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PARALLEL SCHWARZ WAVEFORM RELAXATION ALGORITHM FOR AN
N-DIMENSIONAL SEMILINEAR HEAT EQUATION *

MINH-BINH TRAN!

Abstract. We present in this paper a proof of well-posedness and convergence for the parallel Schwarz
Waveform Relaxation Algorithm adapted to an N-dimensional semilinear heat equation. Since the
equation we study is an evolution one, each subproblem at each step has its own local existence time,
we then determine a common existence time for every problem in any subdomain at any step. We
also introduce a new technique: Exponential Decay Error Estimates, to prove the convergence of the
Schwarz Methods, with multisubdomains, and then apply it to our problem.
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1. INTRODUCTION

In the pioneer work [16], [17], [18], P. L. Lions laid the foundations of the modern theory of Schwarz algorithms.
He also proposed to use the Schwarz alternating method for evolution equations, and studied the algorithm
for nonlinear monotone problems. Later, Schwarz waveform relaxation algorithms, by refering to the paper [2],
were designed independently in [12] and [14] for the linear advection-diffusion equation. They try to solve,
on a given time interval, a sequence of Cauchy Problems with the transmission conditions of Cauchy type on
overlapping subdomains. The algorithm is well-posed with some compatibility conditions.

An extension to the nonlinear reaction-diffusion equation in dimension 1 was considered in [10]. For nonlinear
problems, especially evolutional equations, there are some cases that the solutions blow up in finite time, which
means that if we divide the domain into several subdomains, at each step we can get different existence times in
different domains, and we do not know if there exists a common existence time for all iterations. However, with
the hypothesis f/(c¢) < C in [10], we do not encounter this difficulty and the iterations are defined naturally on an
unbounded time interval. Proofs of linear convergence on unbounded time domains, and superlinear convergence
on finite time intervals were then given in case of n subdomains, based on some explicit computations on the
linearized equations. Another extension to monotone nonlinear PDEs in higher dimensions were considered by
Lui in [19], [20]. In these papers, some monotone iterations for Schwarz methods are defined in order to get the
convergence of the algorithm, based on the idea of the sub-super solutions method in PDEs and no explosion
is considered. Recently, an extension to Systems of Semilinear Reaction-Diffusion Equations was investigated
in [5]. Some systems in dimension 1 were considered and the proofs of the well-posedness and the convergence
of the algorithm used in this paper were a development of the technique used in [10].
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We consider here the semilinear heat equation (2.1), in a spatial domain = D x (a,b) of RY, with the
nonlinearity of the form (2.2), which allows explosion of solutions in finite time. We cut the domain into bands
Q; = Dx(a;,b;), with a; = a and by = b. These bands are overlapping, i.e. foralli € {1,1—1}, a;41 < b; < biy1.
In each of these subdomains, we solve a heat equation with Dirichlet limit conditions. Since the domains are not
smooth, we cannot use classical results about semilinear heat equations on smooth domains; we then establish
some new proofs of existence for a general domain in Theorem 2.1. Applying the results in Theorem 2.1 for the
equation (2.7), we get an existence result for a semilinear heat equation in a domain of the type Q = D X (a,b)
in Theorem 2.2.

Theorem 2.3 confirms that the algorithm is well-posed and there exists a common existence time for all
subdomains at all iterations despite of the phenomenon of explosion. The common existence time 7™ is computed
explicitly so that one can use it in numerical simulations. This is a collolary of Theorem 2.2.

We prove in Theorem 2.4 that the algorithm converges linearly. There are five main techniques to prove
the convergence of Domain Decomposition Algorithms and they are: Orthorgonal Projection used for a linear
Laplace equation (see [16]), Fourier and Laplace Transforms used for linear equations (see [8], [9], [11], [14]),
Maximum Priciple used for linear equations (see [13]), Energy Estimates used for nonoverlapping algorithms
(see [1]), and Monotone Iterations (see [19], [20]) used for nonlinear monotone problems. The convergence
problem of overlapping algorithms for nonlinear equations is still open up to now. In this paper, we introduce
a new technique: Exponential Decay Error Estimates, based on the idea of constructing some Controlling
Functions, that allows us to prove that the algorithm converges linearly. An announcement of this research was
published earlier in [22].

2. THE MAIN RESULTS

We consider the semilinear heat equation
0w — Au — f(u) =0, (2.1)
with the assumptions on f:
fis in C*(R) and there exists Cy > 0, p > 1 such that |f/(z)| < C¢|z|P~!, Vo € R. (2.2)

Remark 2.1. An example of this function is f(x) = aP.

We first set an existence theorem for the initial boundary value problem, and more important, new estimates
on the solution. We need here some notations. We set p; = 3(’;7;1), a > 0 satisfying 1 — (p1 + pa) > 0, [ and

Iy are positive numbers such that ﬁ + i = 1 and l1p; < 1. We denote by [[ul[x,n the norm ||ul|px o 7,1k (w));
when u belongs to L*(0,T, L"(w)), where w is some domain in RY, k, h can be infinite. We define

_ +pa _ _8p_
T(r,m) = [(4m)™ P % Cymax(1,2P=2)(4r + 4m) |3+,
(4m)~Prlapi-r1l _% r 2 p—1. 1 —l2 (23)
G(r; T, my,mg) = (W) o {Cf max{1, 2P} (mq + ¢ = )(" +mz] dg.
Before studying (2.1), we will firstly consider the following problem
ow—Aw = f(w+v) in O x(0,7),
w=0 on 90 x [0,T], (2.4)

w(.,,0)=0 in O,

where O is a bounded domain in R,
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Theorem 2.1. Suppose that O is a bounded domain in RY and denote its measure by m(O).
Let Ty be a positive constant and suppose thatv € C([0,To], L*(0)) satisfying [v| < M a.e.. Let Ry = 2max|c|<p

pts

|£(O)|m(0)2 % Then, there exists a time Ty, = min(Tp, 1, T(Rl,Mp’lm(O)pT;l)), such that for allT < T,
Elc=)

equation (2.4) has a unique solution w in L>(O x (0,T)) N C([0,T], L*(0)) N L*(0,T, H}(O)) and dw €

