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Abstract

We consider an approximation of the linearised equation of the
homogeneous Boltzmann equation that describes the distribution of
quasiparticles in a dilute gas of bosons at low temperature. The corre-
sponding collision frequency is neither bounded from below nor from
above. We prove the existence and uniqueness of solutions satisfying
the conservation of energy. We show that these solutions converge to
the corresponding stationary state, at an algebraic rate as time tends
to infinity.
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1 Introduction

A kinetic equation that describes the evolution of a non equilibrium spatially
homogeneous distribution n(¢, p) of quasiparticles in a dilute Bose gas below
the Bose Einstein transition temperature 7. has been obtained by several



authors (see for example [13], [14], [15]) and reads as follows:

on

Yt = [ [ doidna (R = Rpspm) = Reowopn,p)] (1)

R(p,p1,p2) = |[M(p,p1,p2)* [6(w(p) — w(p1) — w(p2))d(p — p1 — p2)] X
x [n(p1)n(p2)(1 +n(p)) — (1 + n(p1)(1 + n(p2))n(p)] (1.2)

where M(p, p1,p2) is the transition probability, w(p) is the so called Bogoli-
ubov dispersion law:

n 221/2
mm=kﬂﬁ+(@)] (1.3

m is the mass of the particles, g is the interaction coupling constant and
n. is the density of particles in the superfluid. It is well known that the
equation (1.1)—(1.3) has a family of equilibria:

no(p) = s B> 0. (1.4)

ekBT —1

where kp is the Boltzmann’s constant and 7" the temperature of the quasi-
particles whose distribution is ny.

The relaxation of n towards its corresponding equilibrium is a question
that has deserved some interest by several authors (cf. [3], [10], [11], [13]).
In the more strictly mathematical literature, the convergence to equilibrium
of Boltzmann equation has been extensively studied and still is. Since the
works by T. Carleman [5] and H. Grad [12], then by L. Arkeryd [1], S. Ukai
and K. Asano [19], G. Toscani [18] and L. Desvillettes [8] until those by L.
Desvillettes and C. Villani [9] and later by Y. Guo and R. Strain [17] (cf. the
review article [20] for more detailed references). However, we do not consider
in this work the nonlinear problem (1.1)—(1.3). We only study, instead, the
relaxation process of the equation linearised around one equilibrium. Let us
then write:

n(t,p) = no(p) + no(p)[1 + no(p)]2t,p) (1.5)
n —Q(t’p) 1.6
0(p) + 1 sinh2 (202(5%1> ( )

Plugging this expression in the equation and keeping only the linear terms
in 2 we obtain:

no)l1 + o) S tp) = L)) (1.7



LE)(t,p) = —Mp)Qt,p) +T(Q)(tp)  (1.8)
T@s) = [ U)o (1.9

where the measure U(p,p’) and the function M (p) have been calculated in
[11] and whose explicit expressions are recalled in formulas (6.7) and (6.8)
of the Appendix.

The structure of the equation (1.7)—(1.9) is the same as in other linearised
Boltzmann equations, as they may be seen for example in [4], [6], [11], [12],
[16].

The relaxation to equilibrium of the solutions of (1.30)—(1.35) has been
considered in [3], [7], [10], [11], [13].

As it is well known, the properties of the operator £ crucially depend on
the range of the function M (p) and compactness properties of the integral
operator 7. For the classical Boltzmann equation with hard potential the
corresponding function M is such that, for some constant My > 0, M(p) —
My as |p| — 0, M(p) — +o0 as |p| — oo, and its range is [My, +00). For
soft potentials, M(p) — My > 0 as |p| — 0 but M(p) — 0 as |p| — oo and
the range is [0, Mp]. In both cases the integral operator T is compact in
some suitable functional space. It was shown in [3] that the values of the
function M (p) in (1.8) range from zero to oo as the variable |p| goes from
zero to oo (see Lemma 6.1 in the Appendix below). From this point of view,
the situation for equation (1.7)—(1.9) is then similar to the case of the soft
potentials for classical particles.

In the case of the spatially homogeneous linearized Boltzman equation
for classical particles with soft potential it was observed in [12] (see also [4]
and [19]) that the spectrum of the corresponding linearised operator £ goes
down until the origin and no exponential rate of convergence can be expected
for the solutions. It is shown in [4] that for soft potentials and spatially
homogeneous initial data f(0,p) decaying exponentially fast as |p| — oo,
the part of the solution f in the range of £ decays in L?(R3) like e~ M’ for
some A > 0 and 0 € (0,1). On the other hand, for non homogeneous initial
data, the authors of [19] proved algebraic rates of decay in Lebesgue—Sobolev
mixed type spaces.

1.1 Approximation of the linearised equation.

Since the functions w(p) and M(p, p1,p2) appearing in equation (1.7)—(1.9)
are complicated functions of their arguments, we restrict the range of our
analysis. Following [3] we consider the situation where the equilibria ng in



(1.7)—(1.9) is at a quite low temperature T'. More precisely, we suppose that
the temperature 7', the density n. of superfluid and the interaction coupling
constant g are such that kg7’ is much smaller than gn.. That range has
been widely considered in the physics literature, where the functions w(p)
and M (p, p1,p2) are then approximated as follows:

gnc

— — 1.10

w(p) = clpl, ¢ (1.10)

[M( )|* = __* [pllp1llp2| (1.11)
p.pup2)l” = eg e lplielipl, -

(cf. [3], [10], [13], [2]). This approximation has an important consequence.
Indeed, if w(p) = ¢|p|, then the condition w(p) = w(p') + w(p — p’) reads
lp| = |p’| +|p—p'|. This implies that p and p’ must be parallel vectors of R3,
The domain of integration in the integral at the right hand side of equation
(1.7)—(1.9) is then reduced to the set C, = {Ap; A € R}. More precisely, we
are approximating the equation (1.7)—(1.9) by
aQ / / /

no(p)[1 + no(p)] 5 (8, p) = —M(p)QAt, p) + /R3 Q(t, p") Wip,p')dp" (1.12)
where W (p,p') and M (p) are defined by (6.9) and (6.10) in the Appendix.
Our goal is to study the solutions of the Cauchy problem associated to equa-
tion (1.12), their existence, uniqueness and relaxation towards equilibrium.

Due to the formulas (1.5), (1.6), and for the sake of notation we shall
use the following convention all along this article. Given p € R3, we shall
denote:

clp
k=k(p) = 2]{‘B|T. (1.13)

Since, we will also denote |p| = r, we shall use sometimes

cr
k= .
2kgT

(1.14)

With some abuse of notations we will also write ny(p) = no(|p|) = no(r) and
also, by (6.11), M(p) = M(|p|) = M(r).

Proposition 1.1 Let {Yim},,, be the spherical harmonics on S2. For any

sequence {cem} of real numbers such that:

(%9 0

Y <

(=0 n=—¢



define

(;iELQm”m(H>>W'

Then:

(i) ®€L2<R3 dp >

sinh? k

(i) — M(p /@ p)dp’ = 0.

Theorem 1.1 Suppose that Qo € L? <R3, Sin‘i@,{j). Then, there exists a

unique function Q(t,p) such that

Qe L™ <O,oo;L2 <R3, 'dpg >) ﬂC’([O,oo);L2 <R3, 'dpg >),
sinh” k sinh” k
(1.15)
Q-0 ¢eL*(0,00; L* (R?, M(p)dp)), (1.16)
o4 elL? ((),oo;L2 <R3, dp.4>> , (1.17)
ot M (p) sinh™ k

satisfying the equation (1.12) in L? <0, oo; L? <R3, W)) and taking

the initial data 2y in the following sense:

i (190 = Qll e an Y+ 190~ Ul sy ) =0

M (p) sinhd k ’sinh? k
(1.18)
This solution also satisfies the following conservation property:
d
7 [ 7o) (L +n0(p)t, p)lpldp = 0. (1.19)
R3
If Qg satisfies also:
QO 2
/ %dp < 00 (1.20)
ipl<1 |p|sinh” &
then
() — 0| <% -0 (1.21)
‘ - ’L2<R3’sindhp2k) - (1+t)1/2H 0 ‘ L2<R37sirj1p2k)’ .



where

oS l
O(p) = (Z > comYem (@)) 1p| (1.22)

=0 m=—¢

com = (2" [ olpnol)(1 + no(@)Yim ( 2
2v/15kgT R3 |p|

Remark 1.1 The algebraic decay rate in (1.21) is not sufficient to have

the integrability in time of ||Q(t) — @||i2 (R3 W ) at infinity although, by
’sinh? k

(1.16), this integrability property is true for || (t) — ®\|%2(R3,M(p)

) dp. (1.23)

dp)”

Remark 1.2 The behaviors of the function M(p) as |p| — 0 and |p| — oo
are given in Proposition 6.1 of the Appendizx.

Remark 1.3 The system of quasiparticles described by (1.1)-(1.2) satisfies
the physical property of energy conservation. That property is expressed, in
terms of the function n(t,p) as:

dt oo n(t, p)w(p)dp = 0.
The identity (1.19) shows that this conservation of energy still holds for the
equation (1.12).

Another natural quantity for the set of quasiparticles described by (1.1)-
(1.2) is N(t) = [gsn(t,p)dp that represents the total number of particles.
That physical quantity is not conserved by the system of particles described by
(1.1)-(1.2), and the function N (t) is not preserved, even formally, by equa-
tion (1.1)-(1.2). Nevertheless, the corresponding quantity for the linearised
equation, namely M(t) = [psno(p)(1 + no(p))Q(t,p)dp is well defined for
the solutions obtained in Theorem 1.1. See also Remark 5.1 below.

