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ABSTRACT. We introduce in this paper a new tool to prove the convergence
of the overlapping optimized Schwarz methods with multisubdomains. The
technique is based on some estimates of the errors on the boundaries of the
overlapping strips. Our guiding example is an n-dimensional linear parabolic
equation.

1. INTRODUCTION

In the pioneer work [11], [12], [13], P. L. Lions laid the foundations for
the continuous approach of Schwarz algorithms. With the development of parallel
computers, the interest in Schwarz methods have grown rapidly, as these methods
lead to inherently parallel algorithms. However, with classical Schwarz methods,
high frequency components converge very fast, while low frequency components
converge slowly and that slows down the performance of the methods. By replacing
Dirichlet transmission condition in classical Schwarz methods by Robin or higher
order transmission conditions, we can correct this weakness of Schwarz method.
The new methods are called optimized Schwarz methods and have been introduced
in [5], [6], [10]. Since then, the convergence properties of the optimized Schwarz
methods have been studied thoroughly, based on the following two main tools:
energy estimates and Laplace and Fourier transforms. Energy estimates allow us
to study the convergence of the methods in the nonoverlapping case. With energy
estimates, both linear and nonlinear problems have been studied and optimized
Schwarz methods have been proven to converge, while applying to these equations
(see for example, the papers [1], [8], [9]). On the other hand, Laplace and Fourier
transforms allow us to study the convergence of the overlapping optimized Schwarz
methods, but for only a few simple equations, where all coefficients are constants
and the second order operators are usually Laplace ones (see, for example [2], [4],
[5], [6]), and the convergence problem of the overlapping domain decomposition
methods with Robin transmission conditions still remains an open problem up to
now.

In this paper, we introduce a new tool to prove the convergence of the optimized
Schwarz methods for multisubdomains and apply it to an n-dimensional linear
parabolic equation. The idea of the technique is to estimate carefully the difference
between the values of the errors at the boundaries of the overlapping strips. The
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technique has the potential to be applied to many other kinds of partial differential
equations including nonlinear ones, with classical solutions of the equation. The
variational setting will be consider in a forth coming paper (see [14]). Our long term
goal is to construct some new tools to study the convergence problem of Schwarz
methods and this technique takes us a step closer to it.

2. PROBLEM DESCRIPTION AND MAIN RESULTS

We consider the following parabolic equation
(2.1)

% - ZZj:l ai,]( )37- 8T7 + Zv 1 ( ) . +C( ) f(t,if), in (07T) X Qa
u(z,t) = g(x,t), on 9Q x (0,T),
'LL(IE,O) = g(x,O), on Qv

where Q = D x (o, 3), D is a bounded and smooth domain in R"~!. We impose
the following conditions on the coefficients of (2.1).

(Al) For all 7,5 in {1,...,n}, a;;(t) = a;;(t). There exists vy > 0 such that
A(t) = (as,5(t)) > 1ol for all t in (0,7") in the sense of symmetric positive definite
matrices.

(A2) The functions a;_j, b;, ¢ are bounded in C*°(R); f and g are bounded functions
in C*(Q x (0,7)).

With the conditions (A1) and (A2), Equation (2.1) has a unique bounded solution
win C*((0,T) x Q). The proof of this result can be infered from Theorems 9 and
10, page 71 [3].

We now divide the domain  into M subdomains, with Q; = D x (a;, b;) and
a=a3 < a < b < - <ay < by_1 < by = B. The optimized Schwarz
algorithm solves M equations in M subdomains instead of solving directly the
main problem (2.1). The iterate #k in the I-th domain, denoted by uF, is defined
by
(2.2)

oul n 82 ur ouf .
a_tl - Zi7j:1 aiﬂ( )87' BlT] + Zv 1 ( ) T + C( ) f(tax) m Ql X (OvT)v

wh(-,a,- oup =} Ay - .
) La(m,nz, ) +pub(an, ) = % +puf T Car, ) in D x (0,7),
w ou ,br, .
o 1( bl’)—|—pul( bi,) = %4_ qu( by, ) in D x (0,7),

here, p is a constant and for each vector x in R™, we denote x = (X, x,), with
X € R*™ ! and z, € R. Each iterate inherits the boundary conditions and the
initial values of w:

up (z,t) = g(x,t) on (992, N 9NQ) x (0,T), uf(x,0) = g(x,0) in Q,
and a special treatment for the extreme subdomains,

ulf(-,a,-):g(-,a,-), u%('aﬁ"):g('aﬁ")'
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A bounded initial guess h° in C*°(Q x (0,7)) is provided, i.e. we solve at the first
iteration Equations (2.2), with boundary data on left and right

1 . .