L2(0,T, L?(0)). Moreover, |[w|]so,c0 < M, where

G(T) = G (T T, M m(©0) 5, m(O)} maxigi<ar |£(Q))
M, = ()" [ Cf max(1,2072) (G~}

(T)% + MP-'m(0)5) G- N(T,) = (2.5)
+m(0)? maxicj<u |£(C)]]

Let Ty be a positive constant and suppose that v € C([0,To], L?(O)) N L>(0, Ty, L*(0)) a.e.. Denote Ry =

p+3
8Ty || f(0)||so,2/(B(p — 1)). Then, there exists a time Ty = min(Tp, 1, T(Ro, Hv||€;1(07T7L2p(O)), such that for
all T < Ty, equation (2.4) has a unique solution w in L>(O x (0,T)) N C([0,T],L*(0)) N L*(0,T, H}(O)) and
dvw € L?(0,T,L*(0)). Moreover, ||w||so,0c0 < My, where

| GTHT) = G I () 2) |
M. = (%)F [ Cp max(L,272) (GHT)E +lellics,) 6T (26)
HIF@)lo )

We consider now a bounded domain of the following form € = D x (a,b) C R, where D is a bounded domain
with smooth enough boundary dD in RN~2. The boundary 99 of 2 is made of three parts, I';, = D x {a},
Ir = D x {b}, and I'c = 9D x (a,b). Dirichlet data g are given on the boundary 92 x (0,7, defined by gr,
on I'y, gr on I'g, go on I'c. These functions are all continuous. We now introduce the basic initial boundary
value problem for (2.4):

Ou—Au= f(u) in Qx (0,7),
u=g in 9Q x (0,7), (2.7
u(.,0) = ug in .

The following theorem will be proved later by using theorem 2.1.
Theorem 2.2. Suppose that uy € C(Q) and g € C(09) with ug o0 = Jji=o0- Let M be a positive constant

satisfying M > max(||uo||cos ||9]|co). Suppose that Ry is like in Theorem 2.1. There exists a limit time Ty =

min(1, 7(R, MP~1m(Q) 2P1)), such that for all T < Ty, equation (2.7) has a solution u in L>=°(Q x (0,7)) N
C([0,T],L*(Q)) N L*(0,T, H}(Q)); Opu € L?(0,T, L*(2)). Moreover ||u||oo.0co < M + M* where M* is obtained
from (2.5) by replacing O by Q@ and u is continuous on  x (0,T).

We divide the domain 2 into I subdomains with Q; = D X (a;, b;), with a; = a and by = b. We suppose that
a1 < ag <by <by<---<ay<by_y <by, we denote by L; the length of Q;: L; = b; — a;, and by S; the size of
the overlap S; = b; — a;41.

The parallel Schwarz Waveform Relaxation Algorithm solves I equations in I subdomains instead of solving
directly the main problem (2.7). The iterate #k in the j-th domain, denoted by u?, is defined by

duk — Auk = f(uk) in Q; x (0,7),
uji (- a5, :ug:ll(Vaj?') in D x (0,7), (2.8)
u§(~,bj,') :u-?ill(',bj,‘) in D x (0,7).
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FIGURE 1. An illustration of how to divide €2

Each iterate inherits the boundary conditions and the initial values of u:

u? =g on 0Q; NN x (0,T), uf(, -, 0) = ug in €,

which imposes a special treatment for the extreme subdomains,
u?('aaa'):ga ul}:(ab7):g
An initial guess is provided, i.e. we solve at step 0 equations (2.8), with boundary data on left and right

u) (- a;,) = g9 in D x (0,T),us(-,bj,-) = h§ on D x (0,7T).

Definition 2.1. The parallel Schwarz waveform relaxation algorithm is well-posed if there exists a local time
T* < Ty such that for all T < T*, each equation (2.8) in each iteration has a solution over the time interval

(0,T). Moreover, {uf, j€1,1, k€ N} is bounded in C(Q x [0,T)).

Let M a positive number. According to theorem 2.2, the following problem has a solution ¢y, in some
interval C'(Q x [0, Tp)):
Orpn — Apnr = f(dn)  in Q x (0,Tp),
(b]\/[ =M in 00 x [O,To], (29)
om(-,,0) =M in Q.
The next theorem gives a common existence time for the iterates:

Theorem 2.3. Suppose the data ug and g;, g? and h? are continuous and satisfy the compatibility conditions
= vai)=qY b)) =ho
Uo |60 9|t=0, UO( aaj) g, [|t=0 UO( ) j) J|t=0"
Let M be a positive constant such that
M > max(||uolloc, ll9lloos (1197 [lo0s [IR2]locr € 1,T) ).

Let M, be greater than the mazimum of ¢p;r on the boundaries of Q x (0,T) and Q; x (0,T), j € 1,1.