The proof of theorem (1.1) is based on the following argument. Decom-
pose first (¢, p) in spherical harmonics:

o0

¢
Atp) =3 S Ut [p) Y (,’;) (1.24)

=0 m=—/

Using the decomposition of the measure W in Legendre’s polynomial (re-
called in the Appendix) we obtain for each ¢ and m:

O

no[l + no] at

(t,r) = —M(r)Qm(t,r) +



+2€+ 1/ Wo(r, ") Qo (t, ) dr’ (1.25)

where r = |pl, v’ = |p| and:

1
20+1

It follows from the expression of G(k, k") and W (p,p') in (6.10) and (6.9)
that

Wo(r,r") / W (p,p")Py(u)du, £=0,1,-- (1.26)

1

1
Vi) = 5 [ Woa) R

1
= ;/ W(p,p)du = G(r,r"), £=1,2---
1

and all the coefficients Wy(r, ') are equal. Therefore all the modes Qy,,, (¢, r)
satisfy the same equation:

no(r)[1+ no(r)]agim(t, r) = L(Qpm)(t,7) (1.27)
L(Qm)(t,7r) = =M (r)Qem(t, ) + /OOO Wo(r, ™" )Qum (t, ") dr’ (1.28)

for all ¢ =0,1,2,--- and m € {—¢,--- , ¢}, where with some abuse of nota-
tion we denote:
no(p) = no(r)
and Wy(r,r’) is given by formula (6.12) in the Appendix.
Let us then consider an initial data Qg € L?(R?) and write its decompo-
sition in spherical harmonics:

o) 0
0m) =3 S Y rmlp)Vim (@)

=0 m=—¢

The solution to the equation (1.12) with the initial condition (0, p) =
Qo(p) is then given by the function defined by the series (1.24) where every
function €, (¢, ) solves the equation (1.27), (1.28), with initial data Qg ¢y,
for ¢=0,1,2,--- and m € {—¢,--- , (}.

It is then enough to study the solutions of the Cauchy problem for the
equation (1.27), (1.28). To this end we perform the following change of
variables:

cp| _ Qtp) , _ clpl
QkBT sinh (22 ) ’ 2]€BT

[t k) = (1.29)




and obtain (cf. [3] and [21]):

Wtk) = BUY= T [0,0)+ Bl =Tl + Bl (130

i = Q/OOOK(k,k’)f(t,k’)dk’ (1.31)

T(k) = sinhk /O (ol — KD) + bk + K)S(K)) di’ (1.32)

K(hK) = (6 — K)) = o(k+ k) kK (133

]{?2
k) = 1.34
o) sinh & 34)
f0) = fo. (1.35)

The function I'(k) defined by (1.32) is such that:
kO
I'(k) ~ 5 & k — +o0 (1.36)
4
k

T(k) ~ ”1—5 as k — 0, (1.37)

(cf. [3] and Appendix below), and then, its range is [0, +00).
We introduce the following auxiliary function that will be needed in all

the sequel:
o VA

= = 1.38
2= T, a2 (1.38)
Then, Theorem (1.1) is a consequence of the following result.
Theorem 1.2 Suppose that fo € L*(R,) and denote
Co :/ fo(k)(po(k)dk, (139)
0
where @ is defined in (1.38). Then,
(i) there exists a unique function f such that
(f - COSOO) € L2((0a OO), LQ(F))v (140)
f € Loo((O,OO),LQ(R+))OC([O,OO),L2(R+)), (141)
% € L*(0,00; LX(I'7Y)), (1.42)

that satisfies the equation (1.30) in L*((0,00), L*(T™1)) and takes the initial
data fy in the following sense:

tim (|1£() ~ foll ) + 172) — folla) = 0. (1.43)

8



This solution also satisfies

IU@%+MXA 1£(8) = covol Zaqrydt < 211 foll3 (1.44)

for some constant Cy > 0, and the conservation of energy:

< (L +2C0)[|f22(0,00;22(1))> (1.45)
L2(0,00;L2(I'1))

kde
VE>0: /f S = (1.46)

If fo >0, then f(t,k) >0 for allt >0 and a. e. k> 0.
(ii) If fo also satisfies one of the two following conditions:

I:/O |f0(k)‘ dk < oo (1.47)
a= élir%) fo(k) exists. (1.48)

there exists a positive constant C, depending on I or a respectively, such
that, for all t > 0:

nﬂw—QWMgo“@;gﬁh. (1.49)

where g is defined in (1.38) and ¢y is given by (1.39).

The algebraic rate of convergence in L?(R, ) norm is proved using classi-
cal arguments. We first establish a coercivity property of the operator E in
a suitable functional space. Then, this coercivity is used to obtain an upper
estimate of the convergence rate. This last step uses the detailed behavior
of the kernel K and the function I' near k = 0.

The plan of the paper is the following. We prove in Section 2 two im-
portant properties of the operator . Section 3 is devoted to the proof of an
existence and uniqueness result for the solution of Cauchy problem (1.30)-
(1.35). In Section 4 we prove the convergence rate of the solutions of the
problem (1.30)—(1.35). In Section 5 we prove Proposition 1.1 and Theorem
1.1. We give in a final Appendix some auxiliary results, in particular the
detailed behaviors of the functions I' and K.



2 Properties of the operator F

In this Section we prove several important properties of the operator E. We
will be using the following spaces.
{u (0,00) — R;measurable, such that ||ul|p2y < oo}

= {u: (0,00) — R; measurable, such that [ull2r-1y < 0o}

ellzary = </Ooo !u(k:)!?r(k)dk> v

We shall also use the classical L?(R) of functions of integrable square in
(0, 00), with its norm || - 2.

Since several Hilbert spaces will be used all along this work, we want
to be careful with the notation. We denote by (-,-) the scalar product in
L*(Ry):

where

(o) = /0 " (k)b (k) dk

whenever this integral is well defined. We will also use the notation L to
denote the orthogonality with respect to the scalar product of L?(R,):

oLy = / p(k)y(k)dk =0
0
and similarly, if A is a set of measurable functions,
€At = / o(k)(k)dk =0, Vi € A,
0

We may then have ¢ L 1 even if neither ¢ nor v belong to L?(R, ), as long
as the integral on the right hand side is well defined and equal to zero.

Lemma 2.1 The operator E defined by (1.30)-(1.34) is linear and contin-
uous from L*(T') into L*(T~1) and, for every u € L?(T'):

HE()llL2r-1) < (1+2C0)||ullr2(r (2.1)

o/
0

where
1/2

2
/
KkE) | ar | < o (2.2)

T(B)T (k')

10



Proof The proof that the integral defining Cj in (2.2) converges is given in
detail in the Appendix. On the other hand, for all u € L?(T") and v € L?(T):

(E(u),v) = — /Ooof(k)u(k:)v(k:)dk + 2/000 /000 K(k,Ku(K)v(k)dk dk

OOO F(k)u(k)v(k:)dk’ < (/OOO r(k)yu(k)Pdk> " (/OOO r(k)yu(k)Pdk) v

/ T Kk, k’)u(kz’)v(k)dk;’dk‘ -

’“’“/k/ TR (Yo () di dk
Pl [ e
- /0 Do) it )| ak
o 1/2 o K(k k/) 1/2
2 ) / / /
< (/0 (k) [o(k)| dk) (/0 i VT ik dk:)

<(/ °°r<k>\v<k>|2)1/2 ([ o mwear) "

9 1/2
/
(/ [| e dk/dk) |
We have then for all u € L?(T") and v € L?(T):
[(E(u), v)| < (1 +2C0)l[ull L2 [[v]lL2r)
from where E(u) € (L?(I'))" = L*(T'~1) and (2.1) follows. [ |

It was already shown in [3] that the operator F is non negative. The
precise property and its proof are given in the following Lemma for the sake
of completeness.

Lemma 2.2 For all f € L*(T") and g € L*(T):

/ / bk + K)o (k) b(k) x (2.3)
y [smh(i) N sinh( /Z)f(k’) smh(k—i]—{/i)li(k—i-k’)] y
sinh(k)g(k)  sinh(k)g(k')  sinh(k + k" )g(k + k') ,
x[ e 7 }dkzdk.

11



Proof We first notice that by definition:
(Efg) = [ [ sk (olk = Do) + ok +K)o(K) S (Ria(k)dk dr

—2/ / oIk — K')) — d(k + K)) k k' £ (k) g(k)dk dk
= h+DL+I13+ 14

We now write the integrals Iy, Is, I3 and I using the definitions and sym-
metries of the two functions I'(k) and K (k, k).

k— K7 K /
L = / / smhk( bk k/DSlnh(k/))f(k)g(k)dk dk
k+ K7 K /
I, = / / sinh k <smh |k:—|—k:’|)smh(k’)> f(k)g(k)dEk'dk
/ / |]{? k/|2
(smh =k )kkf( "ag(k)dK dk

|k + K'|? Ay )
I = 2/ / <Smh = kK f(K)g(k)dE dk.

Let us denote for the remaining of this calculation Q[g](k) =

12 ) 9
h= / / o |kk|k/ m'f;('k,)Slﬁ'(k)@[f](k)@[g](k)dk’dk

sinh(k)g(k)
k

k=K K] kP /
/{M,} Snb([F — }7]) sinb(7) smh(k) 2 S F)Qol(k)dk dk
Ll L e ,
+ /k<k’} sinh(|k — k'|) sinh (k') sinh(k) QUIE)QIg)(k)dk dk
/ / B(R)O(K )0k + K)QUI(k + K)Qlg) (k + K') +
/ / B(R) B (K )bk + K)QLF)(k)Qlg) ()i (2.4)

|k + K'|? || 13 sinh (k)2 /
2= / / <smh (|k + K'|) sinh(k’) smh(k)) k2 f(k)g(k)dk' dk
N /0 /0 ok + K)o (K)o (k)QIf) (k) Qlg) (k) Ak’ dk

= [ [ ot 10600 QUol 25

12



|]€ _ k/|2 )
fs=- ) B k' dk
’ 2/{k>k/} (sinh(yk_m) f(Eg(k)
. "
2/{k‘>k’ (snlh(‘k k/‘) kkf(k)g(k)dkdk
2
:_2/ / <sm‘}lf||k|> (k+ KK f(K)g(k + k') dk' dk

‘ |2 / / / ! /
_2/ / (Smh’k‘) (e + k) K g(k) f(k + &)k’ dk
- /0 /0 ok + K)o (K )o(k) (QUIK) + QUAIK)) QLal(k + K )k

- /Ooo /Ooo o(k + koK) e (k) (Qlal(k) + Qlgl(K) QIfI(k + k') dkdk'.