% +pul1('7a'la ) = ho('va'la ) in D x (O,T),
1 . .

W +pul1('abla ) = ho('vblv ) in D x (O,T)

By using an induction argument and the same arguments as in Theorem 2, page 144
[3], we can see that each subproblem (2.2) in each iteration has a unique solution.
Theorem 10, page 71 [3] shows that these solutions belong to C°° (€ x (0,7')). This
means that the algorithm is well-posed.

Denote by ef the difference between uf and u, and substract Equation (2.2)

from the main equation (2.1), we get the following equation on ef

(2.3) k
Oe/ n 82l el .
B_tl_ZLj:laiJ( )87" 827 +Zv 1 () e +C() =0 m Ql X (OvT)v

a dey ) (har, - .
Mwﬂ?el(,az,-)Z%nl)eref_f(-,az,') in D x (0,7T),
k—1/.

86,8(921717) _|_pel (-,by,") = %(n’b“) +p€l+1 (-,by,-) in D x (0,7T).

Similarly, each iterate inherits the boundary conditions and the initial values of u
ef =0on (09, N9Q) x (0,T), ef(-,-,0) =0 in Q,
and the special treatment for the extreme subdomains,
ef(a,) =0, eff(-B,-) =0

The following theorem states that the algorithm converges.

Theorem 2.1. Let ¢ be a strictly positive function in C1(R) such that — max,, cr (%(mn))

is large enough, the optimized Schwarz method converges in the following sense
uff — ’
(2= expipe) ) ot

Moreover, for 1 in {1,..., M}, the sequence {ul} converges point-wisely to u as k
tends to infinity.

=0.
C(ux(0,T))

lim max
k—oole{l,....M}

Remark 2.2. We can see that if we choose ¢(z,) = exp(—vx,), then if v is large
enough, —max, cr (%(mn)) is large enough. The condition of our theorem is
then satisfied.

Remark 2.3. Since a; j, b; are functions of ¢, and the domain is divided into n-
subdomains, we cannot use Fourier and Laplace transforms. Moreover, since the
subdomains are overlapping, the energy estimate method cannot be used in our
case. In the next section, we introduce a new technique to prove the convergence
of the algorithm, the technique is based on the observation that we can estimate
the difference between the values of ef on the boundary and in the interior.

Remark 2.4. The result in the theorem remains true if we let a; ;, b; be bounded
and continuous functions of ¢ and x, but not depend on the n-th space variable x,,
as we can see in the proof in the following section.
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Remark 2.5. The idea of the proof is to transform the equations in subdomains with
Robin boundary conditions into equations with Dirichlet boundary conditions and
then to apply the maximum principle to get some boundary estimates for the errors.
However, the algorithm with Robin transmission conditions is not equivalent to the
classical algorithm with Dirichlet transmission conditions, since the transformed
equation is an equation on g%‘fi and the form of the operator of the equation is
completely changed.

3. THE CONVERGENCE OF THE ALGORITHM

This section is devoted to the proof of Theorem 2.1. We divide the proof into
two steps.
Step 1: The error estimates.
For k in N and 4 in {1,..., M}, setting € to be ef exp(pz,), we get ef =
€F exp(—pxy,). Equation (2.3) then leads to

Bef n 8?2 Fl b 86, 9 b k
ot _Z” 1%.5 55,0z, + 3 1(pam+ rn +( Pan,n + )8wn

+(c—pb, —p anm,)el' =0, in Q; x (0,7),

8Fl(val ) 86?—_11('!0’1:') in D x (O T)

(31) Oxp oz,
86?8(;1717') 66l+éT( bl’.) in D X (O;T)a

() =0 on (99, NN x (0,T),
er(-,+,0) = 0in O,

and for the extreme subdomains,
elf('vala')zoa Gﬁw(,bM,)ZO

Setting v} = g%;c, we infer from Equation (3.1) that for [ in {2,...,M — 1}

v n 92 l/l Bl/l v
bt Zz] 1 @i,j Ox;0x; + E (pa? n +b ) + (2pa"” +b )6wn
+(c — pby, — p2an.n)vF =0, in O x (0,7T),

(32) Vlk(vala )_Vlk 11('56”7') il’lDX(O,T),
vF( by, ) = VH_l Y-, by, -) in D x (0,7),
Vlk(,,)—OOH(anﬂaQ)X(O,T),
vF(,,+,0) =0 in ;.