TITLE WILL BE SET BY THE PUBLISHER 5

The algorithm (2.8) is then well-posed with a local time at least equal to

T* = min(Ty, 1, Ty, 7(Ry, MP~'m(Q,) % ), j € T,1)).
We denote by eé’? the error uf — u, where u is the solution of (2.7). Let P be a function from R to R such
that (i) P € C*(R); (i) P(z), P"(z) > 0 Vx € R; (iii) P(z) = 0 iff z = 0 and P’(0) = 0; (iv) VM > 0, there
exists K (M) such that ‘I;)(/S)‘ < K(M),Vz€R,|z|] <M. An example of P is P(z) = 2. We finally state
the convergence of the algorithm:

Theorem 2.4. With the same assumptions as in Theorem 2.2, let v be a constant large enough and denote

- S1...81—
by € the constant \/3 7--p—. If we put Eyx = max, 17 ||P(ek) exp(—vt)HC(W) = max; 77 [P (uf —

w) exp(—’yt)||c(m) and Ej, = max; 77—1{Ek+;}, the parallel Schwarz waveform relazation algorithm (2.8)
converges linearly in the following sense: for every T < T*,

E,, < Egexp(—ng),¥n € N,

and as a consequence

. k _
Jm | max [0 — ull oy wo,rp) = 0-

3. PROOF OF THE EXISTENCE RESULTS FOR SEMILINEAR HEAT EQUATION IN AN
ARBITRARY BOUNDED DOMAIN - THEOREM 2.1

3.1. Premiliary Results

Let w be an arbitrary bounded domain in RY and consider the following equation
H(—AC=0 inwx(0,7),
¢(,.)=0 on dw x [0, 7], (3.1)
C(,O) :CO on w.
We consider the operator A( = —A(, D(A) = {¢|¢ € H}(w),A¢ € L*(w)}. According to Proposition 2.6.1
page 26 [3], A is an m-dissipative operator with dense domain in L?(w). Let S(t) be the Dirichlet semigroup
associated with A on L?(w) (see [4]). If (o € D(A), due to Theorem 3.1.1 page 33 [3], ((t) = S(t)(p is a solution
of (3.1).
According to Section 6.5 page 334 [6], there exist a sequence of eigenvalues 0 < Ay < Ag... and Ay — oo as

k — oo and an othornormal basis {wy}3°; of L?(w) which is also an orthogornal basis of H{(w), where wy, is
the eigenfunction corressponding to Ag:

{ Aw, = Mywy,  in w,

wi =0 on Ow.

Denote by <, > the scalar product in L?(w), we have the following Lemmas, whose proofs are classical.

Lemma 3.1. If {y € L?*(w), then we have that

S(t)¢ = Z e < o, wp > wg. (3.2)
k=1



6 TITLE WILL BE SET BY THE PUBLISHER
Lemma 3.2. Suppose that g € C([0,T], L?(w)) and po € D(A), we consider the following equation
Op—Ap=g inwx(0,T),

p(,.)=0 on dw % [0,T1, (3.3)

p(.,0) = po on @.

Then (3.3) has a solution in L*(0,T, Hi(w)) N L°°(0,T, L?(w)) given by the following formula

ol 1) = S(t)po + / S(t — $)g(.,5)ds. (3.4)

3.2. Proof of Theorem 2.1

We consider again the operator A( = —A(, D(A) = {¢|¢ € H}(O),A¢ € L*(0)} with its associated
Dirichlet semigroup S(¢). Thanks to Lemma 3.2, instead of considering directly the equation (2.4), in some of
the following steps, we will consider the following equation

u(t) = S(t)(0) —|—/0 flu+v)(s)ds :/0 flu+v)(s)ds. (3.5)

Step 1: We use a fixed point argument to prove that (3.5) has a solution.
We work with the case v € L>(0,T, L?’(0)). The case v € L>(0,T,L>(0)) can be treated with exactly
the same manner.

We consider the Banach space Yy = {u € L ((0,T), L??(0)), ||ully,. < oo} and ||u||y, = supger t*||u(., t)||2p-

loc

Let B be the closed ball in Y7 with center 0 and radius Ry, we will use the Banach Fixed Point Theorem for
the mapping

B— B (3.6)

o
D) t) = /OS(t—s)f(u+v)(.,s)ds.

Let u1, us be two functions in B, we now prove that ® is a contraction

@ (un) (1) = D(u2)(,1)]f2p < ta/o 1S(t = 8)(f (w1 +v) = f(uz +v))||2pds.

Using the LP? — L estimate (see Proposition 48.4 page 441 [21]), we obtain

_3(»—=1)

1S( = 8)(f(ur +0)(,8) = fluz +0) (., 8))l|2p < (47(t = 5))" 7 [[f(ur +0) (. 8) = f(uz +0)(, 8)][2-
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This leads to

e / 15(t — 5)(f (ua +v) — F(uz +0)||2pds

wre 3@ [* _ ,
< tdm)T (t—s) (0 + Ol 22 [[u1 — uzll2pds
0 =
t
o _3(-1) - p—1 p—1
< t*(4m)” @ (t—s) v + Clug + v HLleul — Ug||2pds
0 P
t
3(p—1) _3(=1) — -
< tdm)Tw Cf/ (t—s)"" % ([Jur + oI5, "+ llug + |5, )lJur — uz||2pds.

We have ||u¢+v\|§;1 < (JJuil|2p +][v]]2p)P~ L, for i = 1,2. Moreover, if p > 2, we have that (||u;||2p+||v|]2p)P 7 <
— —1 —1 . _ —1 1

2072 (||uil[y, "+ |Jvlf5, ") and if p < 2, we have that (||ug]|2p +[|v]|2p)? " < [|uills, ” +[[v][5, ", for i = 1,2. These

inequalities lead to

e / 185Gt — 8)(Fur +0)(r8) — F(us +0)(., )| |apds

3(p—

< ta(47T)_ 4p1)Cfmax{2p_2,1}><
t
<P — _
< [ €= ally o a2l s ~ g
0
< t%(4m)” (t—s)_3(i;1>s_(p_1)o‘x
X(S(pfl)aHu ||P—1+5(P*1)a|‘u2‘|l’—1+2S(P*1)a||v|‘]§gl)”ul_u2‘|2pd8
< t*(4m)” cf max{2P~? 1} x
t —
></ (t—s)—‘“’ip L= Do (2R, 4 2P ][0 iy — up|apds
0
a —3e=1) -2 (p—1)a
< t%(dm)T % Cpmax{2P7°,1}(2R, + 27"~ Hv||002p)
t —_
X/ (t—5)" " s~ P juy — uy|[yds
0
< Um) T O max{2P 2, 1}(2R, 4 2TP Vo] P01 ) x
t
></ (t—s)" Mt ur — uall2psPds
0
< (4 Cfmax{2p 2 1H(2Ry + 27702 o225 | [ur — ually, x

o [F _8e-n
Xt (t—s)” s P%s,
0
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noticing that here we use the fact: uy, us € B, i.e. s~ 1)O‘||u1||p 1oglr— 1)“Hu2|\§;1 < R,.
We consider the last term on the RHS of the previous 1nequahty

t 3(p—1)
ta/ (t—s)” T sTPds
0
/tt1+apa3<i—1> (1 s)*:s(i;l) <8)*Pad<5)
5 _ 2 2 2
0 t t t
tH—a—Pa— 3(ip1) / (]_ — V)_S(ipl) pradl/
0

