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Abstract

After the pioneering work of Garrett and Munk, the statistics of oceanic internal
gravity waves has become a central subject of research in oceanography. The time
evolution of the spectral energy of internal waves in the ocean can be described by a
near-resonance wave turbulence equation, of quantum Boltzmann type. In this work,
we provide the first rigorous mathematical study for the equation by showing the global
existence and uniqueness of strong solutions.
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1 Introduction

The study of wave turbulence has obtained spectacular success in the understanding of
spectral energy transfer processes in plasmas, oceans, and planetary atmospheres. Wave-
wave interactions in continuously stratified fluids have been a fascinating subject of intensive
research in the last few decades. In particular, the observation of a nearly universal internal-
wave energy spectrum in the ocean, first described by Garrett and Munk (cf. [21, 22, 10]),
plays a very important role in understanding such wave-wave interactions. The existence of
a universal spectrum is generally perceived to be the result of nonlinear interactions of waves
with different wavenumbers. As the nonlinearity of the underlying primitive equations is
quadratic, waves interact in triads (cf. [60]). Furthermore, since the linear internal wave
dispersion relation can satisfy a three-wave resonance condition, resonant triads are expected
to dominate the dynamics for weak nonlinearity (cf. [42]).
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Resonant wave interactions can be characterized by Zakharov kinetic equations (cf.
[66, 44, 41, 9, 65, 64]). The equations describe, under the assumption of weak nonlinearity,
the spectral energy transfer on the resonant manifold, which is a set of wave vectors k, k1,
ko satisfying

k= ki + ko, Wk = Wk, + Wy, (1.1)

where the frequency w is given by the dispersion relation between the wave frequency w
and the wavenumber k. However, it is known that exact resonances defined by w, =
Wk, + Wk, do not capture some important physical effects, such as energy transfer to non-
propagating wave modes with zero frequency, corresponding to generation of anisotropic
coherent structures [2, 3, 5, 14, 15, 24, 32, 33, 34, 40, 48, 61, 62], see also [17, 43] for
analytical arguments on reduced isotropic models. Some authors have included more physics
by allowing near-resonant interactions (cf. [12, 31, 39, 35, 36, 37, 38, 45, 54, 50, 51]), defined
as

k= ki + ko, |wk—wk1 —wk2] <0(f, k), (1.2)

where 6 accounts for broadening of the resonant surfaces and depends on the wave density
f and the wave number k. When near resonances are included in the dynamics, numerical
studies have demonstrated the formation of the anisotropic, non-propagating wave modes
in dispersive wave systems relevant to geophysical flows (cf. [11, 26, 31, 52, 53, 54, 55, 56]).

We consider in this paper the following near-resonance turbulence kinetic equation for
internal wave interactions in the open ocean (cf. [12, 35, 36, 37, 39]),

Opf(t, k) + pef (8 k) = QUfIE k), f(0,k) = fo(k), (1.3)

in which f(t, k) is the nonnegative wave density at wavenumber k € R?, d > 2. Following
[65], we add uyf = 2v|k|%f as the viscous damping term, where v is the viscosity coefficient.
The equation is a three-wave kinetic one, in which the collision operator is of the form

QfI(k) = //RM [Rk,kl,kz [f] = Ry koo [f] — Riea ey [f]]dkld@ (1.4)
with
R oy oo [ ] 5= [Vioy o |20 (k = k1 — ko) Lp(wi — wiy — wiey)(fifo — ff1 = ff2),

and where we have used the short-hand notation f = f(¢,k) and f; = f(t,k;). The Dirac
delta function (-) ensures that interactions are between triads with

k= k1 + ka. (1.5)

The collision kernel Vj, , r, we consider in this work is of the form (cf. [37, 12, 36, 39, 35])
1

Viki by = C([El[k1][k2])? (1.6)

where € is some physical constant.



The dispersion law is linear
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where F' is the Coriolis parameter, IV is the buoyancy frequency, m is the reference verti-
cal wave number determined from observations, ¢ is the gravitational constant, pg is the
constant reference value for the density. Let us set Ay = F? and Ay = ¢*/(m?p2N?), such

that
Wg = \/)\1+/\2’k’2. (1.8)

_ Fk,kh’@
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S

The operator Ly is defined as

Ly(C) (1.9)

with the condition that
lim  Lf(¢) =7d(Q).

Fk’kka—}O

Thus when T'y, , x, tends to 0, (1.4) becomes the following exact resonance collision operator
(cf. [65, 64, 25])

Qelfl(k) = //R2d [Rk,ku,ka ] = Ry o [f] = Ry ey [f]}dkld’@ (1.10)
with

R oy oo [f] = Vieoy o [0 (k — b1 — k)0 (wp — wiy, — wiy)(frfo — ffr — [ fa)-

Moreover, the resonance broadening frequency I'y 1, x, may be written

Fk,kly’% = fyk + 7]{?1 + ’ka (111)

where 7, is computed in [35] using a one-loop approximation:
e lbl? [ LS D)
Ry
and c is a physical constant, which can be normalized to be 1. Approximating the integral
[ WP DIk ~ [ pe R,
Ry R3
we obtain a formula for ~; that will be used throughout the paper

e = b /R 7t R (1.12)



The above formulation of v, indicate the broadening resonance width 6 defined in (1.2).
Note that the formulation of I'y, i, , is given

Chger oy = (K> + [E1|* + k2|?) /3 f(t, k)dk, (1.13)
R
Observe that

VL ey by < Wk — Wy, — Why| < VR4 1T gy kyy 1 EN,

then ] 1
o S »C W — W, — Wk S T N+
(7 4+ 2)Tk ey ko s ' :) (7 4+ )Tk ko

in other words, function £f(wy — wi, — wk,) is mostly concentrated in the interval where
‘wk — Wk — wk2’ < Dher ko -

In other words, the resonance width 6 is proportional to I'y , x,, which depends on f and
k.

This fact will be used in the proof of Propositions 2.3, 2.1 and 3.1.

Let us mention that the wave turbulence equation (1.3) shares a similar structure with
the quantum Boltzmann equation describing the evolution of the excitations in thermal
cloud Bose-Einstein condensate systems (cf. [20, 28, 29, 30, 63, 67]). Our recent progress
on the classical Boltzmann equation (cf. [6, 7, 18, 19, 59]) and the quantum Boltzmann
equation (cf. [1, 13, 16, 23, 27, 46, 47, 57, 49, 58]) has shed some light on the open question
of building a rigorous mathematical study for (1.3). Different from the quantum Boltzmann
cases (cf. [57, 1, 13]), which could be considered as the exact resonance case (1.10) with

Wi = Wk, + Wk,

the energy of solutions for the near-resonance kinetic equation (1.3) is not conserved. The
underlying shallow-water equations conserve a cubic energy, and the flow restricted to exact
resonances conserves the quadratic part of the total energy [62]. However, conservation
of the quadratic energy no longer holds when near resonant three-wave interactions are
included in the dynamics.