On Q; x (0,T), we define & = (Vk)Q d(xn)p(t), where ¢ is a strictly positive
function in C?(R) to be chosen later, with the notice that — max, cr ( (a:n)) is

large enough. Our purpose is to construct an operator £ of ®, such that £(®) is
negative and then on £, we can apply the maximum principle to get some estimates
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on the boundaries for ®. We now consider the following operator

Fo L J—— 02P
>

. P) = — — pi——.
(33) Col®) = F5p = 2 g o
i,7=1
A simple calculation gives
ok - 0% 8V ovF
3.4) £o(®) = 2wF et S P A 1 oV
( ) 0( ) Y (bgp It Z Qi,j axlx ax
7,j=1 J 1,7=1 J
n ayk 90/ ¢//
N Z 2ai,n¢lépylka—; + <Z - an,n? ¢90(Vlk)2

We observe that the second term on the right hand side of the previous inequality
is negative, it directly leads to

ovf - o%uk
< k oy ) 1
Lo(@) < 2fop | ; S
n 8l/k SU/ (b”
. - 2 i,m ! r L — — Unn—_ r 2-
5) > 2ttt 5L+ (£ =000 D) oot

We now replace (3.2) into (3.5) and get the following bound for £¢(®)

Kk = v i 8Vzk 2 k
v | — Z(pav n+ bi ) — (2pann + bp)m— — (¢ — pbp — pann)y,

i=1 Oz
8V ¢l/>
kO P k2
(<p "5 (1))
Substituting
0P L OVF
Pl 2¢pvF oz, , forie{1,. -1},
and
2 k 8Vzk 10 kN2
oz, 2¢pv, Oz, +¢'p(1))7,

into (3.6), we get

oL J— 0*® &'
(3.7) T Azl ai’jiaxiaxj + (Qpan ntbn+ann ¢> 5.

/L7

n—1

&\ 00
+Z(pa1n+b +a7n¢> 8%

=1

IN

/ ¢// ¢/2 ¢/
dp(vf)? (% — Upp— 5 + ann = —2(c— pbp — PPann) + (2pan.n + bn)g) )
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We now get the formula for £

oL J— R AL
. d = N A 2 n,n nn
(38) &) o %“ﬂaxiaxﬁW“ b+ ) 5

n—1

¢)/
+Z(pa1n+b +a7n¢) 8%1

=1

then if we choose ¢ such that — max, cr (“’/ (xn)) is large enough, since ay, n, by,

c, E’ %’ are all bounded in C'(R), we can obtain a negative sign on the right hand
side of (3.7), which means £(®) is negative.

Since £(®) < 0, the maximum of ® can only be attained on the boundary of
O x (0,T). Using the fact that ® = 0 on 992; N IN and on Q x {0}, we have the
following three estimates.

Estimate 1: 1 <[ < M.

The maximum value of ® can be achieved on both D x {a;} x [0,T] and D x

{bi} x 10,77
(39 OF(X.znt)o()elt) <
< max{ max {0 (X 0)6(a)e(t)), max (04X 0,0)%0002(0)).

)

Estimate 2: [ = 1.

The maximum value of ® can be achieved on both D x {a;} x [0,T] and D x
{b1} x [0, T]. If the maximum of ® is achieved on D x {a1} x [0,T], then at the
maximum point, we need that 8—<D > (0 due to Hopf’s Lemma. We compute

0d 8V1

Dlant) = g sfoan)el) - (P (ar)elt)
o 861 86
- _¢(a’1)w(t) [8x2 axn + 8.1377) ‘| .
Since
ek " 92ek = dek
E(')alv')_ jz_:l 1]8 8 ()alv')+;(pazn+b)8xl( ala-)
56}16 2 k ;
+(2pan,n + bn)%(., ai,.) + (¢ — pby, —p“ann)ei(,a1,.) =0, in D x (0,T).
and € (.,a1,.) =0 on D x (0,T), we deduce
D2ek Oe
82( al,.)—|—< >8x1( ar,.) =0,

and as a consequence, we can write —n in a different way
o Oet 2 bn ¢'(a1)
— (. )= — — 2 L .
0% (ar..) = —alan)elt) ( 8%) [( P+ ) -

