3 Js2

y [C(%U*J)h (w <<P‘1(@) %;so‘l(@) e @) 290‘1(17*)|>) (2.6)
“h (w <<p1(?7) J;wl(ﬁ*) L@ —2901(17*>\>) B h(@)h(@*)] dodp..

The initial datum is now defined

ho(0) = (1 — o))" folp ™' (2)),

_ vl _
/(_1 " ho(v) (1 + —(1 |_ ‘\6\)2> dv < 4o00.

Let us mention that though the two new formulations seem to be complicated, we only
use them for theoretical purposes. Our spectral equation (3.12) is based on the former
formulation of the equation.

then

3 Approximating the homogeneous Boltzmann equation: an
adaptive spectral method

We will construct a wavelet basis for L?((—1,1)3) in subsection 3.1. Our new spectral
algorithm is defined in equation (3.12) of subsection 3.2. In subsection 3.3 we discuss
about the assumption that we need for the multiresolution analysis and the wavelet filtering
technique.



3.1 Wavelets for L*((—1,1)3)

We first construct a wavelet multiresolution analysis for L>((—1,1)). Let ¢ be a positive
scaling function which defines a multiresolution analysis, i.e., a ladder of embedded approx-
imation subspaces of L?(R)

{0} = .. VicVyCc V- — L*R)

such that ¢; = {277/2¢(277y—k) }rez constitutes an orthonormal basis for V;. The wavelet
1 is built to characterize the missing details between two adjacent levels of approximation.
More concretely, {;x}kez = {277/2¢(277y — k) }rez is an orthonormal basis of W; where

Via=V; & W;.

Multiresolution analysis is a frame work developed by Mallat [38] and Meyer [41], we refer
to these two pioneering works or the books [18], [43] for more details, examples and proofs.
We now follow exactly the construction in [18, Section 9.3] to build the same ”periodized
wavelets” for L?(—1,1). Notice that there are other ways besides this way (see [42], [15]).
Suppose that the scaling function ¢ and the wavelet 1) have reasonable decays, for example
6()], [ ()] < C(1+ Jy]) >, > 0. Define

ORI (% + l) ; PUW) = Wik <% + l> ;

leZ l€Z

and

VP = Span{ ?ﬁ:, keZ}; WP = Span{ iekr,k €Z}.

Similar as [18, Note 6, Chapter 9] we have
x
>o(z+)=1
leZ

which implies

oy =272 " g2 e — k4 2791) = 2/ for j > 0.
lEZ

These facts mean V;p “" for j > 0 are one dimensional spaces of constant functions. Moreover,
similar as [18, Note 7, Chapter 9] we have

Su(5+1) =1
leZ

and W]p “" = {0} for j > 0. As a consequence, we only need to consider the spaces Vjp " and
W7 with j < 0. According to the property of the multiresolution analysis Vj, W; C V;_1,
then Vjp . Wf “c Vjp_e;. We also have that W]p " and Vjp “" are orthogonal

1
| vy

1
= ) ol / YR TI Ty + 27— k)p(27 ty + 2791 — K )dy
Lez -1

10



— 2|J|/ Y2V ly 420l = 1) — k)27 1y — K dy

LIEz
= Z 9ldl / Y2V Yy 4 26l — B)p(2Vty — K)dy = 0.
r€ZL
Similarly, in W}, we have also that 97} and 7, are orthogonal. Since gbp emalil = i

VYm € Z, then the spaces Vjp . WJP e’ are spanned by the 2l functions obtalned from
k=0,1,..., 2001
We therefore have a ladder of multiresolution spaces

VT C YPT C VP L [2(—1,1)
with

W @ VI = VP

and {¢pq} U {¢F7 55 € N,k =0,. .,2Ul — 1} is an orthonormal basis of L?(—1,1).
Define by S« the orthogonal pI‘OJeCtIOH of a function » in L'(—1,1) onto Vj, similar as in

[18, Section 9.3] we then have the following remarkable property, which is not true with a
Fourier basis

||Sj%||L°°(—1,1) < CSH%”LOO(—Ll),

where Cg is a constant not depending on j and »r.
We now construct a multiresolution analysis for L*((—1,1)3). Define

\IJ?Z‘(@) = ?1677;61 (gl) §)2e7;€2 (yQ) J3, k‘3 (y3)
and
B () = O, (1) (1) )

where j = (j1,j2,73) € (~=N)? k = (k1, k2, k3) € {0,..., 20 =133, § = (51, 8o, 53) € (=1, 1)%.
Then {®f } U {\prer} is an orthonormal basis of LQ((—l, 1)3).
Set j € ~N and put

Vij| = Span{®; x(y) = 7"

e @)k = (k1 ko, ks) € {0, 201 — 137},

then
UjlenVj = L2((-1,1)%),
which is the ladder of multiresolution spaces for L2((—1,1)?) we need.

Define by Pj;j0 the orthogonal project of a function ¢ in L?((—1,1)?) onto V;, we also have
the following property

18100l oo ((—1,1)3) < Cplloll Loo((=1,1)3)5 (3.1)
if f e L?((—1,1)3) N L>®((~1,1)3) where C’p is a constant not depending on j or p.
We also the assume that

1210l =1,103) < CpllollLr((=1,13)5 (3.2)

which is true for some basis like Haar basis. Notice that since ¢ is a positive function, the
following property is true
0>0= Pjo=>0. (3.3)

11



3.2 The nonlinear approximation for the homogeneous Boltzmann equa-
tion

Definition 3.1. Let ¢ be a function in Vy, N € N and

2N -1,2N-1,2N-1)

¢ = Z SNEPN ks
k:(07070)

where

SNk = / P pdu.
(7171)3

Set Ay to be the set of indices {k = (k1, ko k3) | 0 < ki, ke, k3 <2V — 1}, and suppose
that By is a the set of indices k, such that the distance between the support of ®y ) and
the boundary of (—1,1)% is 0. Define

Fys = Z SN PN k-
keAN\BN

Since Fy is to remove wavelets containing the extreme points of (—1,1)3, we can assume
that Fnc< is supported in (—CN,CN)?’ with 0 < {n§ < 1 and Fn1 is the characteristic func-
tion of (—Cn,(n)3. Notice that if v belongs to (—Cn,Cn)2, then v = o~ 1(v) belongs to

3
(—%, %) . For the sake of simplicity, we denote
2N —1
O »
k‘EQ[N\%N k=0

We also suppose that there exist a positive constant €¢* and an open bounded set D C
3
(—%, %) (for N large enough) such that

fo>€in D, (3.5)

where we could assume that D .
Let N be a positive integer and define

= (e ) e (1))

where Py is the orthogonal project onto the space Vy and Fiy is defined in Definition 3.1.
The reason that we multiply
ki )
1+ ——
( (1 —1o[)?

with h before taking the projection Py is that

/(—171)3 b [(1 " (1’—1)’;‘4)2) h] dv = /(_171)3 <1 + (1@‘;)2> h(v)Pn(1)dv
B /(—1,1)3 <1 " JEW) Wojdo = /Rs f+ o, (3.6)

12



which means that we want to preserve the energy of the solution through the projection.
We also denote

hy = FxPy <<1 + (1|5||j7|)2> h> , Pn = FxPy, n(7) = (1 + (1|m|j7!)2> _1.

We therefore have

atﬁN(t,ﬁ)
= Qn(hn,hy) = QL (hn, hn) — Qy(hn, hy)

- PN{/ B(5, 5., 0)
(—1,1)3 Js2

< [0 (o ()l (o 01
e ((p <s0‘1(?7) J;so‘l(ﬁ*) a0 —290‘1(5*)|>) (3.7)
n (so (<p1<v) 4;p1(v*> e @) —le(v*)\»
o <s0 (@‘1(0) J;sfl(v*) N UISO_l(@) 290_1(v*)|>> B BN(U)EN(U*)n(v*)] dadv*} 7
or equivalently
Oihn (t,7)
= Qn(hy, hw) = Q% (hx, hy) — Qy (A, hy)
= Py {/( [ @)
Ly s
" [C(z‘),ﬁ*,a)hN <(P <901(U) ;¢1(v*) B alwfl(@) —2901(0*)|>> (3.8)

i ((p <90‘1(77) J;sfl(@*) a0 —290‘1(17*)|>) _ hN(U)hN(U*)] dgdv*},
where Py is defined

Py (o) = nPn(n"e),
with some function g, and

hON :]P’N(ho), hN_nhN-

Suppose that

2N 1
hy = Z aN’k®N7k7 where QN k :/ th)N,de)'
k=0 (71,1)3

Then (3.7) and (3.8) are equivalent with the following system of ODEs for k € Anx\By