We also split @ as the sum of a gain and a loss operators:

Qlfl = Qgain[f] — Quoss[f], (1.14)

as is done with the classical Boltzmann operator for binary elastic interactions. Here, the
gain operator is also defined by the positive contributions in the total rate of change in time
of the collisional form Q(f)(t, k)

Qeainlf] = // Vi ko |20 (K — k1 — ko) L p(wi, — Wiy — Wy ) f1 fodk1dks
R4 xR4

//d d | k ’k’k ‘ 5(k B k - k2) f(("k o“k L"kz)(ffl 1(}2)0!]{ t]!k?jg.
RexR J
(1.1!))



and the loss operator models the negative contributions in the total rate of change in time
of the same collisional form Q(f)(t, k)

Quoss[f] = FIIS], (1.16)

with 9[f] being the collision frequency or attenuation coefficient, defined by

19[.]6}(/{3) = 2// ’thh]w‘?d(k — k‘l — kg)[:f(wk — Wg, — wk2>f1dk?1d/€2
R xR4

(1.17)
+ 2 // ‘Vk17k7k2’25(k1 — k- kg)ﬁf(wkl — W — wkz)fgdkldkg.
Rd xR
For N > 0, let L (R%) be the function space consisting of f(k) so that the norm
Iy o= [ 17 dk
Rd
is finite.
For a given function g, we also define the n-th moment by
M,lg] = | wia(k)dk (118)

in which we recall the dispersion relation wy = /A1 + Ao|k|?. Notice that when g is positive
My,[g] and [|g|[z: are equivalent.

We shall construct, for the first time, global unique solutions in L% (R%) to (1.3), or
equivalently

atf(ta k) = anin[f](t’ k) - f(t7 k)ﬁ[f](tv k) - 2V|k‘2f, f(07 k) = fO(k) (1'19)

Our goal is to prove an differential equation of the following type, for the moments of
the solution f of (1.19)

with C'3 being a positive constant. The above inequality then yields an exponential bound
on the N-th moment of f
My[f] < Ce'T.

In order to do that, estimates on Qgain and Q1oss are provided in Propositions 2.3 and 2.1.
The proofs of these estimates are based on careful bounds of £y and I'y 1, , that reduces



to bounding the 0-th moment of f, My[f](¢), from below by e*(QVRgHRO)tHfoXRO |1, where
XR, is the characteristic function of the ball B(O, Ry) centered at the origin with radius Ry
so that the quantity || foxr,|lz1 > 0.

Finally, on any arbitrary fixed time interval [0,7], we construct the solution of (1.19)

within a time-dependent invariant set Sy, based on the exponential in time upper bound of
My[f] and the lower bound of My|[f]. Let us define

Co(A1, A2) (1 + 6(4”R3+8R0)T)
I fo(k) xRyl 1 )

Co(A1, A2), is a the positive constant depending on A1, A2 computed in (2.14), and

C, =

C* := 4vR3 + 8Ry.

Note that the specific value of Ry will be determined later.
For any R* > 0, R, > 1, and for N,t > 0, we introduce S; to be consisting of functions
fe L}V+3 (Rd) so that

(S1) Positivity of the set S, : f > 0;
(S2) Upper bound of the set Sy : || fll1 = < co(t); (1.20)

N+3

(S3) Lower bound of the set Sy : || f|lp1 > e1(t);

where,
co(t) == (2R, + 1), (1.21)
and o
R*e™
er(t) == = — (1.22)

Since ¢p(t) is an increasing function and c¢i(¢) is a decreasing function, S; C Sy for
0 <t <t <T and our main result is as follows.

Theorem 1.1 Let N > 0, and let fo(k) € SoNB« (O, R.)\B«(O, R*) for some R* > R, > 0,
where B, (O, R*), B.(O, Ry) is the ball centered at O with radius R*, R, of L}V+3(Rd).
Then the weak turbulence equation (1.3) has a unique strong solution f(t,k) so that

0< f(t.k)eC ([o,T); L}V(Rd)) nol ((o,T);L}V(Rd)) . (1.23)

Moreover, f(t,k) € St for allt € [0,T).
Since T can be chosen arbitrarily large, the weak turbulence equation (1.3) has a unique
global solution for all time t > 0.

The proof of Theorem 1.1 relies on the following abstract ODEs theorem, which has an
inspiration from previous works in quantum kinetic theory [1, §].



Let F := (E,| - ||) be a Banach space of real functions on R?, (F,| -||«) be a Banach
subspace of E satisfying ||u|| < ||u||« Vu € F. Denote by B(O, ), B.(O,r) the balls centered
at O with radius r > 0 with respect to the norm || - || and || - ||.. Suppose that there exists
a function | - |« from F to R such that

lul« < |lulle, Yu € F, |u+vls <|uls+ |v]s, Yu,v€F,
Mule = [Aule, Yu € F,\ € Ry.
where C' is some positive constant.

Theorem 1.2 Let [0,T] be a time interval, and S, (t € [0,T]), be a class of bounded
and closed subset of Fsatisfying S; C Sy for 0 < t <t and containing only non-negative
functions and

lule = llulls, Vu e Sp.

Moreover, for any sequence {uy} in S,
If up, > 0, [Jup|l« < C, lim |luy, —ul| =0, then lim |lu, —ul/+ =0, (1.24)
n—oo n—oo

Set Ry > R* > 0 and suppose Q : St — FE is an operator satisfying the following properties:
There exist Ry, Cy, C* > 0 such that:

(A) Hélder continuity condition

|Qlu] — Q|| < Cllu— o|?, Be(0,1), YuveSr.

(°B) Sub-tangent condition
For an element u in Sy, there exists £, > 0 such that for 0 < £ < &,, there exists z
in B(u+&Q[u],0) NSr\{u + £Q[ul} for  small enough. Moreover,

Ci&

= Jull

|z —uls <
smu | Cxm (1.25)

-
XRQ 5 - 9 9

where xR, is the characteristic function of the ball Bra(0, Rg) of R.
(&) one-side Lipschitz condition
[Q[u]—Q[v],u—v] < Cllu — ||, Yu,v € Sr,

where
[.¢] = Jim b (o -+ hell — ).