1
= 1
o 3(p—1) 2 _3(p=1) _3(p—1)
— t1+0z pa ip [/ (]_ _ 1/) Iy Py +/ (]_ _ I/) Py
0 1

2

A simple computation gives

1

1 3(p=1)
2 _30-1) 2 ap-1_ 9 ap tpa-l
(1-v)" % v Py < vo W TPy =
0 0

3(p—1 ’
1 — (ip)_pa

and

1 1 3p—1) +pa—1
_3-1 _3(=1) _ 27
/ (1-v) T Padug/ (1-v) e padu:W.
% % 1- 4ip —px

As a consequence to these estimates

° / 115Gt = 8)(F(ur + ) — F(u +0))|pds <
0

< (4m) (2R + 277D |o[[273,) x
3(p—1)
VRETIE a—pa—2E=1)
Xy L [lur = ually,
1- T — pa
(p
= (4m) 5 Cpmax{2P72, 1}(2R, + 2T® Vo] 2oL ) x
23(€1p1)+pa p+3
X ! el
1- 3D _
We put C) = (47) "5 Oy max{2°~2, 1}(2Rp+2T® =D [o| | )&T S then Oy < (4m)~ %~ Cy max{2P~2, 1} (2R
e pu 1 = ™ fmax 2 v 00,2p 3(p i) enCy s ™ fmax 2
3p=1) p+3 e 3p=1) p+3
Da tra Bt _3-1) tpa pt3 _
QTP Nl 2p)mT*SP < (4m)” " ® Cpmax{2P~2 1}(2Ra + 2||v||%. QP)WT*SP < % This

implies that ® is a contraction in the Banach space Yr.

Choosing ug to be 0 in this estimate, we obtain also that ||®(u1) — ®(0)||yy < Cyllu]lyy <

R2 Moreover,
the estimate

/ IS0 = $)(F@)lapds < /0t<47r<t—s>>‘ (0)ll2ds

| =97 5150 ads < (37)
0

IN
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implies that ||®(u1)|]y, < Re. Which means that ® is a contraction from a complete metric space to itself and
it admits a unique fixed-point u in this set according to the Banach Theorem.

Step 2: We prove that u € L>=(O x (0,T)).

Step 2.1: We consider the case v € L>(0,T, L*(0)).

Firstly, we prove that u € L>(0,T, L?*?(0)). From u(z,t) = fg S(t—s)f(utv)(x,s)ds, we have the following
inequality

IN

)l2ds

[l D)2 IIS(t—S)f(U+v)|I2pdS§/ (4m(t —s))”
0 0

/ (am(t 5

7 (1 (u+ ) = @)l + 17 (0)]2)ds

IN

The computations

N

1f @2 < 1Oz + [ (wollz < HF Oz + (17 (@] 2, [v]l2
1F Ol + [P H] 22, [[o]l2p = £ (0)]]2 + Cllv][5,

IN

implies that f(v) belongs to L*°(0,T, L?*(0)). Combining this with the estimate of ||u(.,)||2,, we obtain

[ut, )2y <
< / (r(t = 5) "5 (1 @+ Qllzs, lullzp + 17 (0) oo 2)ds
t 3(p—1
< / (r(t = 5) 75 (ICs o + ¢ [fullap + [LF(0)],2)ds
< /0<4ﬂ<t—s>> (1 masc{1, 207210l [l |z |2
17 (0)llo.2)ds
< / (4r(t — )~ 5 [Cp maxc{1, 2 2H(lel B, + llul B, el 2
1 (@)l 2)ds
< {/t(4”(t—8))_3(p4;)llds " x
0

1
2

[/0 (O max{1, 2~} (||o]|5 2, + llull, lullzp + [1£ (0)[loo,2]ds |

notice that 1, lo > 0, + ot l =land ; < 3=
The inequality

pl)

_3-ny |t _ 31y _ 3y
ip tl ip Tl ap

K _ 3y (t—s)t
/0 (t—s) wds = — 1_ 3(-Dh = 1_ 3=1u < 1 _ 3(-DhL
4p 0 4p 4p
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leads to

1

Tl 3(p )l1 7 s
[Jull2p < 73@71”1 (4m)” " X (3.8)
liT

1
l2

t
UO [Crmax{1, 2272} ([0]5 5, + |[ullb, Dllullzp + [1f (v)loc 2] ds

Put U(t) = ||u(., )||2p, the inequality (3.8) becomes

T1_3(p iy Ty ( .

4p 3(p—1)la

Uit) < (1 - 3(p—1)l1> (4m)” " @ x
4p

1
Ty

/[Cfmax{l 22} (|[ol %3, + U () T )U () + [|f(0)] oo 2)2ds.