Oran k =/ {/ B(v,v.,0)
(1,13 | J(=1,1)3 Js2
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2N -1 1 1 1 —1(5
— " p O+ (o) e (0) — o7 (0]
x |C(v, 04, 0) lz; NPy <90< 5 5 ))

2
=0

2
o (w (90_1(17) +280‘1<17*> R0 —290—1(@*»))
X1 (90 (Wl(v) ) lo~1(v) —2@1(1)*)\)) ()

9 +o
2N 1 2N 1

— ZGN,Z(I)N,Z(E) ZaN,l/q)N,l’(l_f*) 77(5*) dodv, ‘I’Nykdl_).
=0 I'=0

The resolution of this system gives an approximation of h. After solving the system (3.9),
we can get a full solution in R? by the following mapping

() = hn(p(0) (1 + [o])~*n(v). (3.10)

However, system (3.9) is quite complicated and difficult to use in practical computations.
We then introduce an equivalent form of it, which is easier to implement

2N -1
8taN’]f = Z a,NylaN’l// B(”U — U*‘,J) X (311)
LI=0 ROxS?

v )2 o'y 2
) e (o)

O 1 ]

—————— O N (V) ———— | P v))dodv.dv,

(1+ [v.])2 Nl (( ))(1+ EDE NJG(‘P( ) *

which gives an approximation of f(v)(1 + |v])*(v)2. As we mention above, the weight (1 +
|v[)* is put just to make the proof simpler, therefore, in practical computations, we can

drop it to get the following equivalent system

2N

et e o ol oy | BNP(0) Py () | 1o
s = 32 aniox, Bl v [ PRI S 2 12)
— W@N,p(@(v))} PN k(p(v))dodvdv, Yk e An\Bn,

which is our spectral equation and numerical simulations could be done with this system.
The resolution of this system gives us a direct approximation

2N 1
Z an kPN k(o(v)), (3.13)
k=0

of f(v){v)2. This formulation also gives us a clearer understanding about the mapping ¢:
its role is to stretch the support of ®y; from (-1, 1)? to R? to get a new "adaptive basis”
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on the whole space, which are ”the approximants” of our nonlinear approximation. Notice
that the weight (v)~2 is put to preserve the energy of the solution due to (3.6).

As we mention in the introduction, if we choose ¢ to be the Haar scaling function, system
(3.12) becomes a Discrete Velocity Model. However, different from classical ones, (3.12)
has an adaptive mesh thanks to the mapping ¢: the larger |v| is, the coarser the mesh is,
moreover it preserves the convolution structure of the collision operator. In other words,
classical DVMs and Fourier-based spectral methods are in some sense non-adaptive cases
of wavelet spectral approximations. Notice that in (3.9), we take the basis created by ¢, but
we can take the basis created by 1 as well and the analysis would remain the same.

The existence and uniqueness of a solution of the equivalent systems (3.9), (3.11) and
(3.12) is classical according to the theory of ODEs. The numerical resolution of (3.9)
resolves the Boltzmann equation on the entire space with the same complexity with a
normal truncated spectral method. Notice that one of the main advantages of adaptive,
nonlinear approximations is that they are cheaper ([23, 22]).

Proposition 3.1. The system (3.9) has a unique solution {ay;} with anx € C*(0,+00)
Vk € An\Bn.

3.3 Assumptions on the multiresolution analysis and the filter

3.3.1 Energy preserving property

Assumption 3.1. Define k = 77(17)_177]\/)((,171)3, where x(_1,1ys is the characteristic func-
tion of (—1,1)3. Set s(v) = k(p(v)), where p is the change of variables mapping defined in
(2.1). In order to preserve the energy of the approximate solution, we impose the following
assumption on Py

S (N >6
1—(y 1-¢N
We now explain why this assumption is needed in order to preserve the energy of the the
approzimate solution. Take n(v)~! as a test function for (3.7)

2(V)) + 2(v') — 2(v) — s(vy) <0, V(v,v4) € < (3.14)

/ Ol (1, 7)1 (7). (3.15)
(=1,1)3

_ / n(@)—le{/ /B(E,T)*,a)
(=1,1)3 (-1,1)3 Jg2

e (cpl(ﬂ) +ol @) __le@) - w@*)\))

2 2

hx (w (@‘l(v) J;sfl(v*) ) —230‘1(71*)\» B hN(U>hN(U*):| dadv*}dv

= / PN{/ /n(v)lB(v,v*,U)
(~1,1) (-1,1)3 Js2

<[ mnom (o (£ ) e - 1))

ey (o (DL om0 g0

2 to 2

~—
N——
|
>
2
—~
©
>
2
—~
S
*
L
IS¥
R)
QL
S
*
——
ISV
S
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_ / { / B(5,5,,0)
(—1,1)3 (—1,1)3 S2

y {C(Q_], o)y (SD («pl(v) ‘;SDI(U*) _ '@ —2901(@*)\))

xhy <¢, (w(@) : AN CYS Q) o wl(m»))
—hn (0)hn (04)] dodvs} n(v) ' Prx(—1,1)3do

_ / { / B(5,5,,0)
(1,12 | J(-1,1)3 Js2

. {cw,@*,a)h]v (w (W@) L e Mm)\))

< <SD (@‘1(@) 4;90‘1(17*) ) 2¢—1(@*)|>>

—hn(0)hy (04)] dodv, } k(0)do.
Define

() = hy(p()(1 + o)),
then (3.15) is transformed into

- 1 2
& |y

= /RG o B(|v — v, o) [fnufN — fNsfN](v)dodvsdy

1

T2 /RS B(lv = va],0) fne fn[se(v)) + 32(v) = e(vs) — 5¢(v)]dodv.dv

0,

IN

6
if the assumption 3.1 is satisfied. Notice that we only need (3.14) on (—15%, %) since
if (v,vs) lies outside this interval, fy.fn=0. A consequence of this inequality is that the

energy of the approximate solution is decreasing

L@ [ 1 joP) o).
R?j RS

Later, we will prove that the mass, momentum and energy of the approximate solution
converge to the mass, momentum and energy of the exact solution.

We now point out an example which satisfies our assumption 3.1. Let us recall the simplest
scaling function: Haar function (see [18])

1for — 1< y < 1
2 =9 =2
P(y) = ' (3.16)
0 otherwise .
The corresponding d)ﬁ’q are
¢1]D§gr(y) = 2lj|_1X(27\j\(21@_1),27\1\(21@4_1)) for k =0,+£1,..., :t(QU\—l - 1), (3.17)

?;lem(y) = 2|j|71X(—1,—1+2—|j‘)U(1—2_m’1)'
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Then
D 1(y) = 55 (9) = &%, (1), (52) 85, (U3)
where k = (ky1, ko, k3) € {—2V1=1 +1,...,21-1}3 j ¢ _N, and
Vi = {®j (@), b = (kr, ko, ks) € {2017 41, 2713}

Let /;:|j| be 2191=1 — 1. Let ¢ be any function in Vijj, J € —Nand

(2\1\*1’2\1'%172\]’%1) glil—1
S = > WEPE = D kP
k=(—2lil=141 —2lil=141,—2lil-141) k=—2lil-141
where
S|jl.k 2/ $®yj,kdv,
(_171)3
define the o A
(ki51k151 k150 ki)
Fjis = > Stk = Sk P11 k- (3.18)
k=(=Fky;1,=F51—F50) k=—k;)

In other words, the Fj; eliminates all of the components with indices k = (k1, k2, k3) where
max{|k1l, k2|, [k3|} > kij|-

Proposition 3.2. Let N be a positive integer. Suppose that we take the Haar function
(3.16) as the scaling function for the multiresolution analysis, {®n 1} is a basis for Vn and
Fy is defined by (3.18). Then Py = Fn Py satisfies assumption 3.1.