R*e—C*T

Moreover, St N B (O, 5 > =0 and Sp C B(0, (2R, + 1)e%T).
Then the equation

0w = Qu] on [0,T) x E,  u(0) =up € So N B.(O, R:)\B«(O, R*), (1.26)

has a unique solution

we CH(0,T), )N C([0,T),Sr) -

We end this introduction by giving the structure of the paper. In Section 2, we provide
an a priori estimate on the L}V norm of the solution. The Holder continuity of the collision
operator will be established in Section 3. The proof of Theorem 1.1 is given in Section 4.
The proof of Theorem 1.2 is given in Section 5.

Throughout the paper, we normally denote by C', C’ universal constants that vary from
line to line.

2 A priori estimate

In this section, we shall derive uniform estimates on the N-th moment of f.

2.1 Preliminaries

The following lemma represents the weak formulation for the collision operator

Lemma 2.1 There holds
[auieoe® ar = [[[ Rusnlfet) = o) = o) dididr,
R4 R3d

for any test functions ¢ so that the integrals are well-defined.

Proof By definition, the integral of the product of Q[f] and ¢ is written
QUfI(t, k)p(k) dk = /// [Rk,kl,kg — Rpgy ey — sz,k,kl}w(k)dkdkldkz-
Rd R3d

By employing the change of variables k <> k1, k <+ ko in the first integral on the right, the
lemma then follows. |
In this paper, we also need the following Holder-type inequality.

Lemma 2.2 For N >n > p, and g > 0 there holds

n—p

N—-n n—p
My [g] < M [g]9M G [g], (2.1)
where g is such that all of the integrals are well-defined.
Proof The lemma follows from the definition of 9t,, and the following Holder inequality

/R glkywpdk < ( /R PCr: dk)%’; ( Adg(k)wﬁdk>ﬂ.



2.2 Estimate of the collision operator

The main result of this subsection is the following estimate on the gain part of the collision
operator Q[g] as defined in (1.14) and (1.15).

Lemma 2.3 Let N > 0. For any positive function g € L11V+1’ there exists a constant
CC(A1, A2, N), depending on A1, A2, N, such that the following holds

C(A1, Ao, N)My11[9]

MNMolg] 22)

| Quanlal(hye di <

Remark 2.1 The proof below is based on the fact that the resonance broadening width 0
defined in (1.2) is chosen proportional to

(W + Vil + 8al?) [ 7t

as discussed in the introduction.

Proof By the same argument used to obtain the weak formulation proved in Lemma 2.1,
the following identity holds true

Qlyl(k)wy dk = // / Ric gy 1 [9] [w,iv —wi — Wi |dkdkidks,
R4 R3d
where

Ry ey e [9] = [ Vieer oo |20 (k — 1 — ko) L{(wy, — wiy — wiy) (9192 + 991 + 992)-

And the integration of the gain term in multiplying with the test function w,]cv is then

[, Qunlsl)lf ak =
Rd

k|2 + k1|2 + |ko|2) |K| |1 ]|k
:c// 0k — iy — ) Joldl UK & ki + PaP) Kk lla]
R34 (wk_wh _wkz) + Molg]?(|k]? + |k1|* + |k2|?)

X g1gowi dkdkydks

Molg](|k]? + k1| + |ka2|?)|K]| k1] | k2|
+ C/// ok —k—kLk X
o 01 ) (o = ok — )2 + TGP (R + [ + [Ra 22

x (991 + g192)wy dkdkidks,



which, by the change of variable (k, k1) — (k1, k) in the second integral, whose Jacobian is
1, could be expressed as

[ Quanlalwyod k=
Rd

k|2 + k1|2 + ko |2 |K| k1] |k
R3d (Wk*(U]Cl 7wk2) +9ﬁo[g] (|k’ +‘k1‘ +‘kj2‘ )

X g1gowi dkdkydksy

Mo[g](|k]2 + k1| + |ka|?) |||k || e
+c// 5(k — ky — ko) olgl (4P +haf? + ksl sl
R (@i — wiy — wiy)? + MolglP (k[ + [ka? + [Raf?)

(991 + ggz)wkldkdkldkg

By the symmetry of k1 and ko in the second integral,

/ anin[g](k:)w,iv dk =
Rd

K2 + k1|2 + |ko|2) K| |Ry ||
R3d (Wk — Wiy — Wky)? + Mo[gl2 (k[ + K] + [K2?)

X g1gowi dkdkydksy
Mo [g] (k] + [K1|* 4 [ka[*) K] |K1 ]| k2]
+ C// S(k—ki —k
R34 ( 1~ k2) (Wi — Wiy — Wiy )% + Mo[g]2 (15> + [K1|? + |k2]?)?
x gg1 [wiy + wiy| dkdkydks.

Let us now look at the fractional term in the above integral

Mo[g](1k[* + [k |* + [Kal*) ][y || o ‘
(wWr — Wiy — why)? + Mo[gl*([K[? + [a|? + [k2]?)?

K =
Since the denominator (wy, —wg, —wk, )>+IM3(|k|>+ k1|2 +|k2|?)? is greater than M [g)2(|k|*+
|k1]? + |k2]?)?, the whole fraction can be bounded as

AL
K< ,
~ Mo[g](|k2 + k1] + |k2|?)

which leads to the following

[, Quinlslge ax
Rd

||| K1 | |2 N
<C ok —k—k dkdk,dk
>~ // R3d ( 1 2>9ﬁ0[g](“¢|2 + |k?1|2 + |k2|2)9192wk 14h~2

] ey || NN
+C// olk—ki —k wi + wi, |dkdkidks,
L 2>zmo[g]<|k:|2+rk112+rk212>ggl[ A o ol dhdta

10



which can be rewritten in the following equivalent form, with the right hand side being the
sum of I1 and Iy

/ ) Qgainlg](k)wp dk < I + I, (2.3)
R
where
K[| k2| N
L :=C Sk —ky—k dkdk dk
1 ///HW (b= by = o) G TOTORE P [lg?) 9192k hvdbrdla

QALY v
L:=¢ Ok —ky — k + N | dkdky dks.
i //R b= 2>9ﬁo[9](|k|2+’k1|2+\k2\2)ggl[wk1 i dkdis iy

Let us first estimate I;. By the resonant condition k& = k1 + ko, we have

(2.4)

wi = VAL + A2 k2 < VA + Aa(lkr] + [R2))2 < 20/ A0+ Aalka P42V A1 + Aalkal? = 2wp, +2wi,,
which, thanks to the Cauchy-Schwarz inequality, leads to
Wi < O dg, N)(wiy + wi),

where C' (A1, A2, N) is some constant depending on A, Ao, N.
Thus, we obtain

||| || K2 N, N
I < C(M, Ao, N 0k —Fk1—k dkdkdks.
1 < C(A1, Mg, )//R3d ( 1 2)m0[9](‘k‘2+|k1|2+|k2|2)9192{wk1+Wk2] 10R2