(2.6)
L= [ [ ot K060 0@LRIQlal Wk +
o Jo
w [0 etk MewiemanaQadr k. (21)
o Jo
Identity (2.3) follows by combining (2.4)—(2.7).
|
Corollary 2.1 Let ¢ be the function defined in (1.34). Then
E(¢) = 0. (2.8)

Conversely, if f € L*(T) is such that E(f) = 0, then f = C¢ for some

constant C.

Proof By (2.3), (E(¢), > =0 for all g € L*(T") and (2.1) follows. On
the other hand, if E(f) = 0 for some f € L?(T"), then (E(f), f) = 0 and by
(2.3):

sinh(k)f(k)  sinh(K)f(K') sinh(k+ k) f(k+K)]?
k * k! a k+ K

sinh(k) f (k)
k

=0

for a. e. k>0, k¥ > 0. The function must then be linear, and we
must then have f = C'¢ for some positive constant C. |

13



Corollary 2.2 For all f € L*(T') and g € L*(T):

(=E() 9] <

Proof By (2.3) in Lemma 2.2:

- \</ / )a(g) (. K dp(k, ).

sinh(k)h(k) N sinh(k")h(k")  sinh(k + K")h(k + ')
k k' k+ K

where

q(h)(k, k') =

and
di = o(k + K)ok (k) dkdl

is a non negative measure. We deduce by Holder’s inequality

(—BE(f).9)] < / / (k. k) +

// q)(k, K |%dp

= < )s >+§<—E(9)79>-

N

|
As we have seen, the operator E is continuous from L?(T) into L?(I'"1).
By the Corollary 2.1, its kernel, N(F) is a one dimensional vector space
generated by the function ¢.

Lemma 2.3 There exists a constant Cy, > 0 such that, for all h € L*(T):
(—=Eh,h) > C.||h — Ph| 72y, (2.10)
where

Bh = co(h)go, colh) = /O " h(k)po(k)dk.

Remark 2.1 The map P is the orthogonal projection on the kernel N(E)
for the scalar product of L*(R,). Since pg € L*(I'™1) it is well defined for
all h € L*(T).

14



Proof For all h € L(T'), we denote
h=co(h)po+ g, co(h)po=Ph e N(E).

Notice that,
/ ” k) po(k)dk = / " (hk) — co()po(k)) o (k)dk = 0
0 0

and so g € N(E)*. Moreover, by Lemma 2.2, we deduce that

(E(9),Ph) = co(h)(E(g), po) = 0

and then,
(Eh,h) = (E(g),Ph + g) = (E(9), g).

Therefore, property (2.10) is equivalent to
Vg e L*(T),Pg=0: (-Eg,g) > C.lgll7r)- (2.11)
In order to prove (2.11), we show that for all h € L?(T):
(—Eh, h) + S(h) > Culll2a - (2.12)

To this end we make a change of unknown variable and define ¢ = ah, with
a = v/T. The problem is now equivalent to prove that for all ¢ € L? (Ry):

oo [e.e] oo K(k,k/) , ;
/0 yg(k)|2dk—2/0 /O Wg(k )g(k)dk'dk  (2.13)

w9 > ol

This follows from simple spectral properties of the operator E=—-1+T
with

. > 2K (k, k') INETA = po(k)pok) i s
T | S ) et %

Since the two functions jg,i)(z’(’z,)) and “’ggi;i‘g,g“)/ ) belong to L?(Ry x Ry ), (for
the first function this is proved in detail in Lemma 6.2 of the Appendix), the
operator T is a Hilbert Schmidt, and then a compact, operator from L?(R, )
into itself. Its spectrum is then reduced to a sequence (1;);en of eigenvalues

satisfying p1; — 0 as j — 00. The spectrum of —F is then also reduced to

15



a sequence (\;)jen of eigenvalues such that \; — 1 as j — oco. Since the
operator —FE is non negative on L?(T') it is easy to deduce that —FE is non
negative on L?(R. ), and then \; > 0 for all j € N. In order to prove (2.13)
we then only need to show that zero is not an eigenvalue of —E. If that was
the case, any associated eigenfunction g € L?(R) would satisfy E(g) =0
and then, multiplying by ¢ and integrating

(& (%) AR /OOO /Ooo ‘Wg(k’)g(k)dk’dk — 0.

But this would imply that, for the function h = £ € L*(I'), we have
(=Eh,h) + co(h)?* = 0.

Since (—FEh,h) > 0 this implies that (—FEh,h) = 0 and ¢o(h) = 0. By
Corollary 2.1, the first condition implies that h € N(E). Then we deduce
from the second that h = 0 and then g = 0. This proves that zero is not an
eigenvalue of F and we deduce that
Cy = min\; > 0.
JEN
Property (2.13) follows, and then also (2.12) for all g € L*(T) and (2.11) for
all g € L*(T) such that Pg = 0. This concludes the proof of (2.10). [ ]

3 Existence and uniqueness of global solution.

In this Section we prove that the Cauchy problem (1.30)-(1.35) is well posed
in L?(Ry). More precisely, we have the following proposition that is the
first part of Theorem 1.2.

Proposition 3.1 Suppose that fo € L*(R.). Then, the problem (1.30)-
(1.35) has a unique solution f such that

(f = P(f0)) € L*((0,00), L*(T')), (3.1)
f € LOO((O,OO),LQ(R+)) ﬂC([O,OO),LQ(RJ,_)), (32)
orf € L*((0,00), LA(T'1)), (3.3)

that satisfies the equation (1.30) in L?((0,T); L2(T~1)) for all T > 0 and
takes the initial data in the following sense:

lim (£ @) = follz2eo-1y + [ £ () = foll2) = 0. (3.4)
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This solution is such that, for all ¢ € L*(T):

/ftk dk—/ / ok + Ko (k) p(k) x (3.5)

" {smh k)f(k) N sinh(K) f (k')  sinh(k + &) f(k + k’)} y

k k! k+ K
" sinh(k)p(k) N sinh(K")p(k")  sinh(k + &) p(k + &) dedk.
k k! k+ K
In particular, for all t > 0:
k'de
/ (6K S =0, (3.6)
Moreover, for allt > 0:
1O +2C. [ 170 = P eyt < 210l (3.7)
an
H <04 200)1f ~ Bllsosrrmy (3
L2(0,00;L2(I—1))

where the constant Cy is defined in (2.2).
If fo > 0 then for allt > 0, f(t,k) >0 for a.e. k> 0.

Proof Step 1: Uniqueness. We first prove that if there is a solution of
(1.30)-(1.35) satisfying (3.2)-(3.3), then it is unique. Since the equation is
linear it is sufficient to prove that the only solution of (1.30)-(1.35) satisfying
(3.2)-(3.3) with initial data fy = 0 is the function such that f(¢) = 0 for all
t > 0. To this end, we multiply the equation (1.30) by f and integrate on
k > 0 to obtain:

1B = ). .
Since ¢g = 0 by hypothesis, we deduce using (2.12):

L@ <~ Ol agy

If we now integrate this in time:

t
17O +2C. [ 176 aqeyds <0
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since || £(0)||3 = || fo||3 by the continuity of the application t ~ || f(t)||2 and
uniqueness then follows.

Step 2. We define the following truncation of the operator ¥ and the initial
data fo:

En[h] = =T (k) h(k) + Thalh), (3.9)

Ln(k) = T(k)xn(k), (3.10)

Toolh] = 2/ K (k, K h(K')dK | (3.11)
0

Kn(k7k/) = Xn(k)Xn(k/)K(k7 kl)ﬂ (3'12)

fon(k) = xn(k) fo(k). (3.13)

Xn (k) = X{1/n<|k|<n}>

where x4 is the characteristic function of the set A.
For every n € N, E,, is now a linear and bounded operator from L?(R.)
into itself. Therefore, the linear problem

%{(t, k) = Eo(f)(t.k), t>0,k>0, (3.14)
£(0,k) = fon(k), k>0, (3.15)

has a solution:

fn(ta k) = etEn (fO,n)

satisfying
fn € C([0,00); L*(R)) N C™(0, 00; L*(R4)). (3.16)

The same argument as in Step 1 shows that f, is unique. If moreover
fo >0, then fy, > 0 and then f,(¢t) > 0 for all £ > 0.