Proof. First, we can see directly that

Pyx(—1,1)3 = X(~1,1)%

and

PNX(-11)3 = X(=2-N (2 n+1),2-N (2kn+1))3
which implies

K(V) = 77(5)_IX(—Q*N(21%N+1),2*N(215N+1))3'
Notice that if

v ~
o= |——| <27 N2y +1),
ol = || < 2 1)
then .
2k +1
o] < N2
IN —2ky —1

This leads to

%(v)=ﬂ(s0(v))=(1+|vl2)x( dntr 2y

3’
_2N—21%N—1’2N—21%N—1)

where we recall that |v| = |(v1,v2,v3)] = max{|vi], |va],|vs|}. Inequality (3.14) follows
directly from the above formula for s(v). O
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3.3.2 Coercivity preserving property

Assumption 3.2. Let N be a positive integer and 9, ¥ be two positive functions in
L?((—1,1)3). Define
Iy = PnV, and 9y = Py

Let s be a constant. We impose the following assumption on the multiresolution analysis
and Fy: There exist constants No, K1, Ko, K3, K4 not depending on 9, ¥ such that

YN > No,  Ki(1—o])* = Pa((1 — [8])*) = Ka(1 — [0])* on [~Cw, ()P,
and ’C319N19/N Z ’PN(ﬂ]\ﬂ?/) Z ,C4'19N79/N (3.19)

We now explain the meaning of this assumption. Suppose we take n(v) " thy(t,v)(1—|7])*
as a test function for (3.8)

ARG R Nt

= [, e hNPN{/“ [ 8600
y {C(U 5.0y <¢ («p ‘(o )+2so ) __le7! (v)—2g0_1(v*)|>>
xhy (so (@1(5) te ) e ) e ) )> - hN(a)hN(m} dadt‘z*} o

_ /(_171)373 (1 - [a])*h { / [ B(@.5..0)

X{C(@’@*, )hN< (w‘l(v)gso v*)_a|<p_1(v)—2g0_1(v*)\>)

th< (@ (v )+90 '(v4) Ulsﬁ‘l(ﬁ)—sfl(@*)l» _hN(v)hN(U*)} dadv*}dv

= / Py Y hy) { (0)"1B(v, Ty, 0)
(-1,1)3 11)3
~'(9)

)

X [C(v By, 0)hy ( z o) e () —2901(@*)\))

hn <S0 (@‘l(v) J;sfl(v*) ) —2¢‘1(v*)l>>}}dgdv*dv

- / () "L B(B, Bv, 0)hiv (3) iy (3P (1 — |5])hy ) dod d.
(—1,1)6xS2

By assumption 3.2, the last term of the above equation could be bounded in the following
way

ICQ/ n(0) " B(D, Uy, o)W (D) h (02) (1 — |0])*dodv.do
(—1,1)6xS2?

< / n(0) " B(, Us, o)y (0)hv (54) P (1 — |8])*hy ) dodv.do
(—1,1)6xS2?
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< ICI/ n(0) " B(v, Ux, 0) WA (0) iy (0) (1 — |0])*dodb,do.
(—1,1)6xS2
Define fy as in (3.10), we can transform the above equation into

K / / B(jo— v.,0) £ fve (1 + [0]2)(1 + [o])**dodusdo
R6 JS2

VAN

- /( )6 xS2 77(17)_18(6’ Vs O-)hN(ﬁ)hN(ﬂ*)lPN((l - ‘m)ShN)dO'd@*dﬁ
—1,1)6 xS

IN

Ky / B(lv — vl o) f3 fva(1 + o) (1 + [o])**dodusdo.
R6 S2

This estimate is crucial in our £2 estimate for hy, since it preserves the following property
of the Boltzmann equation

[, [ Blo = w0l et 1+ )1+ o~ dodo.do
R6 J§2

e, / F2(L+ o)1+ [o]) 7 do.
R3

We will discuss about this in more details in the convergence theory of the algorithm.

Proposition 3.3. Let N be a positive integer. Suppose that we take the Haar function
(3.16) as the scaling function for the multiresolution analysis, {®n 1} is a basis for Vn and
Fy is the filter defined by (3.18). Then Py = FnPn satisfies assumption 3.2.

Remark 3.1. In both propositions 3.2 and 3.3, we can always take kn to be 2N-1 — 1, and
the filter Fn only removes the components containing qﬁ]ie;[’w,l.

Proof. Since the supports of ®x ; are disjoint and ®n Py = Py ,then
INDy = Py (InD).
Equation (3.19) is now equivalent with

K1 (1—13)* = Pa((1 — [3])%) = Ka(1 — [3])* on [-27 N (2ky + 1), 27N 2k + 1), (3.20)

Set
kn
Pn[(1—1[o])°] = Z di PNk,
k=—ky
where

d, = / (1 — |27‘)S(I)N’kd77,
(71’1)3
we consider the coefficient dj, # 0 of Px[(1 — |9|)®]. Suppose that
@N,k(l_)) = ¢}iej7\}’kl (?71)¢€e]7\ﬂ[7k2 (U_Q)(bzie]:/,kg (7)_3)7

with k1| > |ko| > |ks|. Hence, |0] = max{|o],|va], 03]} € 27N (2[ka| = 1),27 N (2[k1| + 1)]
if k1 # 2V"1and |o] € [0,27N] if ky = 2V~ 1. Therefore 1 — |v] € [1 — 27N (2|k1| +1),1 —
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27Nk | — 1)) if by # 2V Land 1 — [9] € [1 — 27N, 1] if by =2V L.
Since k1 # 2V and (1 — |9]) € [(1 — 27N (2]k1| + 1)), (1 — 27N (2|k1| — 1))].

MaX|/c2-N 2k |—1),2- N (2/k: [+1)) (1 = [9])°
N 5 e 2=V (2] [—1),2-N (2 |+1)] (1 = [0])*

N Is|
N _ 9k 4+ 1 < gkl
N 9k —1) =

which imples

L. 1—|\p%mmﬂmm@>%%www
> / ma (1= o) x
"1 Blel1—2- 2lks | £ 1),1-2- (2fkr |- 1)1
X¢ka1( 1) ge](f,kQ(@Q) _N7k3(1}3)dv
1 1 .
25T 1 1m B max B (1—19])* > ﬁ(l —|v])%,
3181 1—|5|e[1—-2-N (2]k1 |+1),1—2— N (2]k1|—1)] 318

for all ¥ in the support of ®y ;. We deduce from this inequality that
By g > —— (1= o])°
FENE = 3y vi)s

for all ¥ in the support of ®y ;. Similarly, we also get

O O 5 (52)0P s,

IN

/ 3lsl min (1—|0])* x
(-1,1)3  1=[BlE—27 N (2fka[+1),1-27 N (2[k |-1)]

XNy (01 1, (02) 8y 1, (U3) A0

< 3l min (1—|o))* <3kl —1o))°,
1—-|v|€[1—2=N (2]k1]|+1),1—27N (2| k1]|—1)]

for all ¥ in the support of ®y ;, and
dp®y . < 3°I(1 —[o])°,

for all v in the support of ®_py ;. We deduce from inequality (3.22) and (3.23) that

311~ o) 2 P((1 = [ol)") 2 5351 = Jal)

4 Convergence theory of the adaptive spectral method

Consider again equation (3.8)
Othn(t,0) =Py {/ B(0, 04, 0)
(—1,1)3 Js2

20

(3.21)

(3.22)

(3.23)



x [C(@,TJ*, < < @) e _290_1(1)*”)) (4.1)
i (w <s0 '(v) 290 —H(w) +U|<p‘1(17)—290‘1(5*)|>) _hN(U)hN(U*)] dadv*}.

Below is the plan for the proof of the convergence of hy to the solution h of (2.3) as N
tends to infinity

e The solution hy of (4.1) is positive and uniformly bounded with respect to N in £}
norm.

e hy has a Maxellian lower bound: for all t9 > 0, such that for all N large enough,
there exist C1, Co > 0, and for all v in the support of hy

2
, Vit >t

e hy is uniformly bounded with respect to N in £2, norm.

ol
1— o]

hN(t,’(_)) > C’l exp <_02

e The approximate solution Ay converges to the solution h of (2.3) as N tends to infinity.

In order to prove the positivity and boundedness of hy in £} and £2 , norms, we consider
the approximate Boltzmann equation with a bounded collision kernel as in [2] and [24]

Ohhna(t,v) = Qualhna,hva) = QN A(hwva, hva) — Qya(hna, haa)

- PN{/ 1,1)3 /SQB)\ o7 @) = ¢ @)l 0) (4.2)
o e )

Khax <¢ <901<v> +e7l @) | leTHO) - w@*)y))

2 2
—hn (V) (V)] dodvs}
with
By (|ul,0) :== [(u A X)["b(cos0) = | min{u, A}|7b(cos ),

where X is a positive constant. For the sake of simplicity, we denote

BA(0,04,0) = By ([ (0) — ¢ (@), 0) -

Since (4.2) is a system of ODEs, it admits a unique strong solution which is continuous in
time. In this section we always assume that N and A are sufficiently large. We will prove
that hy ) is bounded in £} and £2, and bounded from below by a Maxwellian uniformly
with respect to A. By Nagumo’s criterion, Dunford-Pettis theorem and Smulian theorem
(see [25] and [40]), hy is bounded in £} and £2 ; and bounded from below by a Maxwellian.
The convergence of the algorithm then follows after some technical computations.
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4.1 Positivity and £' estimate of hy
Proposition 4.1. The solution hy \(t) of (4.2) is positive for all time t in Ry, moreover
IANA @) 211y < Thoy |11y, Tt € Ry

Proof. First, equation (4.2) implies

| e

< /(171)3 n Py {/(1’1)3 . B (v, v, 0)
y [C(U’U*J) - (@ <<p‘1(17) J;sfl(@*) (@ —2s0‘1(17*)|>)‘
I P l(0) e (@) | leTI (@) — o7 (o)
ihi:éngMmHme&dv : >N
<