1 Sobi \ T o1ty N
Wodenote V(1) = (Zo ) (4m) 511Gy max(1,2-2) (0l + U(6) B U +1F0)lcalas.

173(1’ iy 1y (p 1) p—1 1 .
then V'(0) = (T ) ()55 Oy max(1,2072) (ol + U(O)E) U 0]l Since
4p

_ 3=l
1

0w < VO, den VD) < (T ) am) 7 (0 max(t, 272} (i, +V6)) VE +
1))

Basing on the notations in (2.5), we put G(r) =

3(p 1)12

/T (4m) dg
0 _3(p—1)ly 7 ’
T I

(S ) (Crmax{t 2 2}l + R0 + 10l

then G is an increasing function on [0, +o00) and G'(V(t)) < 1. Hence G(V (t)) < t+G(V(0)) =t+G(0) =t < T,

and U(t) < V(t) < G7Y(T.). Finally, ||u(.,t)|]2p < Gil(T*)i. We have proved that u € L>(0,T, L?*?(0)) by
proving a New Gronwall Inequality on U (t).

Secondly, we prove that u € L*°(0,T, L>°(0)). Using Proposition 48.4 page 441, [21], we get the following
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estimate
[u(, e <

/ 15(t — )+ 0)(8) |oodds < / (4(t — )~ 3| (u + 0)(3)]l2ds
0 0

IN

< / (4r(t — )" (1f (u + 0)(5) = F@)lla + [ F@)]l2)ds
0

t
< /O(47T(t*8))’%[Cf'max{l,Q”’2}(IIUI|§;1+IIUIIi’;lp)IIU\IszrHf(v)lloo,z]ds

t 1 N
< / (dn(t — )~ [Cp max{1,2°"2H(G Y T) = + [jo][255,)G 1T
0
I (0)]]oo 2] ds
< r AT O max{1, 222} (G T+ [Jol[7S L) G (TL)
I 0)]loos2],

which deduces u € L*(O x (0,T)).
Step 2.2: For the case v € L*>(0,T,L>*(0)), we use exactly the same argument, but with the function
G(r) =

3(p—1)lo

/ T (4m) @ d¢ .
0 1- 3Dl [ 1 p=1_ 1 1%
(T —n ) |Gy max{1, 20-2H((Mm(0)% =) + ¢ "5 )T + maxign | £(C)lm(0) ¥

p—1 p—1

T H(Mm (0)mpT) GTHT)

3

Then we have ||u(.,t)||oe < 7737 (4T%)3 [C; max{1, 2°=2} (G~ (T.)
+maxcj<ar |£(C)] m(0)z] and u € L®(O x (0,T)).

Step 3: We prove that u € C([0,T], L?(0)) and u is also a solution of (2.4). The proof in this step works
well for both cases v € L>(0,T, L??(0)) and v € L*°(0,T, L>=(0)).

For € positive,

u(,t+€) —u(.,t)

t+e t
St+e—s)f(u+v)(.,s)ds— /0 St—s)f(u+v)(.,s)ds

0

t tte
/0 [S(t+e—s)— S(t—s)]f(u—t—v)(.,s)ds—i—/t S(t+e—s)f(u+v)(.,s)ds,

which implies the following inequality
t
lu( t+€) —u(, D)l < / I[S(t+e—s5) =St —s)|f(u+v)(,5)|l2ds +
0

t+e
+/t [|S(t+€—8)f(u+v)(.,s)||2ds.

We firstly estimate the second term on the RHS of the previous inequality. Due to Proposition 48.4 page

441, [21],
t+e

t+e
/t HS(t+e—s)f(U+v)(-,s)H2dsS/t 1/ + 0)( 8)] s,
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Since ft [|f(u+ v)(.,8)||2ds tends to 0 as € tends to 0, fH_e [|S(t+e—s)f(u+v)(.,s)||2ds tends to 0 as €
tends to 0.

Now, we estimate the first term. Noticing that ||[S(t+e—s) —S(t —s)]f(u+v)(.,s)||2 tends to 0 as € tends
to 0 for all s in [0,t], and

ISt +e—s) =St —8)]f(ut20)(;9)l]2
< ISt +e—s)f(utv)(8)lla + IS0 = 8)f(u+0)(8)ll2 < 20|f(u+0)(, 8)ll2,

where f(u + v) can be proved to belong to L>(0,T, L?(O)) by using the same argument as before; due to the
Lebesgue Dominated Convergence Theorem, we deduce that

lim [ N[+ e =) = S = )l ) 5)l2ds = 0.

Therefore lim o |[u(.,t 4+ €) — u(.,t)|]2 = 0, or u € C([0,T], L*(0)).
Since v € C([0,T], L*(0)), u+ v € C([0,T], L*(0)). Which implies f(u + v) € C([0,T], L*(O)); and by
Lemma 3.2, u is also a solution of (2.4).

4. PROOF OF THE EXISTENCE RESULTS FOR SEMILINEAR HEAT EQUATION IN A
CYLINDRICAL BOUNDED DOMAIN - THEOREM 2.2

First, we consider the following equation

Ov—Av=0 in Qx (0,T),
v=g on 99, (4.1)

We recall the following definition:

Definition 4.1. (Definition ¢ page 69, [7]) Let w be a domain in RN, we say that w x (0,T) has the outside
strong sphere property if for every Q = (xg,to) in 0w x (0,T], there exists a ball K with center (Z,t) such that
Kn(wx[0,T]) ={Q} and |z — x| > u(Q) > 0, for every (z,t) in & x [0,T], |t — to] < €, where € is a constant
independent of Q.

We will prove that, in fact 9Q x (0,7] has the outside strong sphere property.

Let @ = (zg,to) be on 92 x (0,T]. Since D is smooth, there exists Z and a constant r > 0 such that
K = Bpn (7,7) N Q = {z0} and ||Z — xo||py = 7.
We choose t = to and let (z/,t') be in Bpni1((7,%),7) N (Q x [0,T]), then ||z’ — Z||gs + [t/ — | < r. Since
[|2' — Z||gy < 7y ' € Bpn(Z,7) NQ and 2’ = x9. We infer that ¢ = tq and Bgn+1((7,1),7) N (Q x [0,T]) =
{(z0,t0)}. For (z,t) € Q x [0,T)], ||z — Z||[gv > 7 > 0. Consequently, dQ x (0,T] has the outside strong sphere
property.
By Theorem 8 page 69, [7], we can conclude that 99 x (0, T has local barriers. Due to Theorem 5 page 123, [7],
there exists a unique solution v to the problem (4.1), and v € C%2((0,T] x Q) N C(Q x [0,T]). According to
Theorem 10 page 72, [7], v € C=(2 x (0,T)).