Taking into account the definition of the Dirac function §(k — k1 — ko) the above integral
on R3? can be reduced to an integral on R2¢ only

|k + Kol k1| |k2| NN
I < C(AL Mo, N + W | dkey ds.
000N [ i e e A k]

Due to the inequality ki + k2|* + |k1|® + |k2|? > 2|k1]|ks|, the kernel of the above integral
can be bounded as

k1 + kol k| |Ka < |k1 + ko < k1| + |k2|
by + ko2 + (k24 [Ro2 = 2 — 2

yielding
C()\la )\2, N) N N
= T ol .
s f)ﬁo[g] //de (|k1| T ‘k'QDgng [wkl + wk2i|dk1dl€2

Observing that

Wk We.
k1| < 717 ka| < 727
| 1| = \/E | 2| = \/E

we can bound

(Tt + Vo l) |l + @il | < Cleon, +eon) [wh + it | < Clup™ +wllH,

11



which yields the following estimate on I; in terms of the functional defined in (1.18)

c(x ,)\ ,
n < 21 2 // G192 w,i\i+1+w,iv+1}dk1dk2
(2.5)

< imo[g]SmNH[ g

Let us now estimate Io. Using the resonant condition ks = k — k1, we obtain the following
relation between wy, and wy, wy,

Wgy = \//\1 + )\2‘]?2‘2 < \/)\1 + /\2(“?1’ + ’k‘)2 < 2\/)\1 + )\2‘k|2+2\/)\1 + /\2“€1’2 = 2wk—|—2wkl,
which, by the Cauchy-Schwarz inequality, leads to
why < C(A1, A2, N) (W) +wp)),

where C' is some universal positive constant.
Thus, we obtain

|k |[R2
I < C(A, o, N Ok —k1—k dkdkqdk
2 < C(A1, Ag, )//RM ( 1 Q)DRO[g](\k|2+|k1|2+|k2| )991{% +wk} 1dks.

By the definition of the Dirac function §(k— k1 — k2), we can reduce the above triple integral
into an integral on R?? only

LIRS N
I, < C(A1, A dkdk;.

It is straightforward from Cauchy-Schwarz inequality that |k|? 4 |ki|? + |k — k1|? > 2|k1]||K],
yielding the following estimate on the kernel of the above integral
Fllkallk = ks _ k= k| _ [kl R
|E]2 4+ |k1|? + |k — k1?2 — 2 - 2 ’

which implies the following bound on I

C()\lv)\27
I mo// (1Kl + [kt [ ggn |l + i | akdr.

IN

The same argument used to estimate I; can now be applied again, that leads to a similar
bound on I

C(A ,>\ ;
I < L 2 // 991 w}j“ +w,§f+1}dkdk1
2.6
Combining (2.3), (2.4), (2.5) and (2.6), we get (2.2) so the conclusion of the Lemma 2.3
follows. u

12



2.3 Lower bound of the solution (the choice of Ry)

Proposition 2.1 For any initial data fo > 0 and fo € L'(R3). Suppose that f € L'(R?)
is a positive, strong solution of (1.3), then

Q[f] = anin[f] - Qloss[f] > _Qloss[f] > _4“{:‘.]07 (27)

pointwise in k and f satisfies the following lower bound
f(t, k?) > fo(k)ef(Qu\k\2+4|k|)t, (2.8)

which implies . ,
1 (8 k)Xo ll L = 9o(2) = e~ B R4 £ (k) gy | 11 (2.9)

where x g, is the characteristic function of the ball Bra(O, Ry) in R?, Ry is any positive
constant.

Proof Let us first recall the formulation of Q[f]
QI = //d Vi ka0 = bt = ko) Ly (wr = wiy = wi,)(F1fo = 2f fr)dkrdh
R xR
+ 2//d Vi ks "0k — & = ko) Ly (wry = wi = wiy) (= f o+ ffr + fifo)dadks.
R xR

and in order to get (2.8), we will work with

Q[f] = anin[f] - Qloss{f]v

where the formulation of Qogs|f]

~Quslf] = =2/ Vi o [0 (k = by — k2) £ g (wr — wiy — Wiy ) frdkady
Rd x R4
—2f Wiewsoka 1200kt — k — ko) Lp(wpy — wi — wiy) fodkydky  (210)
R x R4
= — 11 —Do.

In order to get the lower bound (2.7), we discard the gain operator defined in (1.15) and
estimate from below the loss part.

Let us estimate the double integral Z;, which can be reduced to an integral on R? by
taking into account the definition of d(k — k1 — k2) as follows

11 = Qf/d ]Vk7k1,k_k1|2£f(wk — Wy, — Wk—kl)fldkl-
R
By the definition of Vi i, x—k,, Lf(wWk — Wk, — Wk—ky ), Lk k1 ke, and the inequality
2

2 2
(wWr — Wiy — Wk—ky)” + Ty omtey = Ukokey h—ker s

13



we obtain the following inequality on the kernel of 7y

E[[F1|[k — k1 |Th ey kot
(wWr = wry = Wr—k)? + T ke
[Ellr ][k — ki
kg k—ky
K[|k ||k — K
= Mo[fI(|&* + k1> + |k — F1]?)

Vieser sk | L (W — Wiy — Wh—py) =

By the positivity of |k|> and the Cauchy-Schwarz inequality, the following holds true
k124 k1> + |k = ki|? > ka2 + [k — E1)? > 20k |k — K,

which implies

2|k|
Viedor ot 2L (Wh — Wy — Whey) < o
Veger o—iea | "L (Whe — Wiy — Wh—iy) < Mol/]
As a result, we have the following estimate on Z;
2|k dk
1 < MM e by 2|kl f. (2.11)

_Tm_

T, can be estimated in a similar way. We can reduce 7, to an integral on R? by taking into
account the definition of 0(k; — k — k2) as follows

I = f/Rd Vietko deko [P L (Whtky — Wi — Why ) foda.

Taking into account the definite of Vi, i ko, ﬁf(wk+k2 — Wk — ka), Lhtkg ko ko» and the
inequality
2 2 2
(@Wrtky = Wk = Why)” + Tty kb, = Dk bk

the following estimate on the kernel of Z, can be obtained

|k + kol kl[k2|D kb b o
Wity — Wk — Why )2 + Fi+k2,k,k2
|k + kal[k|[k2]
= Mo[f1([k + kal? + k2 + [k2[?)”