/(_171)3 NPy {/(_171)3 | Br(:7.0)
B (w <<P1(v) relm) e —2901(@*)\)) ’
o (p (P 2 )

X [C(z‘;,ﬁ*,a)

X
2 2

_’hN,)\(T))HhN,)\(@*)H dO’d’D*} dv

+2/ n Py {/ B)\(v,v*,a)\hN’,\(v)\]hN)\(’u*)]dadv*} dv
(=1,1)3 (—-1,1)3 J§2

< 2/ 7771]P)N {/ B)\('U,U*,O')|hN7,\(1))HhN,)\(’U*)‘dO'dU*}dv,
(-=1,1)3 (-1,1)3 Js2?

where the last inequality follows from assumption 3.1 and (3.15).
We deduce from the above equation and (3.2) that

4
dt Ji—11

C Pn {/ / 77_16)\(1771_1*70')|hN7>\(’L_))HhN7)\(17*)dO’d@*} dv
(=L1)3 (—1,1)3 Js2

c / / / 0 BB, e, ) oy 2 (0)] | o a (8| dor i, do
(—1,1)3 J(=1,1)8 Js2

J

)

‘hN)\‘?]_ldQ_}
)3

IN

IN

IA

2
C ) |hN,A]n_1d6] ,

where the last constant C' depends on A, which implies

HhONHLl(n*l)
||hNy)\|| -1y < . (4.3)
07 =1 Cllhoy o1t
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Set M = 2||hoy ||lz1(5-1), then put 7 < W, we get

(1)
vt €0,7] 1hnall g1y < M.
We now prove that on [0, 7], hy ) is positive. Split Ay y as hyx = hn a4+ — by~ Where
hna+ = max{hy 2,0} and hy - = max{—hp ), 0}, we get
Qualbnahny) = QR a(hnay —hna—hvat —hya-) (4.4)

Z _Q—]i\_/,)\(hN,)\,—HhN,/\,—) - QE})\(}LN,)M_,]'LN’)\A_).

We consider the term

HQJJ\?,A(’%N,A,JH hna-)n! H

L,

(1~ [8l)*Px { A Rl

(5,50, 0) [ s <90 (sﬂ_l(ﬁ) 4;0_1(?7*) e @) —2@_1(17*)!»‘
« ((p <<p1(v) Zsol(v*) ) —2301(0*)\)) dgdﬁ*}
o
< C||Pn[(1 - o))" PN {/ . QBA(@,E*,a)n”
(-1.12 Js
(0,100 s <¢ (sﬁ‘l(t‘)) ﬂ;so‘l(@*) L leT@) ;w‘l(@*)!» ‘
s (so <<p1(17) J;sol(ﬁ*) ) —2901(17*)\» dgdﬁ*}
oo
< c ‘ Py {wl SR RENCENO
(-1,1)8 Js
(0,100 s (so (@‘1(@) +2s0‘1(77*) L leTH@) 2@‘1(@*)!» ‘
s (w <<p1(17) J;@l(ﬂ*) L@ —2901(17*)\» dgdﬁ*}
oo
< ooy [ [ B
(0,100 s <¢ (@‘l(v) zw‘l(v*) e @) —QWI(U*)!» ‘
i (o (Ma)z Sl TlUE ww*n)) wan|
o

where we use assumption 3.2 and (3.1). Notice that the norms £ and L* are taken on
the support of the projection.
Similar as (3.10), set

=) = B —(p@) (L + o)™ fup+(v) = v (9(0) (L + o) 74

23



then the above equation is now

HQE,)\(}LN,A,—H hna-)n ! H

L2,

< \ / Ba(v — 02, 0) flr v Fr (14 [0]?)dodo,
R3xS2

Lo

By Remark 3 of Theorem 2.1 [48], we have

/ Ba(lo — 2], 0) Fyr s Fr (14 [0]?)dodo,
R3xS2

< Clfna+llpallfna-llrg

Lo

which is equivalent with

[ Bl vl )i odin, (14 oPdode,
R3 xS?

< Clhnallerp v —llces,

Lo>°

where C' is some positive constant.
Inequalities (4.5) and (4.6) lead to

[@%athrns o < Ol er ooz,
Due to assumption 1.5, we can permute hy ) + and hy ) — to get

HQE,A(hN,A,—a hN,A,+)771H£w4 < Cllan - lzes, v+l c1 -
Inequalities (4.3), (4.4), (4.7) and (4.8) lead to

HQE,A(hN,A,_, hN,A,+)7771H£OO + HQ}M’W,A,%hN,A,—)Tle
oy

< CM)[|hn~zes, on [0, 7],

£,

where C'(M) is a constant depending on M.
Equation (4.4) implies the following inequality holds pointwisely

1

—0hna " = QR (v hva)n T = Qua(hnas hva)n !

> —Qua (v hva =)t = QR A(n = v )1 = Qs (hvn v - )1

which means

Oihna-—n"" < QN a(rnpeshwan~" + QF (v hva)n ™

+Qu Ay v )
Since

| Q@R atrwashvan™Y|| . < CODIRNA- e,
—4
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(4.10)
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where C (M) is some constant depending on M. Inequalities (4.9) and (4.10) lead to

d

@\lhzv,x,—ﬁ_lllcﬁ < C'"(M)||hyx~l £, on [0,7],

which implies
1 — (@) 22, < exp(C/(M)E) | hoy,~n |, = 0, on [0, 7).
Hence hy x— = 0 on [0, 7], which means hy x > 0 on [0, 7]. As a consequence, assumption

3.1 and (3.15) imply

/( - hN,,\(t)n_ldﬁ < /( e thn_ldTJ on [0, 7].

By repeating the argument for [r,27], [27,37]... we conclude that hy ) is positive and
|ANn Al 1 -1y is bounded at all time. O

4.2 Maxwellian lower bound for %y )

In this section, we establish a Maxwellian lower bound for the solution hy ) of (4.2). We
first formulate some inequalities of Duhamel’s type that will be the base of our estimates
to obtain a Maxwellian lower bound for hy . Notice that the results in this subsection still
hold for the case A = co. Consider equation (4.2) on Ay y, by assumption 3.2 we have
8,5]1]\[7)\ (t, ’(_))
= Qualhna hvy) = Qualhn oy hvy) = Qua(hn oy, hvy)

= Qualhna,hny)

—nPN {77—1/( . B)\(@,@*,O‘)hNA(@)hN,)\(ﬁ*)dUdl_)*}
11

> Qua(hwa, hvy) (4.11)
—Cnln hw A (0)Pw / BA(T, Us, 0) iy A (s ) dodi,
7 (—1,1)3 Js2 '
> Qualhna h )

—Chn A (0)PN {/ BA(UaU*,U)hN,A(U*)dO'dU*} ,
(—1,1)3 Js2
notice that Py(n~thn ) =0 thyx. Set

H(v) = Pn {/ B (0, vy, a)hN,A(v*)dodv*} :
(71,1)3 S2

and .
2
G2 (v) = exp (— H(t,@)dt> . Vii,ta > 0.

t1
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Apply Duhamel’s representation to inequality (4.11), we get

t
hwa(t,0) > hoy (9)GH(0) + / GL(0)QNA(PNA(T, ), v a(7, ) (D) dr. (4.12)
0
In order to come back to the original formulation of the Boltzmann equation, we define

Fua(tv) = hya(t, (o) (1 + o)) (4.13)

and accordingly
Jon (v) = hoy (@ (v)) (1 + o)~

With this new function, H becomes

PN{/ B)\(’U—U*‘,J)fNM\(U*)dUdU*},
R3xS?

where for the sake of simplicity, we still denote by Py the orthogonal project from L?((—1,1)3)
onto Vy but with the new variable v.
By proposition 4.1, we can see that

[ [ Bao = wul.o)matododo. < c+ 1ol
R3 JS2

then
/ B (0, Uy, 0)hn A(0s)dodv, < C(1 —|v])77,
(—1,1)3 Js2

which means
H =Py {/ BA(ﬁ,@*,a)hN,A(ﬁ*)dadﬁ*} < CPn{(1—|9])7"},
(-1,1)3 Js2

with the notice that Py is a positive projection and C' is a constant not depending on N
and A.
Define

G2 (0) = exp (=C(t2 — t))Px[(1 = [0)) 7)),

we get ~
G2 (v) > G2 (v).
Using this inequality in (4.12), we obtain
t
hva(t,0) > hoy (9)G(0) +/ GL(0)QNA(PNA(T, ), A a(7, ) (D) dr. (4.14)
0

From (4.14), we deduce the following two inequalities, which will be used several times in
the rest of this subsection

t
vat:0) 2 [ GLOIQ Ao G oy GF) (0 (4.15)
0

and

hna(t, ) (4.16)
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t T
RGN ( | Gr @@k hon G o G ()i, hoNG5> (0)dr.
0 0

With the notation R 5
G (v) = G (e(v)),
where ¢ is defined in (2.1) and

Q FQ,Fl //B)\ ’U*’,COSQ)FllFQ;dUd’ILM
R3 J§2

for all measurable functions F; and Fs, we have

t
fna(t,v) 2/0 G- (0)PN QS (fox G, for GF) (v)dr, (4.17)
and

fna(tv) (4.18)

/ GL(0)Px O ( / G (0)Pn QE (fon GO forn G )(v)drl,foN%) (v)dr,

where (4.18) follows from assumption 3.2.