Since supp(fon) C (1/n,n), supp(l'y) C (1/n,n) and supp(K,) C (1/n,n)x
(1/n,n), we have supp(fn(t)) C (1/n,n) for all t > 0, and therefore:

Enfn = (Efn)xn(k),

where X(1/n,,) is the characteristic function of (1/n,n). The function f,
solves then:

Ofn

= (Ef) (k) (317)

fn(o) = fO,n (3.18)
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Multiplying (3.17) by f,, we obtain, after integration on (0,t) x Ry:

t
a8 = 1ol =2 | (BL(o fuls))at
Since for all s > 0 supp(fn(s)) C (1/n,n) we notice first that:

(Efn(8)Xn, fn(5)) = (Efn(s), fn(s))

(3.19)

and second, that f,(t) € L*(T"). Then, by (2.12) in the proof of Lemma 2.3,

we deduce, for all T' > 0:

T
1T+ 20, [ 156 = PL Oyt < oal

It first follows from (3.20) that for all t > 0

1 ()13 < 11 foll3-

Using (3.21) we obtain that for all ¢ > 0:

o) 2
BAOEe = ([ e bhentan) el
< 1O BlIgolBary < folBlleolZaq

and then, using this in (3.20):

(3.20)

(3.21)

T
||fn(T)H§ el / (12t < 1foll3 (1 -+ 20Tl By

f

(3.22)

By (3.22), the sequence (f,)nen is then bounded in L2(0,T; L*(T)) for
all T > 0. We prove now that it is also a Cauchy sequence in that space.
To this end, let n,m be two positive integers such that for example

m > n. By (3.14):

7(fn_fm) = Enfn_Emfm
fa(0) = fm(0) = fon — fom

19



After multiplication by f, — fn and integration over (0,00) we deduce as
usual

t
1£a®) = £ (B3 = I foun — fomll3 = 2 /0 (Bt fo — )

We decompose the function f,, as follows:

It k) = froun(t, k) + @mn(t, k) (3.26)
fm,n(tv k) = fm(ta k)Xn(k) (3'27)
@m,n(t k) = fm(ta k) (Xm(k) - Xn(k)) (3'28)

and use this to rewrite the two right hand side terms of (3.25). We have
first:

Bufusfo = f) = = [~ TulBB)al0) = (i)l (329
" /R Bk ) fuK) (Fa(k) — ()RR AR = Jy + .
Since the supports of f, and ¢, , are disjoint we have:
no= - / Pk fa () (fuk) — Fun(R))dk
0
- /0 T () fo () (Fn(B) = Fomn ()l
- /0 TP fa () (Fu (k) — Foun (k) (3.30)

Using that for any &’ > 0 the supports of K, (-, k") and ¢y, ,, are also disjoints
we obtain:

T = [ Bk ) £ Ful) = ) ()

+

- /RQ K (k, k) fu(K") (fn(K) = fimn (k) (k) d'de

+

= [, KOO Galb) ~ )RR (331

+

By (3.30) and (3.31), we deduce from (3.29) that
(Enfrs fo = fm) = (Efn, fn = fmn) - (3.32)
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On the other hand,

Ry

+ R? Km(ka k/)fm(k/)(fn(k) - fm(k))(k)dk/dk = L1 + Lo. (333)

We have now

I = - /OOO Lo (k) (Foon (B) + 0 (1) (Fn (k) = Fin (k) = P ()l
_ /0 T (B) fonan (0) o (R) — Fon ()l +
n /0 Lo () fonsn (k) oo (k)
_ /O Lo (K)o (B) (f (k) = frnn(K))d +

+ / Lo (B pman (R pmn (k) k. (3.34)
0

Using the properties of the support of the functions f,, fmn, I'n and omn
we deduce as above that the second and third terms in the right hand side
of (3.34) are zero, from where:

L= = [0 fnaB)alh) — frn(0)ab +
0

—|—/OO L(k)pmn (k) pmn(k)dk  (3.35)
0

Consider now Lo, that may be written as follows:
Ly = R2Km(k7 kl)(fm,n(k/> + ‘Pm,n(k,))(fn(k) — fmn(k) — Spm,n(k))dk/dk
+

= R? Km(ka k/)fm,n(k,)(fn(k') - fm,n(k))dk/dk
— | Kk &) frnn (K)o (k) dE dk: +

2
R

b [ KKK F (F) = ()R
R

+

— | Ko (b, K)o (K)o (k) AR d:. (3.36)

2
Ry
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We rewrite Lo as follows:

Ly = Kk, K frn (6 (fa (k) = frnm (k) dE dke

2
R+

- K (ky Ko (K)o (k)dE dk + Ry (1), (3.37)

2
R

Rm,n(t) = K (F, k/)wm,n(k/)(fn(k) - fm,n(k))dk/dk

2
RY

— [ Ko (b, K from (K)o (k) dk. (3.38)

2
R

It follows from (3.33), (3.35) and (3.37) that:
<Edmn—ﬁm=—Amm@mMmuu@—nm@mm+
+ [T T W R h)a +
0

b [ ROK ) b)) = fonn ()
R

2
+

_ / K (b ) omm (K)o (B AR dE + R (£, k)
RZ

and then

(Bmfms fn — fm) = <Efm,n7 Jn— fm) — <E90m,na <Pm,n> + Rm,n(t)- (3.39)

We deduce, using (3.32) and (3.39) that

<Enfn,fn - fm> - <Emfm7fn - fm) = <E(fn - fm,n)7fn - fm> +
+ <E90m,n> Som,n> + Rm,n(t)' (3.40)

By (2.10) in Lemma 2.3 we deduce

<Enfm fn - fm> - <Emfm> fn - fm> < _C*H(]I - P)(fn - fm,n)H?ﬁ(F)
_C*H(]I - P)@m,n”%%l“) —+ ‘Rm,n(t)’a (3'41)

where I is the identity operator.
On the other hand, since

H(H - P)(fn - fm)H%%F) < ”(H - ]P))(fn - fm,n)H%?(F) + H(]I - P)Spm,nH%Q(F)
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it follows that

<Enfna fn - fm> - <Emf77’mfn - fm> < _C*H(H - ]P))(fn - fm)H%Q(I‘)
+| R (t)]. (3.42)

We now estimate R, , given by (3.38). Since K(k,k') = K(K, k) for all
k>0, k' > 0 it is easy to check that this term may be written as follows

Ryn(t) = [ K (kK )X (K) (X (') = X (K)) fon (K) fn () dI e

®
—2/ K (k, k') X (B) (X (K") = X (k")) fin(K) fr (K)dI' . (3.43)
=2
from where we deduce the following estimate:

[Bmn(t)] < K (K, k)Xo (K) (X (K) = X (K) | fon () [| fr (K) | dE e

=
42| B K Do () Ocn (K = o0 () ) L fn )
< pm (Il 1l lz2) + 20l 2 ) (3.44)
K (h, 1) Com(F) = xa(K)
prom H VI (k)WT(K) 2R2) (3.45)
K (kK

Using now that € L*(R2) and the dominated convergence The-

VI (k)VT(K)
orem, it is easy to check that

lim p(n,m)=0 (3.46)

n—oo,m>n

Combining now (3.25) and (3.42):

t
1) = Fn(®)]3 + 20, /0 1= B) (o — fon)l 2y s <

< fon — fo,m

t

5+ / | Ry ()| ds. (3.47)
0

On the other hand, since

IP(fa(t) = fn@)l[F2y < () = fm@®IBlleollF2(r,
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we have by (3.47):

t
IP(fu(t) = Frn )22y < <||f0,n — fomll3 + i yRm,n<s>|ds> ool Z2(r)

Integrating both sides of this inequality with respect to t, we deduce

t
/0 Pfa(®) = Frn ) eqryds < ¢ (Ifom — foml3+

t
- \Rm,n<s>ds) ol 2

and then,
1) — funlt H2+20/! = )22y ds < (14 2CHIpoll ) %
x (Hfo,n o2+ /0 |Rm,n<s>\ds) C(348)
By (3.44),
t t ) )
B )lds < 3pum | (allZay + inlBoy) - (3:49)
0 0

Since the sequence (f;)nen is bounded in L2(0,T; L*(T)) for all T > 0
and py,m, satisfies (3.46), we deduce that (f,)nen is a Cauchy sequence in
L?(0,T; L3(T")) for all T > 0.

Then, there exists f € L?(0,T; L*(T")) for all T > 0, and a subsequence,
that we still denote f,, satisfying

Jim [ fn = fllz20miz2r)) = 0, VT >0, (3.50)
li_)rn fult, k) = f(t, k), a.e. t>0,k>0. (3.51)

On the other hand, it also follows from (3.46), (3.48) and (3.49) that (f,)nen
is now a Cauchy sequence in C([0,7); L?(Ry)). We then deduce that, for
all 7' > 0:

f e Lo((0,7); L*(R+)) N C([0,T); L*(R+)), (3.52)
Jim {1 = fllLee0,r502m4)) = 0 (3.53)

We now take the limit in (3.20) as n — oo to obtain:
T
|f(T)|§+20*/0 1£(t) = BF @)l Z2rydt < [ foll3, VT >0,
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and then,
1O +2C. [ 10 ~PAOmdt <2103 (350
Let us show now that 9, f € L?(0,T; L*(I'"1)) and f satisfies the equation

(1.30) in L?(0,T; L*(I~1)), for all T > 0. To this end we notice that for all
u € L*(0,T; L*(T")) and v € L?(0,T; L*(T)):

< (14 2Co)||ull 20,72 (o)) [Vl L2(0,7:22(r))

/OT /OOO E(u)(s, k)v(s, k)dkds

Then, the linear operator:

T: v— /OT /000 E(u)(s, k)v(s, k)dkds

is linear and bounded from L?(0,T; L?(T)) to R. It belongs then to
(L2(0,T; L*(T")))". We deduce the existence of w € L?(0,T; L?(T)) such that,
for all v € L2(0,T; L*(T)):
T roo T poo
T(v) = / / E(u)(t, k)v(t, k)dkdt = / / w(t, k)v(t, k)T (k)dkdt.

o Jo o Jo

Then,
E(u)(t, k) = w(t,k)I'(k), for a.e. t € (0,T), and a.e. k > 0.

This implies that E(u) € L*(0,T; L>(T~')) and we have:

HE)l| 20,22 0-1)) < (14 2C0)[JullL2(0,7;22(r))- (3.55)

On the other hand, we know by (3.7) that f — P(f) € L?(0,00; L*(T")). But
we also have P(f)(t) € L>(0,00; L*(T')) since , for all ¢ > 0:

IPCH O L2ry = [(F(@); wo)llleollL2ry < [l foll2llpollL2(r

we deduce, that f € L?(0,T; L*(T)), then E(f) € L?(0,T; L*(T~')) and by
(3.50), for a new subsequence still denoted (f,):

NE(fn) = B L2022 0-1)) < (1+2C0)|[fn = fllL20,7502(r)) — 0(3.56)

as n — oo and

Tim E(fo)(t k) = B(f)(t ), ae.t e (0,T)k >0, (3.57)
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We then deduce, passing to the limit in (3.17), that 8tf € L?(0,T; L*(T7Y))
and f satisfies the equation (1.30) in L?(0,T; L?(I'~1)), for all T > 0. More-
over, by (3. 55)

We leave the proof of (3.8) until the end of the proof of Proposition 3.1.