Choosing ¢ such that
bn (t) ) ¢'(a1)
(e 225) + S =0




OVERLAPPING OPTIMIZED SCHWARZ METHODS 7

we can see that

o0

on
which means that the maximum of ® can be achieved only on D x {b;} x [0, T],
then

(3.10) (V1 (X, 20, 1)) 2 P(an)p(t) < nax {7 (X,b1,1))%6(b1) (1)}
% (0,7

(- a1,.) <0;

Estimate 3: | = M.

The maximum value(s) of ® can be achieved on both D x {axs} x [0,T] and
D x {byp} x [0,T). If the maximum of ® is achieved on D x {bp} x [0,7], then
at the maximum point, we need that % > 0 due to Hopf’s Lemma. Similar as in
Estimate 2, we can get

0 ovk

Srlbant) = Frko(bane(t) + 1) (ane(t)

Soar)elt) (g—k) [(2p+ 2 ) + Sl

Qn,n

With the function ¢ satisfying

bn(t) @' (bar)
<2p+ an,n@)) o) <

we can see that
0P

an

which means the maximum of ® can be achieved only on D x {apm} x [0,T], then

(3.11) (v (X, @n, 1)) *P(an)p(t) < P {(war(X, anr, 1)) élans)p (1)}
% [0,T]

s

(., bM, ) < 0;

Step 2: Proof of convergence,

2
! R
Foo 1e Loy ()" () X 0,1))

In the proof of convergence, we will use the three estimates (3.9), (3.10) and
(3.11) by fixing ¢ and replacing ¢ by appropriate functions ¢;, ¢i, ¢., ¢« (i €
{1,...,M}) in each subdomain. We define

k2
Ey = le{rlr}?.),(M} [[(v") (b‘PHc(QZX(o,T))-

Step 2.1: Estimate of the right boundaries of the sub-domains.
Consider the M-th domain, at the k-th step, (3.11) implies

(W (X, 20, 1)) Gps (@) (1) < Smax {Wh (X, anr, 1)) pr (ann)e (1)},
x[0,T]

)

where ¢,, is a strictly positive function and will be chosen later.
Replacing z,, by by;—1, we get

(VA (X bar 1, 1)) Bag b (8) < i {047 (X, aae, 1)) anr o 0))
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. k k1l
Since vy, (X, by—1,t) = ij'_l(X, br—1,t),

(A (6 bar0,0)%Bas a2 )o(t) < i {01 (X, aae,0)*Fpsaar)o(0))

The inequality becomes

1 5 (aM)
(A2 (X a1, )Pplt) < =200 mae (0 (X, ann 1))

We can choose ¢, such that o) 1, and deduce
Sar(brr—1)

ourla
(3.12) Wi (X b1, 1) 0(t) < Oulan) g
Gar(bar-1)
Moreover, on the (M — 1)-th domain, at the (k + 1)-th step, (3.9) leads to
a2 (X @, 1) by () () <
(e (A7 (X 011,08 (bas-0)o(0),

s

max {(vy (X, an—1, 1) ar_i (an—1)e(1)}},
Dx[0,T]

where ¢,,;_; is a strictly positive function that will be chosen later.
Since Vﬁjl (X, byr—a, t) = V]ITZFEZ (X, byr—_a, t),
(a7 2 (X, bar—a, 1)) Gas—1 (bar—2)(t) <

mase{ e {047, (X, bar—1.6) s 1 bas-1 (1)}

DT[%?{T]W’;;;(X, ani—1,))*Bns_1 (an—1)p(1)}}.