Due to the Weak Maximum Principle page 368, [6]: maxq, (o) v = maxgqx(o,7)) v, and ming o710 =
ming(ax (o,ry) v- Which gives v < M and v > —M on Q x [0,T] since M > max{||ug||oc; ||9|loc}. Then
[[v]] Lo (x (0,1)) < M.
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Subtracting (4.1) and (2.7), and put w = u — v, we have the following equations
Ow—Aw = f(w+v) inQx(0,T),
w(.,.)=0 on 09, (4.2)
w(.,0) =0 on Q.

According to Theorem 2.1, (4.2) has a solution w satisfying w € L>(Qx (0, T))NC([0, T], L*(Q))NL2(0, T, H (2))
p—1
and dyw € L2(0,T, L2(Q)). Moreover, |[w]|so.0o < 71 (4T,)% [Cy max{1,2P=2} (G~ Y(T,)" = +((Mm()3)P~1)

p—1

GHT.) = +maxic<pr |£(¢)|m(Q)*], where G(r) =

3(p—1)ly

[ )2
0 1,3(1’271>l1 % 1 p=1_ 1 1
(M 1) {Cf max{1, 2072 }((Mm(Q)? )P~1 + (=2 )T + maxcj<a|f(¢)m ()2

l2

Hence (2.7) has a solution u satisfying u € L°(2 x (0,7)) N C([0,T], L*(2)) N L*(0, T, H}(Q)) and dyu €
L2(0,T, L*(2)). Moreover, ||ul|oo.co < My :=M+ 7% (4T2)% [Cy max{1,2P2} (G-H(T.) = +((Mm(Q)2)P~1)
GTU(T) = +maxig<u |F(Q)Im(Q)?].

Using the results in section VI.8 [15] for the equation dyu — Au = g in Q x (0,7T), where g = f(u + v),
g € L>®(Q2 x (0,T)), we can conclude that w is continuous on  x (0,T).

5. PROOF OF THE WELL-POSEDNESS AND CONVERGENCE PROPERTIES OF THE
ALGORITHMS - THEOREMS 2.3 AND 2.4

5.1. The Well-Posedness of the Algorithm - Proof of Theorem 2.3
We consider the equation (2.9)

Odm — Adn = f(dn)  in Q2 x(0,Tp),
om(n) =M on 09 x [0, Tp], (5.1)
om(,0) =M on Q.
Since f(x) is positive for all z in R, then 0;¢ns — Agpr > 0 and 0y (dppr — M) — A(ppr — M) > 0. Since ppr = M
on (09 x [0, Tp]) U (2N {0}), then ¢pr > M on Q x [0,Ty] according to the Maximum Principle.

We will prove that the algorithm is well posed for T' < T by recursion.
For k = 1, we consider the problem on the j-th domain

dpul — Aul = f(ul) in ; x (0,T),

ui(-,a5,-) =u)_y(-a5,-) inDx(0,T),

ul(,bj,) = ulyy (b)) in D x (0,7), (5.2)
ul(,) =g(.,.) on OD x [a;,b;] x [0,T7,

ul(.,0) = ug(.) on Q.

According to Theorem 2.2, the equation (5.2) has a solution u} satisfying uj € L (2;x(0,T))NC([0, T}, L*(£2;))N
L?(0,T, Hy(9;)), druj € L*(0,T, L*(2;)) and uj is continuous on €2 x (0,T). The fact that uj € C*((0,T) x
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Q)) then follows.
Since O¢(dnr — uj) — A(dnr —uj) = f(dnr) = f(uj); 0e(dnr — uj) — A(dnr —uj) — (¢ur — uj)e(w,t) = 0, where

— f(ul
f(¢M) fg J) lf(bM#u;,

c(z,t) = ou =ty
' (om) otherwise .

We notice that ¢ € C(€; x (0,7)) and u} < M < ¢y on (99; x [0,T]) U (Q; x {0}). Then it follows by the
Maximum Principle that ¢ps > uj on Q; x (0, 7).

Since Oy (u} +M)—A(uj+M)— (f( Jl)—f(—M)) = f(=M) > 0and uj > —M on (89, x [0, T])U(Q; x {0}); the
Maximum Principle then implies that uj1 > —M on Q; x (0,T). Consequently, ¢pr > u; > —M on Q; x (0,T),
Vj=1,1.

Suppose that the algorithm is well posed up to step k& = m, and moreover ¢y; > uz» > —M on Q; x (0,T)
Vj=1,1,i =1, m, using the same argument as above we can see that the algorithm is well posed for k = m +1
and ¢ > u;.”H >—MonQ; x (0,T),Vj=1,1.

Therefore, the algorithm is well posed for all ¥ € N and we have also ¢p; > u;“ > —M on Q; x (0,7,
vi=1,1.

5.2. The Convergence of the Algorithm - Proof of Theorem 2.4

We divide the proof into several steps.
Step 1: The Exponential Decay Error Estimates.
On the j-th domain, at the k-th iteration, we consider the equation

el — Aek = f(ub) — f(u) inQ; x (0,7),

e?(~,aj,~):e§:11(~,aj,~) in D x (0,7),

b (- bj,) =i b,0) in D x (0,7), (5.3)
er(,.)=0 on 9D x [aj,b;] x [0,T],

e?(.,O):O on ;.