Vietkatoea | L (Whophy — W — Wy) = (

Using the positivity of |k|? and the Cauchy-Schwarz inequality, we find
|k + kal” + |kI* + [k2|® > |k + ko|® + k2| > 2|k + kol |2,
which implies

2|k|

Vit ko koL (Whtky — W — Why) <
| +2,72‘ f( +ko 2) fmo[f]

14



We then obtain the following estimate on Z,

2|k’f fRd f2dk2

T = 2k|f. (2.12)
Combining (2.10), (2.11) and (2.12) yields
QU] = —4lklf. (2.13)

By plugging the above inequality into (1.3), we obtain a differential inequality on f
af — QU —2w[k*f > Of + (2v|k[> +4lk)f > 0.
A Gronwall inequality argument applied to the above differential inequality leads to
F(t,k) = folkye™ GrIFHAIDE
and so (2.8) holds.

Multiplying both sides of the above inequality with x g, is the characteristic function of
the ball Bga(O, Ro) in R?, and taking the integral with respect to k on R, yield

—(2v 2
lfXRollL > /Rd Xrof(t, k)dk > /Rd Yo fo(k)e—GHIRP+AIRDE g

> o~ (RS +4R0) /Rd Xrofo(k)dk > || foxr,ll1,

and so (2.9) holds true. The proof of Proposition 2.1 is completed. |

2.4 Weighted L} (N > 0) estimates

For a given function g, let us recall the N-th moment of g
Wylgl = [ wiglhdn
R4
Proposition 2.2 Let N > 0. Suppose that fo(k) is a nonnegative initial data satisfying
fo(k)wp dk < oo,
Rd

and that nonnegative solutions f(t,k) of (1.3) satisfies
Mo[F1(t) > Mo(#) = e T fo (k) |11 > 0,

where ﬂj?o(t) s the quantity considered in Proposition 2.1.

15



Then, there exists a positive constant Co(A1, A2) is a constant depending on A1, A2 and
independent of N such that

My 1[QLANE) — 20Mn [k f1(t) =

= [ @Rl a2 [ kR bl d o1

e(4uR3+8Ro)t

_l’_ -
1 fo(k)xRo 171

which implies that nonnegative solutions f(t,k) of (1.3), with f(0,k) = fo(k), satisfy

< Co(A1, A2) (1 ) f(t, k)wd dk,
Rd

J(AvR3+8Ry)t

2 2
(AvEG+8Ro)lIfo(k)x R |L1> fo(k)wliv dk,
R4

(2.15)

C(/\l,)\g)<t+
My[f1E) > [ F(t, k)wd dk < e
Rd

where C(A1, \2) is a constant depending on A1, Aa.

Remark 2.2 Note that (2.14) says that the N-th moment of f only depends on the N-th
moment of the initial data and the parameter Ry defined in Proposition 2.1.

Proof [Proof of Proposition 2.2] Using ¢ = w,]cv as a test function in (1.3), we obtain

Lol + 20k 1] =
o [ st s [ RseRe ab= [ QUi b
dt Rd Rd R4

As a direct consequence of Lemma 2.3, the following inequality holds true

d N 2 N ¢ . c N+1
G | e [ R R ak < malf0] = o [ A k)c:; 16)dk-
Notice that ) ‘
k= SN
Ao
we get the following moment equation
d 2v 22U\ C
W) + M (70 = MN[0 € g M )

Using the fact that

Mo[f] > e BEHEDT| fo (k) x| 11

16



we deduce from (2.16)

/ftk: dk:+2u/ k2 f(t, k)wi dk
Rd

Oe(2vR3+4Ro)T )
M [f(8)] < T [ F(E R

_mo[f] = I fo(k) xRl 21

Now since

Ce(2vRi+4Ro)t Ce(2vR3+4Ro)t

[ fo(k)xRo L1

N
N+1 2 N 2\ o
N ——, —2u|kl*w; = (A + \alk|?) 2
1folk) xRl * i = (ot delkt) (

(A AalkP)? - 2VV<¢|2> ,

Ce(2uR3+4RO)t
[lfo(k)x Ry ll 1

e(4uRg+8R0)t
1fo(B)xrol%,

1
and observing that (A1 4 A2|k[?)? — 2v|k[? is bounded uniformly by some con-

, we can bound

stant C(A1, A1) <1 +

C Nl ) €(4uRg+8R0)t N
N ok PwlY < C(M, A ) (a2
T~ 2R = €0 1 e | (ot dalkT)
The above estimate means that the difference
(2vR2+4Ro)t
O [ pt byl dk—zy/ kI2F (¢, k)l dk
[ fo(k)XRollL1 Jra Rd
(2vR2+4Ro)t
£(t, k) Ce—owN“ —owlkPwlY | dk,
d [ fo(k)xRollLr "
is smaller than C(A1, A2) (1 + m> fRd dk, which immediately leads to
0
d €(4uR3+8R0)t N
£ )W dk < C(Ap, A e 0 t k)l dk.
dt f( ) k ( 1 2) Hf()(k)XROH%l Rd f( ) k

Inequality (2.15) then follows as a consequence of the above inequality.

3 Holder estimates for Q[f]

In this section, we study the Holder continuity of the collision operator Q[f] with respect
to weighted L} N horm.

17



Proposition 3.1 Let M, N > 0, and let Vs be any bounded subset of L}VH(Rd), with the
L}V+2 norms bounded from above by M and the L' norms bounded from below by M'. Then,
there exists a constant Car . N, depending on M, M', N, so that

C L. C
MollglIMo[lA[] ~ Mo[lg]]

Il - @l < ( Vla—nl}, < Cunarllg—nly 32

for all g,h € V.

We first prove the following lemma.

Lemma 3.1 Let M, N > 0, and let Vs be any bounded subset of L*(R*) N LY | (R?), with
the L}V+2 norms bounded from above by M and the L' norms bounded from below by M'.
Then, there exists a constant Cpy v, depending on M, M', so that

C C

for all g,h € V.

Proof We first compute the difference between Q[g] and Q[h]

Qlg] — Q[h] = //R2d [Rk,ku,lm (9] = Riky ko [P — 2( Ry ko (9] — Ry koko [R]) | dlerdks,

whose Li-norm is
IQls] = QU = | l'Qlsl(k) — @IAElak
12 / / /R | Ri 9] — R ol i

_ ///RM | R ke ko (9] — Bk ko [h]|<w,iv +whl + w,ﬁi) dkdk dks.