Hence

(V52 (X, bar—a, 1)) 2p(t) <

5M71(bM71) k+1 2
- { $M_1(bM—2) DT[aO}?{T]{(VMil(X, b=, t)) <,0(75) }7

Sar—1(an—1)
¢M—1(bM—2)
Combining this inequality with (3.12), we get

Opr1(bar—1) dpr(an) Opr1(an—1)
k+2 X,b o, 2 < _M 1 _ M E , = E )
(a2 (X bz, 1) g0“)<mx{<m_1(bM2> Fa 1) g (br2) ’““}

_max
Dx[0,T]

(a2 (X, aMlat))QSD(t)> } :

Choosing ¢,,_; such that

%M&(bel)_aM(aM) _ ?Mq(aMfl) <1
¢M—1(bM—2) ¢M(bM—1) ¢M—1(bM—2) ’
we get
(313) A by, 0)Pp() < 2O B,
Par—1(brr—2)
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Using the same techniques as the ones we use to achieve (3.12) and (3.13), we
can prove that

. B (s
B8 WA (X bary 0)(t) < S ) o B ),
rr—ji1(br—j)

where ¢, j+1 1s a strictly positive function satisfying
5M7j+1(aM—j+1)

aM—j+1(bM7j)

<1,

with j € {1,...,M —1}.
_ Now, with (3.10), we can choose a strictly positive function ¢, such that
¢.(bar) > ¢, (anr), then

(V1 (X, bar, 1)), (bar)p(t) < P {w (X, anr, 1)), (anr) (1)},
x[0,T]

and as a result

(A1 (X bar )%, (ar)olt) < mae (473 (X, 000, £)%8, (an)(8)),

which implies

k 5*(0“1\4)
(3.15) (Vi (X, bar, 1) (t) < 5. (onr)

Step 2.2: Estimate of the left boundaries of the sub-domains.
Consider the first domain, at the k-th step, (3.11) implies

(V1 (X, @, 1) 61 (wn)ep(t) < Jmax {4 (X, 1,1))61(b1) (1)},
x[0,7]

Ei_y

where q~51 is a strictly positive function that will be chosen later.
Replacing z,, by a2, we get

(X, az,1))%(t) < = max {(vf (X, b1,t))%p(1)}-

Since V¥ (X, ag,t) = 1/§+1(X, as,t), then

(M (X, a2, 1)*0(1) < = max {(vf (X, b1,t))%p(1)}-

We choose (;31 such that

¢1(b1) <1
$1(az)
and deduce
(3.16) (ETH(X, ag, 1)) %(t) < MEk.
$1(az)

Second, on the second domain, at the (k + 1)-th step, (3.11) leads to
(T (X, n, 1) Pa(n)p(t) <

maX{Dfil[aofT]{(Vé““ (X, b2,1))*d2(b2) (1)},
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where qNSQ is a strictly positive function and will be chosen later.
Since 1/§+1(X, as,t) = l/§+2 (X,as,t), then
(52 (X, a3, 1))*da(as)p(t) <

maX{Dfil[aofT]{(Vé““ (X, b2, 1))%62(b2) (1)},

DT[%?{T][(VS—H (X, a2,1)) P2 (az)p(t)]}-

Hence

(WA ?(X, a3,1))0(t) <

aX{¢2(b2) max {(V§+1(Xa ant))Q(p(t)} )

b2 (az) Dx[0.7]

Q’BQ (a3) Dx [O,T]

2 (az) ‘max [(AT(X, az,t))QSD(t)]}'

Combining this with (3.16), we get

20X g 1))2 ax {%52(52) ) %2(612) {%51(51)
(v3 77 (X, a3,1))%p(t) < {¢2(a3)Ek+ ' Galas) ¢1(a2)Ek}.

Choosing (252 such that

we then obtain

(3.17) (VET2(X, a3, 1)) %p(t) < 02(b2) max{E, Exy1}.

$2(as3)

Using the same techniques as the ones that we use to derive (3.16) and (3.17),
we can prove that

; hi—1(bj—
(318) @K a 00 < 22U e B ),
¢j-1(a;)
where qgj,l is a strictly positive function satisfying
$im1lbi-1) 1,
¢j-1(a;)

with j € {1,...,M —1}.
Now, with (3.11), we can choose a strictly positive function ¢. such that
¢+(b1) < ¢« (a1), and get

(V1 (X, a1, 1)) 6 (ar)p(t) < Jax {1 (X, 01,1))*64 (b1) (8},
x[0,7]

which is equivalent to

(11 (X, a1,1)* b (ar)p(t) < nax {51 (X,b1,0))%0. (b1) (1) }-
x[0,T]
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That implies

(3.19) (vir(X, a1, 1))*p(t) <

Step 2.3: Convergence result.
From (3.14), (3.15), (3.18) and (3.19), there exists v in (0,1) such that