In order to prove (3.5) we first notice that, using 9, f € L%(0,T; L2(T'~1))
and Lemma 2.1, we can multiply the equation (1.30) by any function ¢ €
L?(I") to obtain:

< (14 2C0)[| fll2(o,),22r))s VI >0.  (3.58)
L2((0,7),LA(I1))

S50 = (B0

By Lemma 2.2, identity (3.5), and then (3.6) follows.
From (3.6) we now deduce that,

P(f)(t) = (f(t), po)o = (fo, po)po = P(fo) Vt >0,

and by (3.54), (3.7) immediately follows. We then easily deduce (3.1), (3.2).
We prove now (3.4). Since f,, satisfies (3.16), (3.17) and (3.18), we obtain
after integration on (0, ?):

Fultok) — foml(k /Efnsk)ds Vn > 0,Yt> 0, vk >0, (3.59)

Using now (3.56) we notice that, for all ¢ > 0:

We deduce that

< CoVt | fn = fllz2(0.602(r))-
L2(r-1)

/0 (B(fa)(s) — E(f)(s)) ds

t t
lim / E(fn)(s)ds—/ E(f)(s)ds =0
n—0 0 0 L2(T-1)
and then, up to a new subsequence still denoted (f,):
hrr%) Efn ds-/E s)ds =0, a.e. k>0 (3.60)
n—

Using now (3.51), (3.57) and (3.60) we first pass to the limit in (3.59) as
n — oo for almost every ¢t € (0,7T) and k > 0 and deduce that:

ft, k)= /E )(s,k)ds, a.e.te€ (0,T),k>0.
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Therefore,

IN

hm [[£(t) = follz20,L20-1))

t
Co /0 1) |2y

< C'o\/inHLQ(o,t;L?(F))'

Since, on the other hand, f € C([0,T); L?(R)), (3.4) follows.
If we assume that fy > 0, we have seen that, for every n, f,(t) > 0 for
all t > 0. We deduce by (3.51) that f(¢t,k) >0 for all ¢ > 0 and a. e. k> 0.
Finally, in order to prove the estimate we argue as follows. Consider
the function g(t, k) = f(t, k) —P(fp). By (3.6), g satisfies all the properties
that have been already proved for the function f. Moreover, by construction
P(g)(t) = 0 for all T > 0. Therefore, using (3.58):

A

2

g 201112
F < (14 2Co)”|lgl|
H Ot || g2(0my.2(0-1) L2((0,7),L2(T))
and then,
of ||?
% < (14 20011 (1) — B 2oy poqry, VT > 0
L2((0,T),L*(T~1))
(3.61)
from where (3.8) follows. [ |

4 Rate of decay

In this Section we prove the algebraic rate of convergence of the solutions
obtained in Section 3 towards the corresponding equilibrium. To this end
we first need the following Lemma.

Lemma 4.1 Let fo € L*(Ry) such that [;° fo(k)go(k)dk =0 and satisfies
(1.47) or (1.48). Suppose that there exist C* > 0, w > 0 and T > 0 such
that, the solution f of (1.30)-(1.35) obtained in Proposition 3.1 satisfies:

[F@®ll2 < CT[[foll2(t +1)7% Ve = 7. (4.1)

Then, there exist 01 > 0, k1 > 0 and k9 > 0, where k1 and ko are indepen-
dent on 01, such that, for all 0 < 6 < 01 and for all t > max{1,7}

00 0 92 0
/0 |f(¢, k:)‘QF(k)dk > /‘319/0 | f(2, k)‘zdk — h2 ((t + 1)2w + (t+ 1)(> ’ )
4.2
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Proof By hypothesis:

of _
ot
Multiply both sides of the above equation by 2f, we get

or _ —2T'(k) f2(t, k) + 2/00 K(k,K')f(t, kK f(t, k).
0

“T(k)f(t, k) + /OOO K (k,K)f(t, K)dk'.

ot

Using (6.1) and (6.4) in the Appendix we deduce, that there exist two
positive constants 6y < 1 and Cg such that, for all k£ € (0,6)):

0) T(k)>"

@) [ KRR < FORIKE < G HIO]

Therefore, for 6 € (0,6p) and all ¢ > 0:

2
88];(75716) < —kf2(t k) + Okl f(t)|21 f(t, )| a.e.k € (0,0).

Using now (4.1) we deduce, for 6 € (0,6y) and all ¢t > 7:

2
88];(757/5) +kf2(t k) < Ckllf(t)ll21f(t, k)] < CxeC7k(t + 1) |£ (2, k)ll| foll2

2 (PR < OOk + 1)1 D)L ollo

Since
9 (2 wy _ O £\ 2
&(f (t,k)e ) = 7 ((f(t,k)w)
= Q‘f(t, k)egt aat‘f(t,k)egt for a. e. k,
then
) L\ CxC* o
(176 R 1eE) < SRl folla (e + 1)

CkC*
2

k t k
f(tR)e2" < |fo(k)| + |!fo||2’f/0 (s +1)"“e>"ds.

By lemma 6.3 with p = k/2 and 6 = w:

t ky
/(s+1)_“’ek2$ds < Cw[(t+1)_“’+6_%]%
0
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for all w > 0, and t > 0, where we can take C,, = 6 x 2. Then, for all ¢t > 7
and 6 € (0, 6p):

k C C C,
(k) ezt < |folk)] + —&

=2 folle [+ >+*]
£ R < o)l + CKCC GG e [+ ) +

(R < 21 folk) e _’“+A|!fon (t+ )2 e
A = (CxC*Cy)>

|_|CB

As a consequence, if 0 < 6 < fq:

/ k) Pk < 2 / " F2 e+ Allfol (0 n 3) (4.3)
0 5 = 0 0 0ll2 (1+t)2w t . .

If we now assume that fy satisfies (1.47):

1 2
- [0, o,
0 k

then we obtain, for all ¢ > max{1,7}:

0
[ isempa < 2 +Aufou%[ b _ 3 ] (4.4)

(t+1) t+1)2 " 1+¢

On the other hand, by (6.1) and (6.2) it easily follows that there exists a
positive constant £ > 0 such that for all £ > 0 we have I'(k) > x k. We then
have:

o) 0 0o
/ (6 k) PT (k) dk = /0 (k) PT (k) dk + /9 (R PT (k) dk

0

> ne/oo| f(t, k)2dk
= —/<;9/ |f(t, k) 2dk+/<;9/ f(t,k)|*dk
> /-@9< %) + (CxC*Cy ||f0\|)[ f ;2 ]>+

(t+1)2 "1+t

+Ii€/ k)|?dk.

Then, condition (4.2) is satisfied with

K1 = R, (4.5)
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ke = 5 (21 + 44| fol 3) (4.6)

for all t > max{1,7}.
If, on the other hand, the initial data fj satisfies (1.48) then, by Lebesgue
convergence Theorem:

. 0 2 —kt : o 2 (TN — 2
tlggot/o F2(k)eMdk = lim [ f2 <7)e dz = a

t—oo Jg t

Notice that if the limit a exists, then the function fy is bounded in a neigh-
borhood of the origin, from where, for all z € (0,t0), =/t € (0,0) and f(z/t)
is bounded if 0y is sufficiently small. We then deduce by (4.3) that

2a2
(t+1)

o3
(t+1)2 "1+t

0
[ ismpa < +Aww%[ ]. (4.7)

Arguing as above we deduce that condition (4.2) is now satisfied with

K1 = K, (48)
Ko = £ (20 + 44| fo|3) - (4.9)
|

Remark 4.1 The constants 6y and Ck are determined by the behavior of
(k) and || K (k,-)||2 respectively as k — 0. The value of k is determined by
the global behavior of the function I'. The constants k1 and ko given by (4.5)

and (4.6) or (4.8) and (4.9) depend on the global behavior of the function

I', but also on the quantities fol Mdk or a respectively.

The algebraic convergence rate of the solution of problem (1.30)—(1.35)
follows as a consequence of Lemma 4.1, using the following result.

Lemma 4.2 Suppose that fo € L*(Ry) is such that P(fy) = 0 and satisfies
(1.47) or (1.48). Then, there ezists a positive constant C, that does not
depend on || foll2 such that for all t > 0:

1F@)llz < Cllfolla(1 +6)71/2. (4.10)

Proof Since equation (1.30) is linear, we may suppose without any loss
of generality that || fo||2 = 1. We divide the proof into two steps.
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Step 1. We first apply Lemma 4.1 with w = 0. To this end we multiply
the equation (1.30) by f and integrate over R, and obtain, using Lemma
2.3:

L1713 = B, ) <~ / (k) 2.

Since the solution that we have obtained is such that ||f(¢)||2 < ||fo]|2 for
all t > 0, condition (4.1) holds with w = 0, 7 = 0 and C* = 1. Then, by
Lemma 4.1, there exist three positive constants 6y, k1 and k9, with k1 and
ko independent of fy, such that for all § € (0,6y) and for all ¢ > 1:

d 2 2 2 0
— < —Ch + C, + .
tHsz < -C I€16HfH2 Ciko (9 (t 1)>

This leads to

d
. (||f||%exp(C’1«9t)) < Cq <92 + i+ 1)) exp(C16t),  (4.11)
with: C1 = rnax{l,C*/ﬂ}, Cy = Cyka. (4.12)

Thus, for all ¢ > 1:

If(®)||3 < exp(—C16t) + C’g/ (02 + G f_ 1)> exp(—C10(t — s))ds.