Recalling that

Ric ey ko [9) = CVieky ko |20(k — o1 — ko) Lg(wi — wi, — Wiy ) (9192 — 991 — 9g2),

we find the following estimate on ||Q[g] — Q[h]||L]1V

1Qlg] = QlAlllLy, < J1+ 2, (3-3)

18



where
Iy = ///de [Vioks o 250k = Bt = o) | £ (= wny — ;)10
— Lh(wn — wpy — wkz)hlhg‘ (wh” + ol + wfl ) dhdkrdiy,
Jo :=2 ///Rgd Vi koo |20 (k1 — k& — k2)‘£g(wk1 — Wk — Wk, )92

— Lh(wn, — wp — w;@)hhg‘ (wh” + ol + ol ) dkdiy by

(3.4)

Let us now split the proof into two steps.
Step 1: Estimating J;. Define the quantity inside the triple integral of J; after dropping
(w,iv+w,]€\§ +w,]€\£> to be Jy

Y

Ji = Vi ko |20(k — oy — kQ)“Cg@k — Why — Wy )9192 — La(Wk — why — Wiy Jnho

which, by the triangle inequality, can be bounded as

J1 < Vi oo |P0(k — k1 — ko) Lg(wp — wiy — wiy)|g192 — haha|

Vi ks 200k — by — k)| £ (eor = wny = wry) = Lo — iy — i) |

Define the two terms on the right hand side of the above inequality to be Ji; and Jio,
respectively.

Let us now study Ji1 in details. Using the definition of £, and the triangle inequality

|g192 — hiha| < |g1llg2 — ha| + |ha||g1 — hal,

yields the following estimate on Ji1

Ly sk k
Ji < C!kalHk2!5(k—k1—k2)(wk_wk _gwk 1)22+F2M - |91]l92 — Do
1 2 g,k,R1,k2

Lykkr ke
+ Il — by — o) e il —
1 2 g,k,k1,Kk2

By the inequality
2 2 2
(Wr = Wk = k)" F TGk ko = Tt s

we can bound Ji; as

1
Jin < Clk[lk|lkald(k = k1 — ko) m———lanlg2 — hol
gvkvklka
1
+ ClE|[k1|lk2|o(k — k1 — ko)
k.k1,k

g,R,R1,R2

|h2llg1 — hal.

19



The right hand side of the above inequality can be estimated by employing the following
Cauchy-Schwarz inequality

L soerke = Mollgl] (117 + 1k1|* + |k2l?) = Mo[lgl] (|k1]? + |k2l?) = 29 [|g]] k1 k2,

where we have just used the lower bound of My[|g|], yielding

C

|k|6(k — k1 — k2)|g1llg2 — ha| + ———
Mollgl]

J11 ~ |k‘|(5(k‘—/€1—/€2)|h2 |gl—h1 .
Mol o=l

Multiplying the above inequality with (w,]cv + w,ﬁ + w,i\; ) and integrating in k, k; and ko
lead to

/// i (wd + wp + i ) dkdky dky
R3d
C N N N
< [ S 180 = by k) s llao = ol + hallon = ] (s + e + )i s

Using the resonant condition k& = k; + ko, we reduce the triple integral on the right hand
side to a double integral

/// it (w + whf + i ) dkdky dky

R3

< C// |k1 + kol [lg1llg2 — ha| + |h2llg1 — hal] (WIJCV +W1]gv)dk?1dk2,
Mollgl] J Jrea Lo

where, we have just used the inequality

N N N
Wiy 4y < Oy + Oy,

proved in Proposition 2.3, to bound the sum w,iv + w,ﬁ + w,]c\g by C(w,ﬁ + w,ii)
Observing that

k1 + kzl(w{fl +w,iV2) < (k] + |k2|)(w,{}{ +w,iv2> < C(w,ﬁ“ +wN+1),

/// i (w + wpf + wi ) dkdky dky

R3d

< gt |, ol = ol + halln = bul) (w1 ™ kst
W, lgl] J Jues

which immediately leads to

/// J11 wk + ol +wk2>dkdk1dk2
Rdd

we find

< mug Blloy,,, (gl + lglloy, . + bl + IR0y ) (3.5)
C
< g9~ Mz, (lallzy,,, + 1Ay, )
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Now, let us look at Ji2, which can be written as
J12 = C\k||k:1|\k2\5(k — k‘l — k2)|h1h2|><

Lg oo o (W = Wy = wi)® + T3 ] = Tty o [k — @iy = wig)? + T30 50 ]

[(wr —wry = @) +T7 M@ = wm = @) T 4 ]
= C‘k‘“k‘lHkQM(kﬁ — k‘l — k2)|h1h2|><
(W — Wiy = Wky)? = Tgeer ks U o | Cgeb ke — ik o |

X
[(wr = wiy = wks)? + T 4y g [k — @iy = wky)2 + T3 ]

It follows from the Cauchy-Schwarz inequality that

2 2 2 2
[(Wk = Wiy = Wiy)™ + T ke oo Wk — Wy — W)™ + Th g ey o)
[(wi — Wiy — Wiy )? = Tgteor s Dtk oo | (W — Wy — Wio)® + g ker ko Do o
|

>
>

2
(Wk — Wy — Wi )™ — Ly ker koL bokeoder ko | D g ke er oo Ul et o s

from which, we obtain the following estimate on Jio

Lykkrks — Uy ke
Jia < Olkl|k1||ko||hrheld(k — ki _kQ)l gk ks — Dhkkyal
Lgkeker koL hote fer ko

The numerator of the fraction on the right hand side has the following interesting property
Ptk = Dhgek el = C(K? + kT + k3)Mo|g] — [A]]],
which can be bounded as follows
ICg b = Do el < C(K* + kf + K3)llg — hlls,

yielding an upper bound on Ji2

lg = RllLr,
1 2

By the Cauchy-Schwarz inequality
k2 + k34 k3 > k3 4 k3 > 2|k |kal,

and the lower bound on My|[|g|] and My[|h|], the following estimate on Ji2 then follows

C
Jig < ———————||k||h1h2|0(k — k1 — Kk2)||lg — R f1.
DﬁOUQHWIOHh”H [1h1hald( Mg = Al

Multiplying the above inequality with (w,iv + w,ﬁ + w,i\g ) and integrate in k, k1 and ko, the

same argument used to deduce (3.5) leads to

/// J12 wk, +wkl+wk2)dkdk¢1dkz2 Tl I] g9~ Ml (3.6)
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Note that C' is a constant depending on (||g||L1

N+1

+ HhHL}vH)' Combining (3.5) and (3.6)
yields

¢ C
o= < + > 9="hlw, 3.7
' Mol|g1Mo[|R] ~ Mo[|g]] I ey, (3.7)
where C' is a constant depending on <|| gl