Lemma 4.1. There are constants R, «, €y and Q € R3 such that for N, \ sufficiently
large, we have fn\(t,v) > €o for all |v — O| < a, |O| < R. Moreover ¢y = O(t?) for small
t.

Proof. We suppose that ng fo = 1. Let R be a positive constant and divide Kz = (— R, R)?
into (%)3 cubes, centred at O; and of length r. If R is large enough, we have

1
fodv > —.
J T

Since fON = PN(f())
lim / | fox — foldv =10,
N—o0 Kr

there exists Ny such that for N > Ny

1
fQNdU > —.
Kn 2

Since [ps fo = 1, we can infer that for r sufficiently small depending on fy

1
d -
Aifo U<4.337

for all i. Therefore, no set of 27 subcubes can contain more than half of the mass contained
in Kr, which means there exist two subcubes K1, Ko with |01 — Os| > 2/3r satisfying

/f>1 1,2
KOS a@R T T
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Since

hm/ | fox — foldv =0, Vi,

there exists a constant, still denoted by Ny such that for all N > Ny

1 1
d — d >, 1=1,2.
/Ki fON v < 4.33 an /KZ fDN = 8(2R/T)3’ ? )

We define O = (01+03)/2 and o = (|01 — O3] —V61)/(4v/2) then a > (2v/3—6)r/(4/2).
Let wy, wy be in K; and Ko and define Sy, ., to be the sphere taking the segment wy, wy
as its diagonal. We can see that the ball with center O and radius 2« lies entirely inside
Swiwe- Define x1, x2 and xg to be the characteristic functions of Ky, Ko and Kg. Set

Fr = foxx1s  F2= foxxes Iz = foyXxr,
and use these functions in (4.18), we get
It v) (4.19)

/ Gt ()P Ot ( | 60PN QL (s G oG ><v>dn,foNéa) (v)dr

v

Y

/ GL(v)Pn QY ( /0 G:I(U)PNQj(FQGgI,Flc?gl)(v)dﬁ,ps)ég) (v)dr.

0

Since F1, Iy, F3 are all supported in K, then GAif (v) could be considered as being supported
in{v : |v]<2R}and

éif (v) = exp (—C(ta — t1)Pn((1 + |v])7) > exp (—C(t2 — t1)Pn((1 + 2R)")),
then
FiGY > exp (—Cri((1+2R))) foxx1, F2G > exp (—Cri((1+ 2R)")) fox X2,

F3GY > exp (—C1((1+2R)")) fox Xr
which, together with (4.19) implies

Ina(t,v) / / exp(—C((14+2R)")(t + 7 + 71))dmdT (4.20)
XPNQ;\F (PNQ;(F27 Fl)v F3) (U)7

where C' is some constant not depending on N and .
We assume without loss of generality that b(cosf) is bounded from below by a constant by.
By Carleman’s representation,

Qf (Pn QY (Fa, F1), F3)(v) (4.21)
- /Rg Fg(v)W/ Pn Oy (Fo, Fy)(v))b(cos 0)dE(v})dv',

lv—w
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where E, ,s is the plane containing v and perpendicular to v’ —v and dE(v},) is the Lebesgue
measure on E, /. Since

Fi(v) = /]R3 Fi(w)d(v — w)dw and Fy(v) = /R3 Fr(w)d(v — w)dw,

denote v" and v), by v and w we have

where

/ Pn Q5 (Fy, Fy)(v))b(cos 0)dE(v),)
EU’U/

v

: Pn[QY (Fo, F1)(w)boldE(w)

> / Py [/ (Jw — w.| A N) b2 F| Fy.dodw, | dE(w)
Eyu R3xS?

> / PN[ Fl(wl)Fg(wg) / (|U} — w*| A )\)’yb02 (422)
Eou RO R3 xS?

X6 (w' — wy)d(wl, — we)dodw,dw, dws]dE (w)

/ PN[/ Fl(wl)Fg(wg)/ (|w—w*\ /\)\)'ybo2
Eou RS R3xS?
x 61 (w") 2 (wl)dodw.dw dws|dE(w)

Y

51(v) = §(v" —wy), and da(v),) = G2(v), — wa).

Let x. be the characteristic function of {w|dist(w, E,,,) < €}, then

Y

v

v

/ PN[/RG Fl(w1)F2(w2) /R?,ngﬂw — w*| A )\)'yb02
x 61 (w") 2 (wl,)dodw.dwy dws|dE(w)

1
lim— [ P F F — wy| A X)Vby?
61—%26/11{3 N[/RG 1(w) Q(MQ)/Rst?(’w el 1 2)780

x 01 (w")d2 (wl,)do dw,dw dws) xdw

nml/Rg[/R(j Fi (w1) Fy(ws) /RSXSQ(W—ZU*MA)%O? (4.23)

e—0 2¢

x 81 (w') 8 (w!)dodw.dwy dws) Py (xe(1 + [w])) (1 + |w]) ™ dw
1

lim — F F — w, Vho?
tim oo [ 1] FitooRaes) [ (w=w A7
x 81 (w')da(w', ) dodw,dwydws] P (X P (1 + |w))*) (1 + |w|) " *dw

C
¢ B 2
ll_{% 5 /RS[/RG Fl(wl)Fg(wg)/RSXSQﬂw wi| A X) 7D
%61 (w") b (wl, ) dodw,dwidws| Py x Py (1 + |w])4)(1 + |w|)_4dw

lim / [/ Fl(wl)Fg(wg)/ (|’U) — U}*| VAN )\)7b02
e—0 2¢ Jp3 Jre R3xS2
x 01 (w") 2 (wl, ) dodw,dw dwa| Py xdw,
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where the last inequalities follow from assumption 3.2. Moreover, we have that

e—0

lim C'— // (Jw — wi| A X) 70201 (w2 (W) P xe(w)dodw, dw
2¢ Jr3 Jr3xs2

= limC— // (Jw — wi| A XN) 70201 (w) 6 (wi )P xe(w)dodw, dw
2e R3 JR3xS2

e—0
) (|w1 w2| A )\) / b(Q) -

— limC— (w)di, 424
50 2¢ lwy — wal? Suy sy COS HPNX (w')dn (4.24)

where the first equality follows from the change of variables dw,dw — dw,dw’ and the
second one is Carleman’s change of variables (see [10], [59]), 7 denotes the measure on the
surface of the sphere. Since for A > 2R

1 - )Y b3
lim C'— (= wof A ) / O e (w')dn

I
LE
i

b2
_ 7*2 0 / d~
e’wl w| / cosHXE(w) "
wi, w9
Cﬂ‘wl — IU2|’Y_1b%

Crmin{(2R)"!, (2r)177}b2,

AVARLYS

then we can have for A > 2R, N sufficiently large

1 - A)Y b2
lim ¢ L = w2 A D) / 0_Pyxe(w')dii > C.

=0 26 |wy — wel?

Combine (4.21), (4.22), (4.23), (4.24) and (4.25), we get

Ina(t,v) > C/ / exp(—C((14+2R)")(t + 7+ m))dmdr (4.25)

v—ul A A
X / 3(u)<"v_|u’2) o Fl(wl)FQ(wg)dwldwgdu

/ / exp(—=C((1+2R))(t + 7+ 71))dmdT

«C(2R)22 ((QJ;/T))Q

which leads to the conclusion of the lemma. O

Lemma 4.2. Suppose that there is O € R3, such that F(v) > € for |v— O| < «, then there
exist C,¢, e > 0, which do not depend on A, such that

Qf (F,F)(v) > Ca’t7¢5/2¢2, (4.26)
for all v, |v — O] < av/2(1 — ).

Proof. Without loss of generality, we can assume that O is the origin. According to Carle-
man’s representation, we have the following scaling property

QY (F, F)(Bv)
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_ oy U= Bu A AT cos 0 F(w)dE (w)du
= [ Pt /Emm 0)F (w)dE(w)d
2 (|lu—wv
p [ Fo P B
R3

u—vf?