Since the algorithm is well posed, according to Definition 2.1, the set {uﬂj =1,1,k € N} is bounded by a
constant Cy. This implies {€¥|j = 1,1,k € N} is bounded by a constant Cy, where Cy = C} + \lullo @z
We consider the Controlling Function ®(z,t) = P(ef) exp(8(z — a;) — ), and L(®) = 9,® — AP +250.P,
where 8 and ~ are constants to be chosen later in the next steps and z denotes the variable in the direction of
(a,b). We now prove that if we choose (3,7) such that v — 52 is large enough, £(®) is negative.
A simple computation gives

L(®) = (e} — Aef)P'(€f) exp(B(z — aj) — 7t)+

+(6% - 'y)P(e?) exp(B(z — aj) —t) — (Ve ) P”( M exp(B(z — aj) — t).

y (5.3), the previous computation leads to
L(®) = (f(uf) = f(w)P'(ef) exp(B(z — az) — 1)+

+(82 = ) P(ef) exp(B(z — aj) —7t) — (Vef)* P (ef) exp(B(z — a;) — 1),
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which implies
L(®)

We consider the term (f(u
flu(z,t)) = ( t)f'(C(x,1)), where ((x,t) is a number lying between u; k(z,t) and u(x,t). We observe that
¢ (x, )] < [uf (x )| +lu(z, )] < C1 + [|ull o @x@zy) = C2s which implies |f( (z,t))] is bounded on Q x (0, 7).
We fix a pair (z,t) in  x (0,7):

o If P(ef(x,t)) =0, then e¥ = 0 and P’'(e}) = 0. That means (f(u}) — f(u))P’'(e¥) + (6% —v)P(el) = 0.

o If P(ef(x,t)) # 0, then

IN

[(f(f) = F(w)P'(ef) + (B2 = ) P(e])] exp(B(z — a;) — 1)

) — f(u))P'(e k) (B% — )P (e?). By the Mean Value Theorem, f(uf(x,t)) —

SO

~+
N

~+

(f(uf) = Fw)P'(e¥) + (B — 1) P(ek)  eb(a,t)P'(eh) , 2
P(e?) - P(ef) f (C(I,t)) + (B - ’Y).

e (z,t) P’ (e f)
P(ef)
bounded on Q x (0,T) as | f'(¢(x,t))| is bounded. Since P(e?) is positive, then if we choose (8, ) such

that —/32 + v is large enough, we can have that (f(ué“) - f(u))P’(e?) +(B% - ’y)P(ef) is negative.

Consequently, if v — 32 is large enough, (f(ué“) - f(u))P’(e?) + (8% - ’y)P(e?) is negative or £(®) is negative.
When £(®) < 0, according to the Maximum Principle, the function ®(x,t) can only attain its maximum
values on the boundary 9 x [0,T] or  x {0}. We have that ® > 0, and moreover ® = 0 on {; x {0} and on
0D x [a;,b;] x [0,T]. Thus:
e If the maximum value(s) of ® can be achieved on Q; x {0} and on dD x [aj,b;] x [0,T], then ® = 0 on
Q x (0,T); which means that e? =0on Qx (0,7).
o If e;? # 0, then the maximum value(s) of ® can be achieved only on D x {a;}x[0,T] or on D x {b;}x[0, T].
For x in RV, denote that x = (X, 2) where X € RVN~! and z € R, we now have the following exponential
decay estimates for the errors e?.
Case 1: j=1.
We have that e¥ =0 on D x {a;} x [0,T]. Since e} # 0, the maximum value(s) of ® can only be achieved
on D x {b1} x [0,T] and for (X, z,t) € Q; x (0,7T)

. . ef(zt)P'(e¥) .
is bounded by K (C3); which means “————2= f'(((z,1)) is

Since e is bounded by Cs, Ph)

P(e k)(X z,t)exp(B(z —a1) —t) <

< Dril[aox ]{P(el)(X ,b1,t) exp(B(b1 — a1) — 1)}
= max {P(e5™1) (X, by, t) exp(BS; — 4t)}. (5.4)
x[0,T]

Case 2: j=1.
We have that e¥ =0 on D x {b;} x [0, T]. Since e¥ # 0, the maximum value(s) of ® can only be achieved
on D x {as} x [0,7] and for (X, z,t) € Q; x (0,T)

P(ef)(X, z,t) exp(B(z — ar) — 1) <

< DT[%XT]{P ef) (X, ar,t) exp(—t)}
= Dril[%xT]{P(eI N(X,ar,t)exp(—t)}. (5.5)

Case 3: 1 <j<I.
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The maximum value(s) of ® can be achieved on both D x {a;} x [0,7] and D x {b;} x [0,T] and for
(X, z,t) € Q; x(0,T)
P(e k)(X z,t)exp(B(z —aj) —t) <
max{ . {P(e5)(X,b;,t) exp(B(b; — aj) — 1)},

max {P(eh)(X,a;,t) exp(—yt)}}

IN

Dx[0,T]
- maX{Dfil[%XT}{P( KX, b, ) exp(B(b; — aj) — 1)},
Dmax {P( (X, a;,t) exp(—t)}}. (5.6)
%x[0,T]

Step 2: Proof of convergence.
Step 2.1: Estimate of the right boundaries of the sub-domains.
Consider the I-th domain, at the k-th step, (5.5) infers

P(e¥(X,z,t)) exp(B(z — ar) — yt) < Drf[%xT]{P(eI(X ,ar,t))exp(—7t)}.

Replace z by by_1, we get

P(e¥(X,br_1,t)) exp(B(br—1 — ar) —t) < max {P(e¥(X,az,t))exp(—7t)}.
Dx[0,T]

Since ek (X, br_1,t) = ek H(X,br_1,1t),

P(e’;Jri(X, br_1,t)) exp(B(br—1 —ar) —t) < DIS[%XT]{P(eIIC(X7 ar,t)) exp(—vt)}.