IR, )-
Step 2: Estimating Js. The proof of estimating Jo follows exactly the same argument

used in Step 1. As a consequence, we omit some details and give only the main estimates
in the sequel. First, define the quantity inside the triple integral of Jo after dropping

(w,iv+w£§ —i—w,i\;) to be Jy

= |Viey oes |20 (k1 — k — k2)‘£g(wk’1 — Wk — Wky)992 — Lp(Wiy, — Wi — Wiy )hh2 |,

which, by the triangle inequality, can be bounded as
Jo < Vi oo |70 (k1 — k = k2) Lg(wr, — wi — wiy ) 992 — hha

+ ’Vkl’k,k2‘25(lﬁ1 —k— kg)‘ﬁg(wkl — WE — ka) — Eh(wkl — Wk — ka) ‘hh2|

We set the two terms on the right hand side of the above inequality to be Jo; and Jao,
respectively.
The following estimate on Jo; is a direct consequence of the triangle inequality

L kb k
Jor < |kl[kl|k2|6 (k1 — k — k2) (n —on —gwk 1) 2+ 2 |9llg2 — hal
1 2 9,k k1,k2

Lg o ko1 ks
(W) — Wi — Wiy )% + Fg k k1 ko

+ Clkl|k1|[k2]6 (k1 — k — k2) |ha|lg — hl.

The same argument used in Step 1 can be employed, implying the following estimate on Jo1

|k1]0(k — k1 — k2)|9’|92—h2|+ |k1|0(k — k1 — k2)|ha||lg — R

C
T u ]

Multiplying the above inequality with (w,iv —|—w,]€\§ —&—w,i\; ) and integrate in k, k1 and ko yields

C / / Jor (w + wp + wi ) dkdky dky
R3d

(3.8)
< (llg =Pl +llg = Ry, )

where C' is a constant depending on <HgHL1 + HgHL}v+1 + |h]lr + HhHL}VH>.
Now, similar to Jy2, Joo can be bounded as

1Ly kkr ko — Dhk kl,kg\

T < Okl lkal lhhold(hy — ke — hy) —foaet—e s
g,Kk,K1,k2 1,k2
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The same argument used in Step 1 can be applied and the following estimate on Joo then
follows
Jaz < |k[|hho|6(k — k1 — k2)llg — Rl L1

Multiplying the above inequality with <w,]€V + w,]x + w,i\; ) and integrate in k, k1 and ko, we

obtain
S (o vt < s (la = bl + o= By, ).
(3.9)
where C' is a constant depending on (Hg||L}V + ||~ HL}VH)
Combining (3.8) and (3.9) yields
C C
= < + g ) (la =il -+l = Al
sty * g ) (19l o) 510)

< (s * s ) 191

- 1 .
— \DMo[lglIMo[IAl] ~ Mollg]] v
Putting the two estimates (3.7) and (3.10) together with (3.3) and (3.4), the conclusion of

the Lemma then follows. |
Proof [Proof of Proposition 3.1] The proposition now follows straightforwardly from the
previous lemma. Indeed, we recall the interpolation inequality (see Lemma 2.2):

g-—n  n-p
lollzy < lollzy” gl 5

for ¢ > n > p. Together with the boundedness of g, h in L% N L}VH, we obtain

1 1 1
lg—llzy,, < llg—hlIZ, lg = hlZ, < Cullg — Az,
Lemma 3.1 yields
1
1Qlg] = QUM Iy, < Crrnrrwllg — Rl
N
which holds for all N > 0. The proposition follows. |

4 Proof of Theorem 1.1
We shall apply Theorem 1.2 for (1.3), which reads

af = Qlf, Qlf] = QLf] — 2v|k[*f.

Fix an N > 1. We choose the Banach spaces F = L}V (]Rd), F = L}v+3 (]Rd), endowed
with the norms

1f 1l = [1f 1z, £l = [1fll e

N+43'
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We also define

| [l == M3l f],
then
[l < flles VEEF, |f+gls <Ifls+lgls, Vf g€F,
Mfle = [Mle, VfEFXERy,
and

Fle=1fllay,, ¥f€Sr

Moreover, condition (1.24) is automatically satisfied due to the Lebesgue dominated con-
vergence theorem and Theorem 1.2.7 [4].

Clearly, St is a bounded and closed set with respect to the norm || - ||..By Proposition
2.2, for fo € So C Sr, solutions to (1.3) will remain in Sp. Thus, it suffices to verify
the three conditions (2(), (*8), (€) of Theorem 1.2, then Theorem 1.1 is a consequence of
Theorem 1.2. Notice that continuity condition (2() follows directly from Proposition 3.1,
we therefore only need to verify (B) and ().

4.1 Condition (*8): Subtangent condition.

Let f be an arbitrary element of the set Sp. It suffices to prove the following claim: for all
€ > 0, there exists h, depending on f and e such that

B(f +hQ[f]),he) NSy #0,  0<h< h.. (4.1)
For R > 0, let xg(k) be the characteristic function of the ball B(0, R), and set

wr = f + hQ|fr, fr(k) = xr(k)f(k), (4.2)

recalling Q[g] = Q[g] — 2v|k|?g. We shall prove that for all R > 0, there exists an hp so
that wg belongs to Sy, for all 0 < h < hp. It is clear that wgr € L*(R?) N Ly 5(RY).
We now check the conditions (S1)-(S3) in (1.20).

Condition (S1): Positivity of the set S;y. Note that one can write Q[f] = Qgain[f] —

Quoss[f], with Qgain[f] > 0 and Qioss[f] = fQ—[f]. Since fr is compactly supported, it is
clear that xg@Q—[fr] is bounded by a universal positive constant 4R, computed in Proposi-
tion 2.1. Hence,

wr = £+ h(Qfr) = 20|k fr)
> [~ hfr(4R+20R?)

which is nonnegative, for sufficiently small h; precisely, h < hTR = m.

Suppose that R > Ry are chosen large enough such that

Ixruoll+ > |IxRouoll+ > R
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Let us check (1.25) for Ry < R. By Proposition 2.1

XRo

Moreover

wr — f

— = XroQfr] = —(4Ro + vRY) fr,-

lwr — fls = h|Q[fr] — 2v|k[* frl« < Coll frlls,

where the last inequality follows from Proposition 2.2. That leads to

2
. CU()\l )\2)6<2VR0+4R’0)T
with :
1 fo(k)x Rl L1

wr

(A1, /\2)6(2VR(2)+4R0)T
[l fo (k)X Roll 1

C
—flv < [ £l

computed in Proposition 2.2.