/ b(cos 0)F(w)dE(w)du
Egy,gu

2(lu —w v
_ ﬁg/IRSF(Bu)B'Y (| | A (MNB)) Bz/ b(cos 0) F (Bw)dE(w)du

u—vf?

= Aﬁ(ﬁu)““_va/m)v / b(cos ) F(fw)dE(w)du,

ju—of?

where we still use the notation of the previous lemma v = v and w = v,. This scaling
property means that we can suppose « to be 1 and since we only consider A sufficiently large,
we can still keep A instead of changing it into A\/3. Suppose without loss of generality that
F' is the characteristic function of the ball {w | |w| < 1} and assume by a rotation of the
coordinate that v = (0,0, z), 1 < z < /2. Use polar coordinates for u with v to be the origin,

i.e. u—v = (rsinwcosw’,rsinwsinw’,rcosw’) then du = r?do = r? sin wdwdw'dr and

W / b(cos 0)F(w)dE (w)du

/\
> 6027r// T/\ / F(w)dE(w) sin wdwrdr.

> b027r/ / )(r AN)Y / F(w)dE(w) sin twdwdr.
E’v,u

Since F' is the characteristic function of {|w| < 1}, we can suppose that |u| < 1 and |w| < 1.

QU (F, F)(v) = F( )

Then |u|? = r?sin? @ + |z + rcos w|? < 1, which leads to zcosw — /1 — 22sin?w < r <
2w and zcosw > 1 or arccos(1/z) < w. Moreover the fact that
w implies w < arcsin(1/z). Applying the change of variables y = z cosw with

dy = zsin wdw gives

zcosw + V1 — 22sin

1> 22sin?

QUF F)(v) =

on2p (1 y+/1-224y?
| / Pdy  (4.27)
1/ZQ

|r AXYdr(1 —
1—22+442
27’[’2b0 / /y+\/1 22+y?
22

Vv

[ dr(1 - y*)dy,
1 z2+y

the last inequality follows when we take A\ > 10 > y + /1 — 22 + y2. Notice that we
need to prove (4.26) for [v — O] < av/2(1 — <), we now need to estimate the integral near
z=+/2. Puty =1 —yand z = v/2(1 — <), then the integral of 7 becomes /1 — 22 + 2 =
Vs =262 =2y + [y 2« 2v/46 — 2y + O(s3/2). Moreover 2 = 1+ O(s), V22 =1 « 26 +
O(s?) and the right hand side of (4.27) could be bounded from below by

26+0(s
87T2b0(1—|—0(§))/0 (WJFO ) 1+ 0y
1+0(s)
= s+ [ (VIS +06) 6 + 06y

0
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4+/27?
Odvizn \gw &2+ 077,

where the first equality follows from the change of variables 3’ = 23" . O

Proposition 4.2. There exist positive constants C’l, Cy independent of N and \, such that
for all v in the support of hy x
2)

The constants C1 and Cy depend on t, however, they could be chosen uniformly for all
t > tg, where ty is an arbitrary positive time.

ol
1 — o]

h(0,t) > Cyexp (-éz

Proof. We now proceed the proof by a classical iteration process as in [59]. By lemma 4.1,
there exists a ball |[v — O] < « such that fy (to,v) > €. By (4.17)

to+tr . .
Ina(to +t1,0) > / GOt (0)PN QY (fva(to)GY,, fN A (t0)GT) (v)dr. (4.28)

to

Now, for v near the given ball and lies in the support of fy y,
G2 > exp(— (1o — 11)c(1 + 2|07 + 21+7/2a7)).
Plug this inequality into (4.28) and use lemma 4.2

Fualto+t1,0) > trexp(—t1C(1 + 2|08 + 217/247))aP+73 22

t exp(—C’t121+7/2a7)a3+7§5/263,

V

and this holds with |v — O] < v2(1 — ¢;)a and v € (_13%7 %)3 Now, we take the
iteration

fnalto+ti +t2,v) > (0 eXP(—tl021+7/20ﬂ)043+7<f/2€%)2

Xto exp(—t2021+27/20ﬂ)(21/2(1 - §1)Oé)3+7§§/2’

for v — O] <2(1 —¢1)(1 —s2)x and v € (—%, %)3 At the n — th step

Inalto+ti+ -+ ty,v)

> e (CaPT Y2 (1 = )BT (@M1 —g) L (1)) BT

O T EAN (P AN (Tt

exp(—Ct1a211/227 1) [ exp(—Cty,a V21 H7R/297F) | exp(—Ct,a721 1M/ 2007m)

for [v—O| < 2V/2(1—¢1)...(1—¢,)aand v € (—%, %)3, which leads to the conclusion
of the proposition. ]
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4.3 L2, estimate for hy

Define
Ta(v) =14 (Jv]| AN, (4.29)

we now prove a technical lemma on
Qf (F,F)( / / Ba(Jv — vil, cos ) FLF'doduv,,
R3 J§2

before going to the £2 , estimate for Ay .

Lemma 4.3. Let v, § and k be three constants satisfying v,6 > —~ and k > ~. There
exist positive constants C' and v, such that the following estimate holds for all e > 0 and all
measurable function F

SQ+(F F)Fdv| < Ce*||F| 10/7||F||L2 MEly (4.30)
R
el IF e |l
In particular, if we take 6 =0 and v = —~/2
- Q(F,F)Fdv| < Ce*||F||2||F || pros7 | F| 1 +€HF||L2(T1/2 1 g, - (4.31)

Remark 4.1. Notice that the lemma is still valid for the case A = oo.

Proof. By similar arguments as in [48], we can suppose that b € C°(—1,1). Let © : R® — R
be a radial C*° function such that supp® C B(0,1) and [p; © = 1. Let p be a constant
smaller than A and define the regularizing function

Ou(r) = *O(ux) (v € R?).

Define
@S:(I)*(@lAM), (I)R:q)—‘bs,

where A, is the annulus A, = {z € R3; % < x| < u}.

Set
Bi(Jv],0) = B*(ju], o) + Bf(|v], 0),
where
B¥(|v|,0) := ®5(v)b(cos b).
Set
= Q5 +Qp
with
QE(F,F)( / / B (|v — 4], cos 0)F/ F'dodv,.
R3 Js2

By Corollary 3.2 [48], the first term Q¥ could be bounded in the following way

Q& (F, F)Fdv
R3

< COOE o7l F 1 g2 F 1 oy (4.32)

206]”
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Now, we will estimate the second term QE. For all test function g the following equality
holds

/ QL (F, F)odv :/ F(vie)F(v) [/ BE(|v — v*],a)g(v/)da] dvydv.
R3 R6 S2
By defining

/ BR(jul,0 (U—l- |’U|O‘> i

/Ra Qn(F, Fodv = /R F(v.) ( /R F@)(T,.S(T-, Q>><v>dv) v,

where Ty, f(v) = f(v—h). Let &, & be two non-negative constants. Consider the weighted
L norm of Sp, since |[vt] < |v|

we have

HSQHLOO(T)_\fl—EQ) < CHbHLl(S2) HQ”LO@(’I‘;§2) H®R||L00(T;51)7

where C' is some positive constant.
Now, consider the weighted L' norm of Syo

v+ |v|jo
HSQ”LI(T;Q’EQ) < /]R3 /SQ Pr(v)Y, §1—62— 1( )b(cos 9)‘ < [v] )

[0l ez, [, [ X35 plcos)o (”‘”"’)'dodv
SQ

< ClPnl gy [ [ MeosO TR @ loo?) o

dodv

IN

The last inequality follows from the fact that [v™| < |v| and 52 > 0.

Apply the change of variables v — v*, whose Jacobian is % (1 + <‘U|, >> = %

we

obtain

HSQHLl(T;Q*Q) < H(I)RHLoo(T*Q) X

4b(cosb) .
/]Rs /§2 cos?(6/2) TA£2 (vH)]o(w™)|dodv™

C0, € )”(I)RHLOO o 16l 21 (s2) ”Q|’L1(Y‘f2)

IN

with the notice that # € [0,60,]. By the Riesz-Thorin interpolation theorem, the above
estimates on the weighted L! and L norms of Sp lead to

”SQHLQ(T;§1*52) < C(0b, f)Hq)R”Loo(T;§1) HbHLl(SQ)HQHLz(T;&)'

Now, we will estimate the term
QL(F, F)Fdv,
R3

by using the above bound on ||S; ]| In order to do this, we separate F' into

LZ(Y;§1*52*1)'
large and small velocities:

F=F,+F° withr <\,
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EF = FX{\U\ST} and Frc = FX{|v|>r}7

where X {|y|<r} and Xx{jy|>r} are the characteristic functions of the sets {|v| < r} and {|v] > r}.