0

and, by (6.6) in Lemma 6.3:

2 C10
1 £()]13 < exp(—C10t) + C26°t + Oy [1 v Seét] (4.13)

for all 6 € (0,6y) and t > 1.
We fix now a constant ¢ such that

2
5 <9<1, (4.14)

and define

Ty = <01190>5. (4.15)

Then for all ¢ > Ty, we have t°C' < T;°C! = 6. We may therefore
choose § = (t +1)7°C; ! in (4.13) to obtain that, for all + > max{1,Tp}:
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C2Cat

exp(—Clt(l + t)_a) + m

LF®13

IA

[ 2 ta+n=0 ]
Cy|—— +3e 3
+Co 111 + e

< exp(—Cit(1+1)7°) + C7?Co(1 + )2 +

(1470 ]
3

Cy | —— 4.16
T2 T ] (4.16)
(1+6)=° 2C
< (14+3Cy)e 5 +CT20(1+ )W 4 1—+2t (4.17)
Since § < 1, there is a unique positive number T such that
Ty (14T7) 9
(1+3Cy)e 35— = C72Co(1 + 1) (4.18)

Then, if t > Ty = max{1, Ty, T1 },

_t(144) "8

(14+3Ch)e™ 5 — < C7205(1+ )%

and

2CY

2 92 1-26 '
IF @)l < 26,7C2(1+ )7 + 7=

Since § € (2/3,1), if we call wy = 2‘ST_lvve have wg € (1/6,1/2) and then
IF @3 < 2021+ CT?) (L +1) 720 vt > Ty (4.19)

Step 2. Using the estimate (4.19) we may apply now Lemma 4.1 with w = wy,
7 =Ty and 2C5(1+C?) in the role of C*. Let us call 20y(1 4+ C;?) = C**.
Arguing as above we first write that, by Lemma 4.1, there exists three
positive constants 6}, x| and «f, with £} and &/, independent of ¢{,, such that
for all 6 € (0,6;) and for all ¢ > T5:

02 < —Curblf O + Cur < LA )
dt 2 = * vy 2 *v9 (1+t)2w0 (t+1) :

Then, for all t > T5:

4 t 02 0 ’
2 —C1ot / —C10(t—5) 1o
1708 < Wfole 84 5 [ (i + gy ) € s
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where

Cl = C,C*K}, C)=Cir).

Using (6.6):
teo o2 0\ e
198 0g <
f (i i) i
eC10t
S 0 (4w0(t+ ) 2w + 3e C 9t/3> C/ +
e
C10t/3
+(2(t+1) + 3¢ ) o
from where we deduce that for all § € (0,6]) and ¢t > Tb:
1F@)]5 < e % + (4.20)
Cy “00 —C1ot/3 2 —Cl6t)3
———— + 30”1 3
o <(t+1)2w0+ ‘ TSI
C : Cy 2200 Cy 2
< (14622 )8 2 = = 4 2 : 4.21
= ( * Cf) A TS A (Y (421)
(where we have used that ||fo||2 < 1). We define now
1 é
T3=—==] - 4.22
= () 22
Then, if t > maX{T27T3} t=9c)t < T:;‘SC'f1 = 6. We may therefore
choose § = (t+1)7°C, ' in (4. 21) and obtain
Cy\ _taxn=? (O 4«0 cy 2
2 (1 2 wah — Gy G2
ol < (1406 ) 4 S Tt Gy

for all ¢ > max{T»,T5}. We now call Ty the positive number such that

1 +602 T4(1+3T4>_6 . Cé 4%0
C/ - 012 (T4 + 1)2w0+6

then, for all t > max{T>, 75,74},

02 40 +C’2 2
o e+ 1P T o)

1FOI3 < 2

33



Since 0 > 2/3 and 2wy > 1/3, 2wp + 6 > 1 and for all t > max{T5, T3, T4}

o o ary

Chqwo  Cf 1
!\f(t)!@S?( - 2)
Since on the other hand, ||f()|[5 < [|fo|[3 = 1 for all £ > 0 we deduce (4.10)
for some positive constant C' and for all ¢ > 0. If the initial data is such
that ||foll2 > 1, we apply the previous argument to the function f(t)/||fol|2

and (4.10) by the linearity of the equation (1.30)—(1.34). [ |

We may state now the following Corollary that follows from Lemma 4.2
and Lemma 4.1.

Corollary 4.1 For any solution f of (1.30)—(1.85) given by Proposition 3.1
such that the initial data fo satisfies (1.47) or (1.48), there exists a positive
constant C, depending the behavior of I'(k) on [0,00), of || K(k,-)||2 ask — 0

and on fol Mdk or a respectively, such that, for all t > 0:

[ fo = P(fo)ll2
(1+t)/2

Proof If ¢y = fooo fo(k)po(k)dk = 0, the conclusion follows from Lemma
4.1. Suppose that ¢y # 0. Consider then the initial data

go = fo —P(fo).

By the properties of g and the hypothesis on fo, it easily follows that gg
satisfies all the hypothesis of Lemma 4.2 and Lemma 4.1. The solution g of
the problem (1.30)—(1.35) with initial data gy satisfies then

[f(t) — copoll2 < C (4.23)

1
lg@)ll2 < C(1+1)"2|[goll2- (4.24)
Notice on the other hand that the function
G(tv k) = f(t7 k) - ]P)(f(])

is also a solution of (1.30)—(1.35) with initial data gy satisfying properties
(3.1)—(3.3). Then, by the uniqueness of solution to (1.30)—(1.35) proved in
Proposition 3.1, g = f — P(fo) and (4.23) follows from (4.24). [ |

Proof of Theorem 1.2. The point (i) follows from Proposition 3.1. The
point (ii) follows from Corollary 4.1. [ ]
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We do not know if the rate of convergence obtained in Theorem 1.2 is
optimal. One may also wonder whether it is necessary to impose one of the
conditions (1.47), (1.48) in order to have the algebraic decay (1.49). We
do not know neither if these conditions are optimal in any sense. But we
show in the next Lemma that it is not possible to have any convergence
rate uniform for all the functions in L?(R;) N L?(T'), without any other
restriction. More precisely, we have the following.

Lemma 4.3 There is no function p(t) > 0 satisfying limy_,oop(t) < 1 and
such that, for all data fo € L*(Ry) N L*(T), the solution of (1.30)(1.85)
given by Proposition 3.1 satisfies:

1£(t) = P(fo)llz2 < p(®) I .fo — P(fo)ll2, ¥t > 0. (4.25)

Proof Suppose by contradiction that such a function p do exists. Let us
call, g(t,k) = f(t,k) —P(fo)(k). From (4.25) we deduce that, for any 7" > 0:

T
lgoll3 = Cligoll3 A(T) < llgoll3 — la(T)]13 = —/0 (E(g),g)dt.  (4.26)

By (4.26), there exists > 0 and Ty > 0 such that if T > T,

T
5llg0ll2 < llgol3 — (DI < - /0 (E(9). g)dt. (4.27)

In order to estimate the right hand side of (4.27) we consider the norm of
l9(T) = goll3:

T
l9(T) - gol} = 2 /0 (Brg. 9 — o) dt
T
= /0 2(E(g),9 — go)dt
T T
. /0 (E(g). g)dt — 2 /0 (E(g), go) dt

IN

T T
/ (E(g), g)dt — / (E(g0), go)dt.
0 0

where, in the last step, we have used (2.9) in Corollary 2.2.
We then have:

T
_/0 (E(g),g)dt < —T{(E(g0),90), (4.28)
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Since go € L*(T), by (2.2):
—(E(90), 90) < Collgol|Z2(ry = CollVTgoll3. (4.29)
We deduce from (4.27), (4.28) and (4.29) that, for all go € L2(R,) N L3(T):
TCy
lgoll3 < =5=1VTgoll3 (4.30)

By property (6.1) of the function I this is not possible if gy € L?(R)NL*(T)
with support in an interval (ki, k2), with 0 < k1 < kg sufficiently small. B

Remark 4.2 The results in the Appendix say that

7k
F(k)NE’ k‘—>0,
23k
K(k,- <——, O0<k<< .
I ()l < o

This suggest that a very rough approximation of the equation (1.30) near
k =0 could be given by

%f(t, k) =—-Ckf(t,k), for t >0, k small
f(0,k) = fo(k) for k small,

for some constant C'. By the positivity of the operator E it seems reasonable
to have C > 0. Since the solution f of that simple equation is

f(t k) = e C* fo(k), YVt >0,
we have
ko kO
/ £ (t, k:)Qdk::/ | fo(k)[Pe %M dk, Vvt > 0.
0 0
Therefore, if fo satisfies (1.47),
ko 1R fo(k)?
24k < 0 .
/0 P () dk_th/O B, v >0

If on the other hand, fo is continuous at k =0,

ko 1 2Ckot T 2
2 _ —x
t/o 78 )k = 20/0 o (5¢q)| ¢ e
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Since, by (1.48),
. ko ) a2
lim t/o |f(t, k)| dk—%

t—o00

we deduce

ko CL2 1
/ |f(t, k)|2dk = 2Ct+0(t) , ast — oo.
0

The convergence rate (1.49) seems then in some sense optimal.

5 Proofs of Proposition 1.1 and Theorem 1.1.

We give in this Section the proofs of Proposition 1.1 and of Theorem 1.1.
These follow easily from the results that have been proved in Sections 2, 3
and 4. We begin with the proof of the Proposition.