Condition (S2): Upper bound of the set Sr. Since

and

11l < (2R, +1)e™,

li — =0
lim || — will. = 0,

we can choose h, small enough such that for 0 < h < h,

|lwrlls < (2R, + 1)e%T.

Condition (S3): Lower bound of the set Sy. Since

and

I fll« > R*e= T /2,

li - =0
lim || — will. = 0,

we can choose h, small enough such that

|wrlls > R*e ¢ T)2.

This proves the claim (4.1), and hence condition () is verified.

4.2 Condition (€): One side Lipschitz condition.

By the Lebesgue’s dominated convergence theorem, we have that

[#-¢]

lim h~! helle -

Jim. (ll¢ + holle — ll9lle)

lim Al / (16 + bl — o)) (wr + wlY) dk
h—0— Rd

|, elwsn(o() e+ i)k

25
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Hence, recalling Q[f] = Q[f] — 2v|k[2f, we estimate

[QL1 - Qlgl, f— 9] < / [QUf1(k) — Qlg)(k)Isign((f — g)(k))wi' dk

R4
< 1QL1 - Qlallle — 2vI[k[*(f — 9) ]l -
Using Lemma 3.1 and recalling || - ||z = || - HL}v’ we have

1Qf1 = Qlglllz < CNIIf — gllpy -
Since C|k|N — 2v|k|V+2 is always bounded by C’|k|" for C’ > 0, we obtain

[QLf1 = Qlgl, f — 9] < CwIlf = gllm-
The condition (€) follows. The proof of Theorem 1.1 is complete.

5 Proof of Theorem 1.2

The proof is divided into four parts.

Part 1: According to our assumption, Sy is bounded by a constant Cg in the norm || - ||,
due to the Holder continuity property of Q[u],

[Qu]]| < Cq, Yu € Sr.
By our assumption, for an element u in Sy C S, there exists &, > 0 such that for 0 < £ < &,
B(u +£Q[u],6) N Sp\{u +£Q[ul} # O,

for 0 small enough.
For a fixed v and € > 0, there exists £ > 0 such that ||[u—v|| < (Cgo+1)¢ then ||Q(u)—Q(v)]] <

5. Let z be in B (u + £Q[ul, %) NSr\{u + £Q[u]} satisfying
Cs Z—u c*
< ?”uH*a XRo > _XR()?uv

. £

zZ—U

§

and define
t(z —u)

§ )
Now, we also have the following lower bound on ©

X%9@)=X%<u+“2gw)

tC* 1

Z XRoeitC* 9(0)7

s Ot) = u+ telo,g.
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for and 0 <t < &< 8

cr -
Hence o
R*e™
Ixm O > (5.2
We also have that
t(z —u t(z —u tC,
ool =10 = [u+ E2| <l + [ < pul
tC*
~ 1o (1+ ).
We then obtain
1O« < (16(0)[l+ + 1) =1 < (2R, + 1), (5.3)
Therefore, ©® maps [0,¢] into Sp. It is straightforward that
t(z—u e
o - ull < |"C5 | < eloti+ § < (co+ v
which implies
€
lele()] - Qlulll < 5, vte0.¢].
Combining the above inequality and the fact that
. z—u €
16(t) — Qlu]ll = e Qul|| = 3,
we obtain .
16(t) — QW] <€ Vvtelog]. (5.4)

Part 2: Let O be a solution to (5.4) on [0,¢] constructed in Part 1. Using the procedure
of Part 1, we assume that © can be extended to the interval [r,7 + 7'].
The same arguments that lead to (5.3) imply

1o + 1)l < ((IO(7)llx + 1) ~1), te[0,7].
Combining the above inequality with (5.3) yields
o+ < ((IOO)x+1)e™T —1+1) ™" ~1

(1©(0)]|5 4 1) e+ — 1 (5.5)
< (2R*+1)€C*(T+t),

IN

where the last inequality follows from the fact that R, > 1.
Similar, we also have

XR,O(T +1) > xg,e” THIC 0(0), (5.6)
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which implies
R*G—C* (T+t)

5 (5.7)

xR O(T + )] >

Part 3: From Part 1, there exists a solution © to the equation (5.4) on an interval [0, &].
Now, we have the following procedure.

e Step 1: Suppose that we can construct the solution © of (5.4) on [0, 7] (7 < T'), where
©(0) € Sy N B. (O,R*)\B* (O,R*). Since due to Part 2 O(7) € S;, by the same

process as in Part 1 and by (5.3), (5.1) (5.2), (5.5), (5.6) and (5.7) the solution ©
could be extended to [r, T + h;| where 7+ h,; < T.

e Step 2: Suppose that we can construct the solution © of (5.4) on a series of intervals
[0,71], [T1,72], -*+, [Tn, Tnt1], - -+ Since the increasing sequence {7,} is bounded by
T, it has a limit, noted by 7. Moreover

10(0)]1+ < (IO + 1)e® 1< (2R, + 1)e™, Vi € [0,7),

X 5.8
XR,©O(t) > XROe_tC ©(0), vt € [0,7), (5:8)

and

R*efC*t
—
Recall that ||Q(0)]| is bounded by Cg on [7,,, 711] for all n € N, then ||©]| is bounded
by € + Cg on [0,7). As a consequence, ©(7) can be defined to be the limit of ©(7,)
with respect to the norm || - |. That, together with (1.24) and the fact that S; is
closed with respect to || - ||+, implies that © is a solution of (5.4) on [0, 7]. In addition
(5.8) and (5.9) also hold true on [0, 7].

IXR,©)|« > ,Vt € [0,7). (5.9)

As a consequence, if the solution © can be defined on [0,Tp), Ty < T, it could be extended
to [0,7p]. Now, we suppose that [0,7p] is the maximal closed interval that © could be
defined, by Step 1 and Step 2. © could be extended to a larger interval [Ty, Ty + T},], which
means that 7' = Tj and O is defined on the whole interval [0, 7).

Part 4: Finally, let us consider a sequence of solution {u‘} to (5.4) on [0,7]. We will
prove that this is a Cauchy sequence. Let {u} and {v¢} be two sequences of solutions
to (5.4) on [0,7]. We note that u and v are affine functions on [0,7]. Moreover by the
one-side Lipschitz condition

) = (O = ut(t) = ve(e), a () - ()]

< [ - vt @), Qi) - Q)] + 2
< Cllu(t) = v ()] + 2
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for a.e. t € [0,T], which leads to

LT

[u(t) = v ()]l < 26—~

By letting € tend to 0, u¢ — u uniformly on [0, 7. It is straightforward that u is a solution
to (1.26).
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