Let v be a positive constant. We make the following separation

R3
Estimating the first term on the right hand side of (4.33), we get

/R QAR F)Fdv

/ FE(0.)| / F()||To0.S (T, F)(v)|dvdo
R?} RS

IN

IN

/R FE@IIF gy 1T, ST, Pl sy o

IN

IN

IN

IN

Or M Fl| oy IF Lz 1l o syt

with k > ~.
We estimate the second term on the right hand side of (4.33)

/ QE(F,FT)de

R3

/ F(w,) / |F(0)||T—0, S (T, F) () |dvdo,
R3 R3

IN

IN

L P o 1T, ST P gk

IN

IN

X “q)R”Lw(Y;k)

IN

I

1\ min{v.k—=7}
< cf3) X T o 12

< oo (4 1) oo VPl e L

with k£ > . Combine (4.33), (4.34) and (4.35), we get

. QL (F,F)Fdv

35

QL(F,F)Fdv = /RB QrL(F, FX)Fdv + /Rg QL(F, F,)Fdv.

LBy < o IS (T Bl
c/Rs EE @I gy, < ve 7 1T Bl oy | @l oy

+ul+
(J/Rg |Ff(v*)\HF||L2(TK+V) < v, S HF||L2(r;V)dU*

L IP@IF gy, < 00 S ST Yo ieon dow

—v
A

k
c/Rg F@IE oo < v > T Fll g coydon

c <> /R @B ey < 00 > T Pl do

1
Llitul+1v]

1
Litul 41wl

(4.33)

(4.34)

(4.35)

(4.36)



B e A A TP T T
= \" "o\ eIz e s I

We deduce from (4.32) and (4.36) that

/ Qf (F,F)Fdv
R3

< CODIF P2, | Flly, (437)
. . 1\ min{r.k—=}
= - (=
+(rrrero (3) 1WA T PR
For suitable choices of r and p, we have the conclusions of the lemma, . O

Proposition 4.3. For all tg > 0, there exist constants C, Ny, \g such that the solution
hna of (4.2) is globally bounded in the following sense

VN EN,N > No,¥A> X suplanallzz, < C. (4.38)
t>to B

Moreover, if ho, € L%, then there exist constants C', \o such that

VA > X sup bz < C.
>0 -

Proof. Use (1 — [9])%77 hy  as a test function for (4.2), we get

/ (1 — ‘@’)GT]flathN,)\th)\d’D
(7171)3

_ /( P { /( o J B o) (4.39)
y [C(m_}*’a)hm ((p <so‘1(v) ‘;<P_1(v*) o) —2¢—1(v*)|>)
SN (=L R A Rl Al)y

_hN,)\(T))hN,/\(@*)] dO’dTJ*} (1 — |17D6hN7)\d17.

Define as in (4.13)
fua(@) = halp@) (L + )™ veR?,
the left hand side of (4.39) becomes

/( X 1)3(1 — 0]t ohn ahNAdD = /]RS NN+ [v) fa( + [v])2dv

1d

= 5o L PO+ B+ )P, (440)

Consider the right hand side of (4.39)

/ Pn {/ Bx(0, s, 0)n !
(—1,1)3 (—1,1)3 Js2
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" [C(T),T)*,U)h]v,)\ ((p <<P_1(U) +o '(O) J|<P_1(17) - 90_1(1)*)|>)
i (@ <<P‘1(@) J;so‘l(ﬁ*) a0 —Zso‘l(ﬁ*)l»
—hnA(0)hy A (0:)] dodv,} (1 — [0])°hy A (0)do

— / {/ B (0, 0, o) ! (4.41)
(=1,1)3 (—=1,1)3 J§2

" [C(M*’U)hm ((p <so‘1(®) J;ga—l(@*) ) —290—1(@*)|>)

Kl ((P <<p1(v) ‘i;Pl(v*) G —2g01(v*)|>>

—hn A (0)hn A (04)] dodv, } Pn[(1 — |15])8 hn A (v)]do
01/ By (9, ., 0)C(0, s, o) 1 (1 — |0]) A A (D)
(—1,1)6xS2

IN

Kl (w <<p1(v) ‘;SOI(U*) e @) —2@1(v*)|>>
Xhn A (so <@_1(6) 2¢_1(6*) + a|cp_1(®) 290_1(5*)')) dodv,dv

e / B (8, 5, )1 (1 = [0])5 oy 2 (8) 2P (62 )dordta s,
(—1,1)6xS2

where the last inequality follows from assumption 3.2 and C, C5 are some positive constants.
We deduce from (4.41) that

= -1
/(1,1)3 Pn {/(171)3 . B (0,04, 0)n
< [emnoma (o (ROl o e el
hax <(p <s01(@> +2gol<m) L@ _2801(@*);» i)
~hyA(0)hy A (0:)] dodv,} (1 — [0])°hy A (0)do
& /R . Ba(Jv = vi|, @) Fna (Wl v a (V) fnva(0) (1 + [v]*) (1 + [v]) " ?dodv.dy

IN

—Cy /6 . By(|v — vi|, o) fua ()| v (@) 21+ [0 (1 + [v]) " 2dodv.dv.
RO x
Combine (4 40) and (4.42), we get

3o [ 1ol b1+ o) 2 (1.43)

IN

Ci [, Ballo = 0ul. ) W) ea0)(1 + o)1+ ol)dordv.do

o [ Bl o o)A@ xa )P+ )1+ ol)dodu.de,
X
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According to lemma 4.3, the first term on the right hand side of (4.43) could be bounded
by

C /R . Ba(|v — val,0) fvn (W) a0 fua(@) (1 + o) (1 + |o]) " 2dodv.dv

< Ce'||fvallzll fna

o7 [ fnallor + GHfN,AHiQ(Ti/z)HfN,AHL‘lkIv (4.44)

where C' is some positive constant.
By the inequality

(I = o AN = 2 ([ AN = Jou]7,

| =

we have

/ By(Jv — v, 0) fna(ve)dodo,
R3xS?

C (Jv — ve] A X)Tb(cos(8)) fx(vx)dodv, (4.45)
R3 xS2

C b(cos(0)) <i(!v| AN — |v*|7> Froa(vs)dodo,

R3 xS?

z C([ AN = Cllfnally = C(lol AN = Cll follLy,

v

where the last inequality follows from the L boundedness of N
Combine (4.43), (4.44) and (4.45), and choose € small enough, we get

’%2 < Cﬁ_LHfN,,\

d
PR 2 [f Nl pror vl — (C = G)HfN,)\”iz(Ti/2)v (4.46)

where C' is some positive constant varying from lines to lines. By a classical argument as
[48], there exist constants C, Ny such that

Vs >0,Vtg > 0,YN > Ny sup||fyvall2 <C.
t>to

4.4 The convergence analysis

Theorem 4.1. Suppose that assumptions 3.1 and 3.2 are satisfied. The solution hy of
(3.8) is positive and uniformly bounded with respect to N in L} and L2, norms, i.e. for all
to > 0 there exist constants C', Ny such that

YN eN,N >Ny supllhnllg <C,
t>to

and
Vig > 0,VN e NN > Ny sup HhN||1324 < C.
t>to -

Moreover there are positive constants C’l, C’g, such that for all v in the support of hy

)

hn(0,t) > C'l exp <—CQ

ol
1— o]
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Proof. Since the sequence {hx,} is uniformly bounded with respect to N and X in £} and
L2, norms, the proof is direct and similar to the proofs of classical cases (for example
theorem 3.2 [2]). First we observe that since hg, is a sum of finite compactly supported
wavelets not containing the extreme points of —1 and 1, then hg, belongs to £2,. Hence
the sequence {hy »} is uniformly bounded with respect to A (but not N) in £3 and £2,
norms for all time. By Nagumo’s criterion, Dunford-Pettis theorem and Smulian theorem
(see [25] and [40]) there exists a subsequence {hn;}72; converging weakly to a positive
function Ay in £', which is a solution of (3.8). According to proposition 3.1, the linear
ODEs (3.8) has a unique solution, then hy = hy > 0. Since the proofs of propositions 4.3
and 4.1 are still valid when A = 400, we infer that hy is uniformly bounded with respect
to N in £} and £2, norms and it is also bounded from below by a Maxwellian truncated
in its support. [

Theorem 4.2. Suppose that assumptions 3.1 and 3.2 are satisfied. If fo € L%er the
solution of (3.8) tends to the solution of (2.6) in the energy sense

sup lim [[hn(t) — h(t)|[z = 0,VT € R,
tefo,1] N—o0 £2

which implies the limits of the mass and momentum

sup lim ||hn(t) — h(t)||sr = 0,VT € R,
tefo, 7] N—00

sup lim ||hy(t) — h(t)]|;1 = 0,VT € R.
tefo,1]) V=00 !