Proof of Proposition 1.1. Point (i) follows immediately from the
orthogonality property of the spherical harmonic functions and the fact that

Ip| € L? <R+, Singg (k))' In order to prove point (ii) let us notice first of all

that, if f(k) is such that f € L?(R™), respectively f € L?(I'), and we
consider the function g defined by the change of variables (1.29):

sinh(k)

mngww—kﬂ@,k_gz;

then g € L? (R+, ﬁdr), respectively g € L? <R+, SITEEQ(ZC)) d'r’). More-

over, by definition

L(g)(Ipl) = (k sinh k) E(f)(k),

where L is defined in (1.28). Then, if f € L?(T'), we have E(f) € L?>(I'!)
by Lemma (2.1), and therefore L(g) € L? (RJF’ M)_

T'(k)
We then deduce that L(|p|) € L? (R+, %W) and therefore
sinh?(k)d
M) = MO + [ W)W paf < 12 (L)

It is then enough to check that all the components Ay, of the function A in
the spherical harmonic basis are zero. Using the orthonormality properties
of the spherical harmonic functions Yy, and the definitions of the Legendre’s
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polynomial we readily check that these components are, up to a constant
factor:

Aeol9l) = =M@ (o) + 5777 [ e Wellph )

Since, by Corollary 2.1, the function ¢(k) satisfies E(¢) = 0 and the
function ©y,,(r) = cgr is obtained from ¢(k) through the change of vari-
ables (1.29), it follows that Az, (|p|) = 0 for all £ and m. [ ]

Proof of Theorem 1.1. We decompose the initial data €y that by

hypothesis belongs to L? (R3, Sin;‘ff; (k)) using the basis of L?(S?) of spherical

harmonics:

}j}jawmmym(u>

=0 m=—¢

Using the orthonormality of the basis {Y7,,} we deduce

2

[e'e) dp
Q 2 = / Qo.om D Yv€m< > 121N
oy = ol 5 ot ()
f " pPdlpl
/S2 U/ o= Omz;g aem{(2)¥em (2) Sinh2(k)

_ > |pdlp
—ZZ/ e

=0 m=—/¢
and then:
5 p|*dlp|
Qo € L RJ“;# , Ve Nme{—-4,—(+1,--- ,0—1,(}
sinh”(k)

Therefore, if we define:

Q
Qoen(le) _ cll

Joem(k) = k= T O%kpT

(5.1)

it follows that fo ¢ m € L?(R*). Let then be fe.m the solution of the equation
(1.30) with initial data fy ., given by Theorem 1.2 and define:

sinh k& b cr
k' 2kpT’

ng(t,’l”) ff m(t k) (5'2)
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It follows from (1.44) that:

1Qem(®)I2, 12 Ry >S2HQO,£mHiQ(

smh2 k

o >Vt>0. (5.3)

’sinh2 k
We deduce that

[eS) y4

> 3 1O,

=0 m=—/ ’sinh2 k

IN

QZ Z HQOZmHLQ r2 k)

=0 m=—/ smh
= 2[|lf} (5.4)

L2 (RS ﬁ)

and the following function is then well defined in L2 (]R3, _dy k) for all
t>0:

[e.9]

Qt,p) =Y Z Qo (|p)Yem < |>

{=0 m=—¢

It follows from (5.3), (5.4) and (3.2) that €2 satisfies (1.15).
Similarly, by (1.44) and (1.45):

Hafgm <1+2C0Hf H
> 0,4ml|l2
Ot |1 12(0,00;22(0—1 () dk)) e L
and then
< ———|R00,eml| 2
H ot L2<0°°L2<W12nh2k>> Ce L2<R+;sinh2k)

Using that M (p) = M(r) = T'(k)no(p)(1+no(p)) and no(p)(1+no(p)) =
1/(4sinh? k) we have:

1+2Cy

Hagém < ———=11Q0,emll’ PIRY
o L2<0’°O;L2<Wilh4k>> V0 7 L2(R+;sinh2k>
and
o) J4
amm (14 2C)?
<= T2y
;;mz;é L2(0 m-Lz(Wﬁ)) Cx
_ (1+ 200)2
B e ) < I )
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The following function:

> 5 2 v (2)

=0 m=—¢

is then well defined in L? (R3 , m) for all t > 0 and

L

-5 5 Bee (3)

£=0 m=—¢

Since fo.,(t, k) satisfies the equation (1.30)—(1.34) in L?((0, o0), L*(I'"1)),
and M) M) T el 5 mas), )1 o) o /(i )

the function €2, satisfies equation (1.27), (1.28) in L? (]R+ o 23:1}14 )
One easily deduces that €2 satisfies equation (1.12) in L? (]R3 Smh4 )
The two properties in (1.18) are deduced from those in (3.4) usmg similar
arguments.

We wish to prove the uniqueness of solutions of (1.12) in the sense of

L? (O, oo; L? <R3, m)), satisfying (1.15)—(1.17) and such that

%g% HQ(t) - QOHLQ(RS dp ) = 0. (55)

’sinh?2 k

To this end we suppose that €27 and )y are two such solutions and call 0=

Q1 —s. It is then also a solution of (1.12) in L? <0, oo; L2 <R3, W)),
satisfying (1.15)—(1.17) and (5.6) with Q¢ = 0. It then follows that the modes
Qe of Q satisfy equation (1.27)-(1.28) with initial data Q¢,,(0) = 0. By
the uniqueness part of Theorem (1.2) it follows that €2,, = 0 for each ¢ and
m and then Q = 0.

Suppose now that Q(p) also satisfies (1.20). Then, for every ¢ and m,
the function fo ¢ (k), defined in (5.2), satisfies (1.47). By Theorem 1.2 we

then have:

|| fo,em — coempol|2
||f€m(t) - CO,EmSDO||2 < C r(nl I t)l/n; (5.6)

where

(MmZAwmm%WWMh (5.7)
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Therefore, using (5.2) we deduce

2 [e%s) 2
o Tdr C o Tdr
< Q ) — CpmT
sinh®k — 1+t Jo [Loem(r) = cem] sinh? k

/ 1Qm(t, 1) = comr]
0

where

C
Com = ————C0lm-
™ 2kgT gl "

If we sum now with respect to £ and m we obtain

() L
dp
Q(t) - 0|7 = Qum(t, 1p]) — comlpll?
19 = 01 o sy y =D 3 [ Il = ol

’sinh2 k
C 9] ¢ dp
<—3 0 — epmlpl?
=144 v ng/]]{ii‘ O,Em(‘p’) ém’pH sinth:

120) - 011

e
=1+t Ro,_tp Y’

’sinh? k

Since

c o
Com = ———— m(k k)dk
on = ST ) fenFenl®)

< c >4 1 /oo Qoem(r) o
= 5 1 dr
2ksT ) ||¢ll3 Jo  sinh®k

_ <W>4 |r<z>4\|2 [, 2o0)¥in (@) no(p)(1 + no(p))dp

and ||¢||3 = 7*/30, this concludes the proof of (1.21)-(1.23). [ ]

Remark 5.1 The total number of particles in the physical system described
by equation (1.1)-(1.2) is given by

N(t) = /R3 n(t, p)dp.

The corresponding quantity in the linear approximation that we consider in
this work is:

MO = [ mo@dp+ [ nole)(1+ nolp) A i,
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It follows from Theorem 1.1 that, if the initial data Qo € L?(R3) satisfies
(1.20) then:

tim M(0) = [ no)dp-+ [ mo(p)(1+ no(p)O(p)p = Mo

t—o0 R3

where © is defined by (1.22) (1.23). It is easy to see that Mo, may be greater
or smaller than M (0). If we choose the initial data Qo = © + go then,

MO = [ nalo)dp+ [ nol)(1-+ nae) (e

= [ o+ [ moe) 1+ nop)p)dp+ | no(p)(1+ no(e)gole)d
R3 R3 R3

_ M+ /R n0(p)(1 + 10(p))g0 ().

The sign of M (0)—Me is then given by the sign of [ps no(p)(14+n0(p))go(p)dp
and may be positive or negative.

6 Appendix

In this Appendix we recall the definition of Legendre’s polynomials, we de-
scribe the formal approximation argument leading to the simplified equation
(1.27)-(1.28) and present some auxiliary results on the functions I" and K
that appear in the operator E defined in (1.30).

6.1 The functions ' and K.

We present in this Appendix some auxiliary results, in particular several
properties of the functions I' and K that are needed in the proof of our
main results. They have already been obtained in [3] and we state and
prove them here just for the sake of completeness.

Lemma 6.1 The function I' defined in (1.32), (1.34) satisfies I' € C(0, 00)
and I'(k) > 0 for all k > 0. Moreover,

rk) =t
T (6.1)
lim L) _ 1 (6.2)
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Proof The continuity of I' follows immediately from the integrability prop-
erties of the integrand in (1.32). The strict positivity of I'(k) for & > 0 is
deduced from the fact that the integrand in (1.32) is non negative. In order
to prove (6.1) and (6.2) we first notice that, by a simple change of variables,
the function I' may be written as:

k 00
(k) = sinh k /0 o(k — K)p(k)dK + 2sinh k /0 ok + K)ok dK  (6.3)

By Lebesgue’s convergence Theorem it follows that

k
lim / ok — K)p(K)dk' =0

k—0 0

oo $4 7r4
l (k k‘ ENdE = ———dr = —
= / ok + ) / sinh? z v 30

and

from where (6.1) follows.
On the other hand,

sinh k /k o(k — K)o(K')dk' = k° sinh k /1 (12 dz
0 o sinh(k(1 — z))sinh(kz)
But,
ke - e e
21— e 2)22(1—2)2 201 —e )22(1 - 2)?

= (e—F= — ehz=2k)(ehz — e=kz) — | _ g—2kz _ o—2k(1-2) | o2k

) 52 1—2)2
_ 2(1 _e 2k) (1 — e*%z) (1 _( er()lz)).