Let 3 in this case be 31 to be f then when we choose v large, v — 32 is large. The inequality becomes

P(eh (X, br—1,t)) exp(—t) < eXp(*ﬂ1SI—1)Dm[%XT]{P(e’f(X, ar,t))exp(—9t)}.
x [0,

We deduce
P(eyt (X, bro1, 1)) exp(—t) < exp(—p1S1-1) By (5.7)

Moreover, on the (I — 1)-th domain, at the (k + 1)-th step, (5.6) leads to

P(ellc+%)(X7zvt) eXp(B(z - affl) —) <
max{ _max {P(el;Jr%)(Xa bI*lvt) exp(ﬁ(b[,1 - G‘I*l) - ’Yt)},

Dx[0,T

max {P(GI;+%)(X, ar—1, t) eXp(_Pyt)}}'
Dx[0,T)
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: k+1 k42
Since ;"1 (X, br—2,t) = ] 5(X,br_2,1),

P(ellctg)(Xa bI—Qa t) exp(ﬂ(bI—Q - af—l) - ’yt) <
mas{_max {P(ei1)(X,br_r. 1) exp(B(br—1 — ar1) —11)}.
Dx[0,T]

IN

max {P(ej71)(X, ar-1,t) exp(—t)}}

Dx[0,T]
= max{ max {P(e}"])(X,b;_1,t)exp(BLr_1 — 1)},
Dx[0,T]
_max {P(ellci_i)(Xa ar—1, t) exp(ffyt)}}.
Dx[0,T]
Hence
P(e’;fg)(X, bI*Qa t) E}Xp(ﬁS[,Q - ’Yt) < maX{P(elft%)(Xv bl*lv t) X
x exp(BLr—1 =), P(ef1)(X, ar—1,t) exp(—y1)}.
Since

P(ejtD)(X,ar-1,t) exp(—yt) < By,
(5.7) implies

P(eXT2)(X, by 9, t) exp(BSr_a — vt) < max{Eyexp(BL;_1 — f1571-1), Exs1}-
Thus

P(efT2) (X, br—2,t) exp(—vt) < max{Ej exp(B(L;—1 — Sr—2) — f1S1-1), Ex41exp(—BSr_2)}.

We choose 8 = 8 = 34 i;: such that Bo(—L;_1 + S;_2) + $1.57-1 = B2S1_2; then
P(e];fg)(X, br_o,t) exp(—t) < max{E}y, Ex+1}exp(—F251_2). (5.8)
Using the same techniques as the ones that we use to achive (5.7) and (5.8), we can prove that

P(efT)(X, br—j,t) exp(—yt) < max{Ey, ..., Exj_1}exp(—B;51—;), (5.9)

Whereﬁjzﬁlsl‘l...w,j:{z...,l—l}.

Ly Li_j41

Step 2.2: Estimate of the left boundaries of the sub-domains
Consider the first domain, at the k-th step, (5.4) infers

P(e}(X.z ) exp(Bz —1t) < max {P(ef(X, by, 1)) exp(Bbr )}

Replace z by as, we get

P(ey(X, ag, 1)) exp(—7t) < max {P(ef(X, b1, 1)) exp(—7t)} exp(B(—az + b))
Dx[0,T]

Since ef (X, az,t) = es (X, ag, 1),

P(e5™ (X, az,t)) exp(—t) < ng[%XT]{P(e’f(X bi,t)) exp(—7t)} exp(BS1).
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Let §=—-01 = —\/g, then when we choose « large, v — 32 is large. The inequality becomes

P(e5™ (X, az,t)) exp(—t) < exp(—p151) Dgl[aOXT]{P(e’f(X b1,t)) exp(—7t)}.

We deduce
P(e5™ (X, az, 1)) exp(—t) < exp(—p]51) Ej. (5.10)
Moreover, on the second domain, at the (k + 1)-th step, (5.6) leads to

P(es™) (X, 2z, t) exp(B(z — az) — 1) <
max{Dmax {P(eé“)(X, ba, t) exp(B(be — az) — t)},
x[0,T7]

)

x| {P(e5T)(X, as, t) exp(—t)}}.

Since eé“(X, as,t) = e’§+2(X, as, t),

P(e5™)(X, a3, t) exp(Blaz — az) — 7t) <

maX{Dril[ax ]{P( N1 (X, by, t) exp(B(by — az) — 1)},

max {P(e k+1)(X az,t) exp(—t)}}

IN

Dx[0,T)
= maX{Dm[%x ]{P( k“)(X, by, t) exp(BLy — 1)},
max {P(e5™)(X, az,t) exp(—yt)}}.
Dx[0,T]
Hence
P(e§+2)(X, ag, t)exp(B(La — S2) —t) < max{P(e§+1)(X, bo, t) X
x exp(La — yt), P(e5™")(X, as, t) exp(—7t)}.
Since

P(e§+l)(X7 b2’ t) exp(—'yt) < Ek+1a
(5.7) implies

P(e5™)(X, a3, t) exp(B(Lz — S2) — vt) < max{Ey exp(—B{51), E+1exp(8L2)}.

Thus
P(e5?)(X, as, ) exp(—t) < max{Ey exp(—B(Lz — S2) — B51), Bx11 exp(552)}-
We choose 8 = -85 = =01 7 Sl such that —(Ls — S2) — 8151 = $S2. Then, we have that

P(e5%*)(X, a3, t) exp(—7t) < max{Ey, Biy1} exp(—f5S2). (5.11)
Using the same techniques as the ones that we use to achive (5.10) and (5.11), we can prove that

P(efT71) (X, ay,t) exp(—7t) < max{Ey, ..., Epyj_2}exp(—f]_1S;-1), (5.12)

where 3} = 3] ‘Z; J Li=12,. — 1}
Step 2.3: Convergence result
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From the fact that € = %%7 and

o o
k jef[gf?gl]{ Kt )

(5.9) and (5.12) give us

Eii1 < Ejexp(—€),Vk € N,
or

E, < Eyexp(—né),¥n € N

Hence Ej tends to 0 as k tends to infinity, which gives

. k _
dm max [[P(e))lle@;xwmm =0

and we get the linear convergence of the algorithm.
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