Proof. Take the difference between (3.8) and (2.6), multiply both sides with !, we get
O (hn — Pyh)n (4.47)

= Py {/ B(ﬂ,ﬁ*,a)C(z‘),ﬁ*,a)n_l
(—1,1)3 Js2

X Iy (SD (wl(ﬁ) R G B e G gol(@*)\>>

. <¢ (sfl(v) Sw‘l(v*) 0 22@1(@*)» dods.

_ / B(5, 5., )~ b (0) oy (5 )dords,
(—1,1)3 Js2

_ / B(v, vy, 0)C (0, Vs, o)y
(—1,1)3 Js2

PO+ (@) e () — T ()]
(= |

2
o™ (0) — ™ (0]
)

X h
X h

+o ) dodv,

2
v) + o (v,
((p p( )J;so G
_ N _ _
! /(1,1)3 s2 B9, 0)n h(v)h(v*)dadv*}‘
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We deduce from (4.47) that

d
dt —1 1)5

— /11 {/ B(v,0..0 o)C(v, by, 0)n " (4.48)

X Iy <<p <so ( >+<P L) _U!wl(@)—wl(ﬁ*)!>

\hy — Pnhln~tdo

2 2 )
hn (@ (@‘l(v)zw‘l(v*) a0 ;w‘l(v*)l» dods.

_ / B(5, 5., )~ by (8)hy (5 )dords,
1, 1 S2

/ B (0, Ty, 0)C (T, Ty, o)~
1,1)3

(@(@ +¢1v*__awwﬂ»;wum»>>
e (¢ +%J¢‘100-;¢‘Wv0!>>dadm

+ / B(0, Us, a)nlh(v)h(v*)dadv*} Pn[sign(hy — Pyh)|do,
1,1)3 J§2

where sign(hy — Pyh) =1 if hy — Pyh > 0, sign(hy — Pyh) = =1 if hy — Pyh < 0 and
sign(hy — Pyh) =0 if hxy — Pyh = 0. Set

() = hn(p(v))(L+ o)),
I(v) = (1 + [ol*)Pn(sign(fn — fv)(v) = (L + [o]) Py (sign(fy — Pnf)(v)),

we transform equation (4.48) into
d 3 2
Ky T N
R3
= [ Blv-ulo)fi i - I oe)dodu.do (4.49)
R6xS2

—/ B(lv — vl o)fLf — fuf10(v)dodv.dv
R6xS2

;/ - B(lv—vd,0)[fn. fn = fefI0(05) + () = I(vi) — I (v)]dodv.dv
R6xS?
% / (Jo = v, ) [fn. fv = Fv. AN (L) + D (0') = 9(v.) — I(v)]dodv.do
R6 xS?

w5 [ Bl vl o)liv.fy = £APC + 00) = 0(v.) - 9(0)dode.do
R6 xS2

1 - .
B _ B(|lv — vl 0)[fn. N — [N, fN]
{(fn—Fn) (e —Fn,)>0}
x[9(v)) + (V') — I(vs) — I(v)|dodv.dv
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+
\

B(lv = vil,0)[fn. fn — fn. Fn]
{(fN—FN)>0>(Fn. —FNn.)}
(vl) +9(v") — I(vs) — I(v)|dodv.dv
B(|lv — v, 0)[fn. fv — . f)
{(fn—FN)>0=(fn, —Fn.)}
(VL) +9(v') — I(vs) — I(v)|dodv.dv
B(lv — v, 0)[fn. fn — fn. Fn]
)=0>(fn, —fn.)}
><[19 )+ I(") — I(vi) — I(v)]dodv.dv

45 [ B vl o). fy = AP + 9 - 0(w.) — 9(0)]dodu.do.
R6 xS2

3

x|

+
\

<>

x|

_|_

On the set Z; = {(fx — fn)(fn. — f.) > 0}, then 9(v) = 1+ |v[? and I(v.) = 1 + |v,]2 or
Y(v) = —1 — |v|? and ¥(vs) = —1 — |v4|?; we can see that

[O(v)) + 9" — 9(v,) — I(v)]sign(fy — fn) <0 on Zy.
Therefore

[ B-ulo) (4.50)
{(fn—fn)(fNe—Fn.)>0}

X[fn. fn — v FN][0(0) + 9(0)) — 9(v,) — 9(v)]dodv.dv < 0.

On the set Zo = {(fx — fn) > 0> (fn, — fav.) ), D(vs) = —(1 4 |ve]?) and 9(v) = (1+ [v]?).
Hence
—2(1 + |[v}) < O(W) +9(v') = F(vy) — I(v) < 2(1 + |vs]?) on T,

which leads to
|  B(v— o) v fy — ] (451)
{(IN=FN)>0>(fne — i)}
x[9(vh) + () — I(vs) — I(v)|dodv.dv

| Bl - vlo)lfy — il
{UN=IN)>0>(FNe— N )}
x[9(v) + () — I(vs) — I(v)]dodv.dv

+/ ] ~ B(lv—w,0)[fn. — fndfn
{UN=IN)>0>(FNe =N )}
x[9(v)) + () — I (vi) — H(v)]dodv.dv

c [ B(v—udo)lfn — fulfx.(1+ o)) 2dodv.dy
R6 xS2

+C B(lv — v, 0)|fn, — fn. | v+ |v])2dodv.dv
RO xS?
< Cliin - ey
On the set T3 = {(fx — fn) > 0= (fn. — fn.)}, 9(vs) = 0 and 9(v) = (1 + |v]?). Hence

D) + 9@ — O(vs) — 9(v) < (1 + |vs]?) on Ts,

IN
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which leads to

/ . ~ B(lv =, 0)[fn, i — f. ] (4.52)
{(fn=fN)>0=(fN,—fN.)}
x[9(vh) + () — I(vs) — I(v)|dodv.dv
| Bl - vlo)lfy —
{(N=FN)>0=(Fn. — I}
x[9(v]) + () — I(vi) — H(v)]dodv.dv

| B — vl o) — Fxlfw. (1 + [0s2)dodusde
{(IN=FN)>0=(fN,—FNi)}

< Cllfx = fnllpy-
On the set 7y = {(fx — fn) = 0> (fn, — fn.) )}, D(vs) = —(1 + |v,|?) and 9(v) = 0. Hence
—(1+vf*) < 9()) +9() = I(vs) — D(v) on Iy,
which leads to
/ . ~ B(lv—u.l,0)[fn.fn — N fn] (4.53)
{(n—1fN)=0>(fn.—fN.)}
x[9(v)) + (') — I (vi) — I (v)]dodv.dv
| Bl - wlo)lfv. —
{(UN=FN)=0>(Fne —FNa)}
x[9(v)) + (V') — I(vs) — I(v)|dodv.dv
< C B(lv = v.l,0)|fx, = f.|fn(1+ [o])*dodv.do
R6xS2
< COllfv = Fnllny-

Therefore (4.49), (4.50), (4.51), (4.52), (4.53) imply

D~ loy (454
< Clfn = fnllny
w5 [ Bl el )iy - £APC) +00) ~ 0(v.) — 9(0)ldode.do,
RO xS2

where C' is a constant varying from lines to lines.
Apply Gronwall’s inequality to (4.54), we get

IAN(T) = (D)l (4.55)

LC(T—1) o
/ /]RG><S2 B(lv —vil|,0)[fN. N — fof] ¥
VL) + 9 — O(vs) — O(v)|dodv.dvdt + eS| f (0) — fN(O)HL%.

Inequality (4.55) implies that the accuracy of the method is indeed the accuracy of the
orthogonal projection onto the subspaces created by the wavelets. O
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5 Conclusion

For the last two decades, nonlinear approximation based on wavelets has become one of the
most important theories in scientific computing and the theory for elliptic equations has
been fully developed ([23, 22, 19, 13, 17]). This paper is trying to make a bridge between
the two important theories: kinetic and nonlinear approximation. The strategy is based
on a new way of constructing an adaptive non-uniform mesh. The non-uniform mesh is
created by a wavelet ’support-stretching’ technique: we stretch supports of wavelets defined
in a bounded domain to the entire space to get a new ’nonlinear basis’, which are ’the
approximants’ of our nonlinear approximation and solve the problem on the whole space.
In our approximation, the lower-upper Maxwellian bounds play the role of a preconditioning
technique. We have provided a complete convergence theory for the method. Our nonlinear
approximation solves the equation without having to impose non-physics conditions on
the equation. In the second part [61], we introduce a filtering technique to preserve the
propagation of polynomial and exponential moments of the approximate solution. Our
wavelet filtering technique designed to preserve the properties of propagation of polynomial
and exponential moments is inspired by Zuazua’s Fourier filtering technique in Control
Theory ([65, 66]). The third part of the work [62] is devoted to the practical and numerical
aspects of the theory.
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