And we observe that,

z? < z? Vi € 1
l—e A =1 12 " 2A

When Az € (0,1/2), 1 — e=4* > Az/2 so,
x? 2z 1
T <= —
oA S 4 70E <0’2A>’
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and then, for A > 1:

2

X

since 2(1 — e~1/2) < 1. This gives

201 _ A2
PR G

sinh(k(1 — 2)) sinh(kz) <38(1- 67%)2(1 —2)

for all z € (0,1) and k& > 1. The Lebesgues convergence Theorem gives then,

k
lim &7 <sinhk / ok — k’)gzb(k’)dk’) =
0

k—oo
1 2 2
o (1 —2)
=1 h
hoe K o sinh(k(1 — z))sinh(kz) :

! 1
:2/0 22(1—2)%dz = T

It is not difficult to check, using similar arguments, that the second integral
in the right hand side of (6.3) is of lower order when k — co and then (6.1)
follows. |

Lemma 6.2

> 4 4
K N2 / = 4k4 > 6]€2 6.4
| IR < Skt (6.4)
and )
— 27 | dkdk' < +o0. (6.5)
/0 /0 VIR (k)
Proof

/OO |K (k, k') |2dk' < 2k? /Oo (p(k — k') + ¢p(k + K')?) K"2dk
0 0

00 oo "4
/ ¢(k + k/)Qdek/ — / '(I§2+7]€)k/2dk/
0 o sinh“(k+ k')
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0 24 0 P
k  sinh”z g sinh® z

00 4 6

z T

< / — 22dz = —
o sinh“z 42

o] [ee] / 4
/ d)(k _ kl)Qk/Qdkl — / ‘(1627@]{7/2(1]{;/
0 o sinh“(k — k)
4

o0 24 9 o0 P 5
:/k sinth(ZJrk) dzg/ sinh22(2+k) dz
4

<2/OO < (22 + k2)dz = 27 Y
L _ 9™
~— " Jo sinh?z 42 30

In order to prove (6.5) we first write:

NN

2
/
k k dkdklzll+212+_[4

VIR (F)

2
_ K(k,K) /
11—/0/0 T (F) dkdk
B 1 fe'e) K(k k/) 2 ,
12—/0 /1 71‘(19) ) dkdk
2

_ 00 00 K(k? k‘/) ,
—73—/1 /1 7”)( ) dkdk

We notice that,

2 / 2
I3 = / / 7]{ K) dkdk;’<2</ / ’Kkk | dkdk)
VIR ()
since:
[ K(k: k’ / / k:, ,
1 ndkdk" +
/1 /1 ST ST F 5 T(k)>T (k')

VT (k)T (K)
K(k, K
(< Ly <y AR R

L
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o0 o0 K(k,, k?) ,
= — L | 1p dkdk" +
/1 /1 T (k) I'(k')>I(k)
k k:’
/ / NAGHCI) Lp () <r (i) dkdk’
K(k, k’
/ / k/) 1F(k’)>F(k)dkdk/

dkdk'

K(k k’ % | K (k,k)|?
<2 i 1 / dkdk’ < 2/ / ) !
= / / ’ D(ky | TEPTWEEE =200 | T(k)

and this integral Is converges by Lemma 6.1 and (6.4).
We have that

T(k)L(k) 7t

im ——=—
k,k'—0 kEk' 15
and Kkl
lim (k. ') =0,
N N
we have L
lim 7( oK)
eh0 TRIT ()
Therefore % is continuous on [0, 1] x [0,1] and the first integral is

then convergent. Finally let us estimate Is. We first notice that for all
k >0, T'(k) > 0 and then, by the continuity of I" on [0, 00) and (6.2), there
exists a positive constant C' > 0 such that

I'(k)>C >0, Vk>1.

C/ K(k,K')|* dk

5 (8| Bs|m*k* + 8| Bs|m°k?)

Therefore

&
ES
IN

IN

from where we deduce, for some positive constant C':

2 1 g2
I = / / dkdk’ < C// ——dk
0

(k)

7

)
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and this integral converges by (6.1). |
Finally, the following elementary estimate is used in the proof of Lemma

4.1 and Lemma 4.2.

Lemma 6.3 Forallt > 0,0 >0, p >0, define

t
Z(t,0,p) = / (s +1)"%ersds.
0

Then, for all 6 > 0:
ePt

Z(t,0,p) < [2°(t+1)70 4 3e71/3)
p

(6.6)
Proof We define

S(t,0,p) = Z(t,0,p)pe”"".
and split S(¢) into two parts S(t,0, p) = Si(t,0, p) + Sa(t, 0, p):

t

Sl (ta 67 P) - / P(S + 1)_0€p(s_t)d87
t/2

t/2
Sa(t.0.0) = [ pls - 1) e s,
0
In the first integral, we have
¢ t
S1(t,6,p) = / p(s+1)"%er=Dds g/ p(t/2 + 1)~ 0ers s
t/2 t/2

t
< (t/2 + 1)9/ pep(sft)ds < (t/2 + 1)70(1 . 67pt/2)
t/2

< @2+ <2t +1)"

For the second integral we notice that, since s € (0,t/2) we have s — t <
—(s+t)/3 and then

t/2 t/2
Sa(t,0,p) = /0 p(s+1)"0ers=0ds < /0 p(s+1)"emrs/Be=rt/3 s

IN

t/2
e—Pt/3/ pe—ps/?:ds < 3e—Pt/3.
0
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6.2 The measure U/ and the function M.

The following expressions for U(p, p’) and M (p) have been obtained in [11]:

Up,p') =2|Mp.p',p — )] S(w(p) — w(p —p)) x
xno(w(p)) (1 + no(w(p’ ))(1+no( ( ) —w(@))) +
+2|M@,p,0 — ) S(w®) — wp) —w(p' —p)) x
xno(w(p’)) (1 +no(w(®)))(1 +no(w(p) — w(p))) —
—2|M @@ +p,p,9)[" 6(w(p) +w@) —wp+p)) x
X(1+no(w(p))(1 +no(w®)))no(w(p) +w(@)).  (6.7)
M(p) = @Agu(p,p’)W(p')dp’ (6.8)

6.2.1 The formal approximation argument.
In the limit |p|/4mgn. — 0 we have:

gn pI\? v
w(p) = [CW + <2m> ] = c(|p| + ¥ (|pl)) "/

0 < 9(|pl) = o(lpl*)-

In order to see how the equation (1.12) may be formally obtained from
equation (1.7)—(1.9) we first express the delta measures in U(p,p’) in terms
of r = |p|, v’ = |p/|, and the angle u = cosf,,,. We notice first that, given
r > 0 and ' > 0, we call uj(r,r") the positive solution u of the equation
w(p) —w(p) —w(p —p') =0, or equivalently, of the equation:

=14 (2 02 - 2rr’u)1/2
We may then express:

(w(p) —w(p) —wlp =) = Fi(r,r)é(u — w (r,r"))

with
-1
Fi(r,r) =
gZ(r ' uy(r,r'))
h(T7T/7U) = (p_p)
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An asymptotic expression may be obtained for u (r,7’) in the limit » — 0
and " — 0 as follows (cf. [2]):

@) = () — glr — 7)) +

up(r,r’) =1—
rr
+0O ((r)? + (1) + 2(r)p(r')) asr — 0,7 = 0.
Similar arguments yield:

S(w(@) —wp) —w® —p) = Fa(r,r)é(u —ua(r,r"))
S(wp+p) —wlp) —w(p)) = F3(r,r)d(u —us(r,r"))

In the limit considered in this article we are approximating w(p) as c|p|.
Therefore, the angles between the vectors p, p’ and p — p’ involved in the
collisions must all be equal to one. This corresponds to the approximation:

wi(r,r) =1 i=1,2,3.
The measure U(p,p’) is then approximated as:
Ulp,p') = W(p,p') = G(r,r")o(u—1) (6.9)
G(r,r') = m Urr’(r — r’)\zFl(r, r')x

xng(r)(1 + no(r')) (1 + no(r — 1)) +
+|rr! (r = 1) P Fa(r, 1) x

xno(r') (1 + no(r)) (1 + no(r’ —r)) —

—|rr' (r + )P F3(r, ) x

X (14 no(r))(1 +n0(r'))no(r+r’)] . (6.10)

Using the rotational invariance of W (p,p’) we may write its expansion
in terms of Legendre’s polynomials:

W(p,p') = Z Wo(r,r")Py(cos O(p, p'))
/=0

where r = |p|, 7’ = |p'|, P is the Legendre polynomial of degree ¢ and 6(p, p)
is the angle between p and p’ and

2 1
Wi(r,r') = —— €+ /WPg u)du, u = cosf(p,p).
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It follows that, with some abuse of notation:

1

w(er)

M(p) = M(|p|) = M(r) = /Ooo Wo (r, " w(cr')r'?dr’, (6.11)

where we recall that » = |p|. On the other hand the function Wy(r, ') is
given by

9r — )2 H(r — 1)

Wo(r,r') = no(r)(1 +no(r'))(1 + no(r — ")) +

3212n
r—rV2H —r
. 3)27575 )no(r’)(1 +no(r)) (1 +no(r' —r)) —
r+4r')?2
_9(32—;_'21@)710(7“ + 7)1 +no(r)) (1 + np(r')). (6.12)

where, we denote ng(r) = no(p), and H(r) is the Heaviside function (see
[11]).
Proposition 6.1 Let M(p) be the function defined in (6.11). Then,

M(p) = M(r) = T'(k) no(r)(1 + no(r)) (6.13)
where r = |p| and k = cr/2kpT. Moreover:
M(r)sinh*k =

I ] (6.14)
. M(r)sinh®’k 1

Proof The function f satisfies the equation (1.30). Using that, by (1.29),
f(t, k) = (k/sinh k)Q(t, p) and that (¢, p) satisfies equation (1.12), identity
(6.13) follows. Properties (6.14) and (6.15) are then consequence of Lemma
6.1. ]

6.3 Legendre’s polynomials.

We recall that the Legendre’s polynomial of degree n € N is defined as:
Po(a) =5 nlo [(q;Q - 1)2} , n=0,1,2,- (6.16)

These polynomials form a complete orthogonal set of functions in L?(—1,1)
such that:

1
2
P, (x)P, = ——0mn- 1
/_1 (@) Palw)dz = 52— (6.17)
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The following property of the Legendre’s polynomials is useful to obtain
fornula (1.25):

Py(u-u') =

¢
47T * /

for all u € S?,u’ € S?.
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