(3.2Q0F M (X, a1, 1)) (t) < ymax{Ey,..., Exram-1}, for 1€ {1,..., M},

and

(3.21F ™M (X, by, 1)) %p(t) < ymax{FEy, ..., Epia—1}, forl € {1,...,M}.
Using (3.9) for ¢ = 1, we have that

(3.22) (1 (X, 2, 1)) 0(8) <
< max{ max (0 (X, 0)%0(0), max (04(X.0.0)%0(0)).
Combining (3.20), (3.21) and (3.22), we get
(3.23) Eriy <ymax{Fk,...,Exip—1}-
Hence, Ej tends to 0 as k tends to infinity.
Step 3: Proof of convergence: for [ in {1,..., M}, the sequence {eF} converges

point-wisely to 0 as k tends to infinity.
Since for l in {1,..., M},

hm H =0,

HC(Q,, % (0,T))

k 2
the sequence { (g;l ) cp(t)} converges to 0 point-wisely and the sequence is bounded

by a constant M. Since ¢ is strictly positive on [0, T'], there exist positive constants
My, Ms such that M; < ¢ < Ms. That means the sequence {
0 point-wisely and is bounded by a constant Ms.

For [ = 1, with a fixed value of (X,t), we get from the Lebesgue Dominated
Convergence Theorem that for =, in [ag, b1], f:l” g;l (X, ¢, t)d¢ converges to 0 as
k tends to infinity. Hence the sequence {e§(X,z,,t) — €¥(X,a;,t)} converges to
0 as k tends to infinity. Since €¥(X,a1,t) = 0, the sequence {€}} converges to 0
point-wisely.

For | = 2, with a fixed value of (X, t), again by the Lebesgue Dominated Con-
vergence Theorem, for z,, in [az, b2], the sequence

{L;g@wcw«}

converges to 0 as k tends to infinity. Hence the sequence
{€§(X, Z‘n,t) - Gg(X, a25t)}
converges to 0 as k tends to infinity. Since

a k a k—1
8$n (X az, ) peZ(X az, ) 8xn

8‘? 5
e converges to

(X az, ) p61 (X7a2vt)’

and the sequences {e}}, { } converge to 0 point-wisely for I in {1,..., M}, we

Oz,
can deduce that €5(X,z,,t) converges to 0 as k tends to infinity.
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By similar processes, we can prove that for [ in {1,..., M}, the sequence {eF}
converges point-wisely to 0 as k tends to infinity. This concludes the proof.

4. NUMERICAL RESULTS

We give here some numerical results to illustrate the convergence of the method.
Here we use the Python module Optimism developed by Loic Gouarin [7]. This
code uses the MPI library to solve domain decomposition problems and can handle
any number of subdomains. The problem in our example is the following

%_mw-wu:o, in (0,7) x Q,

where = (0,1) x (0,1). The initial and boundary data are 0.

The code uses the finite element method to solve the problem and a triangular mesh
is used. The discretization steps in space and time are do = dy = dt = 0.01. We
look only at the first iteration in time such that T' = dt.

In our example, there are four subdomains (M = 4) and the decomposition in
subdomains follows the z -direction. The overlapping length is 2 dz. It means that
the first subdomain is [0, 0.26] x [0, 1], the second one is [0.24, 0.51] x [0, 1], the third
one is [0.49,0.76] x [0, 1], and the fourth one is [0.74, 1]. We use random initial data
hY on the boundaries a; and b;.

Residual/lterations

10
O - p=1.0
—+— p=2.0
107 x - p=10.0
—6—p=20.0
— B - p=55.0
- D
107k 4
10 @ |
- N
© ~
s N
a A
& 107k ~. E
5 B
[=2] ~
3 A
1075 E A N E
N (0] N ]
N ~
\ * ~ A
_ =
10°F NI ~ 4
\ ¥ E
\
7 ) B ©
10 'F E
10'8 1 1
0 5 10 15

Iterations

We consider the performance of the algorithm for several values of p including
small and large ones: 1, 2, 10, 20, 55. On the same figure, we also plot the
performance of the algorithm with Dirichlet transmission condition. According to
this test, the algorithm with Robin transmission conditions reach the errors of 10~°
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after at most 9 iterations while the one with Dirichlet transmission conditions needs
15 iterations to reach this error.
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