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Abstract

The system that describes the dynamics of a Bose-Einstein Con-
densate consists of a quantum Boltzmann equation of the excitation
distribution function and the Gross-Pitaevskii equation of the conden-
sate wave function. We solve the Cauchy problem for the quantum
Boltzmann equation, that approximates the evolution of the distribu-
tion function of the excitations - thermal cloud, at the temperature
regime which is very low compared to the Bose-Einstein Condensation
critical temperature. Such an equation has a cubic kinetic transition
probability kernel. We develop the existence and uniqueness result by
means of abstract ODE’s theory in Banach spaces by characterizing
an invariant bounded, convex, closed subset S of the positive cone as-
sociated with the Banach space C*([0,00); L'(|p|dp)). The subset S
depends on the kinetic transition probability kernel structure as well
as the interaction law for bosons. It also depends on the shown propa-
gation and creation of polynomial moments accounting for high energy
tails in the sense of L'. In addition, we show the scaled summability
of polynomial moments by studying the propagation and generation of
Mittag-Leffler moments. These estimates implies these solutions have
exponential decaying high energy tails in the sense of L'.
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1 Introduction

After the first Bose-Einstein Condensate (BEC) was produced by Cornell,
Wieman, and Ketterle, which led them to the 2001 Nobel Prize in Physics
[3, 4], there has been an explosion of research on BECs and cold bosonic
gases. Above the condensation temperature, the dynamic of a bose gas is
determined by the Uehling-Uhlenbeck kinetic equation introduced in [46];
see for instance [20, 21] for interesting results and list of references. The
first proof of BECs was done in [33]. Below the condensation temperature,
the bosonic gas dynamics is governed by a system that couples a quantum
Boltzmann and a Gross-Pitaevskii equations. In such a system, the wave
function of the BEC follows the Gross-Pitaevskii equation and the quan-
tum Boltzmann equation describes the evolution of the density function of
the excitations. The coupled system was first derived by Kirkpatrick and



Dorfmann in [31, 32], using a Green function approach and was revisited by
Zaremba-Nikuni-Griffin and Gardiner-Zoller et. al. in [26, 28, 30, 48]. It
has then been developed and studied extensively in the last two decades by
several authors (see [11, 27, 39, 44], and references therein). In [42], Spohn
gives a heuristic derivation for the one-dimensional version of the coupled
system, using an perturbation theory for the Uehling-Uhlenbeck equation.
A formal derivation, for the full three-dimensional case, can be found at [41].
A mathematically rigorous derivation for the coupled system is still an open
problem. A first step towards this direction may draw the ideas generated
from the work in [16, 19], in combination with techniques from quantum
field theory [41].

In this manuscript we study the excitations dynamics describe by a ki-
netic quantum Boltzmann model for low temperature condensates. More
specifically, we are interested in the dynamics of dilute Bose gases at very
low temperature under the assumption of reference [18, 22, 31, 32], that
is, the BEC is very stable and contains a sizable number of atoms, the in-
teraction between excited atoms is small, being the dominant interaction
the one between excited atoms and the BEC. The evolution of the space
homogeneous probability density distribution function f := f(¢,p), with
(t,p) € [0,00) x R3, for p the momenta state variable, of such Bose gases
can be described by the following bosonic quantum Boltzmann equation:

df

L=nQlfl, F0.9)= o (11)

where the interaction operator is defined as

Q[f] = /R3 /depldPQ [R(p,p1,p2) — R(p1,p,p2) — R(p2.p1,D)]

R(p,p1,p2) :=

| M(p, p1,p2)*[6 (:lipT) — Zg}) - U;g?) §(p—p1—p2)]

< [Flp)f(p2) 1+ f(p) — (L4 Flp)(1 + f(p2))f(p)] -

where § := kE%T > 0 is the physical constant depending on the Boltzmann
constant kg, and the temperature of the quasiparticles T at equilibrium.
The term M (p, p1,p2) is the transition probability and the particle energy
w(p) is given by the Bogoliubov dispersion law:

(1.2)

1/2

n 2\ 2
o) = [gmw () ] , (1)
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where p € R? is the momenta, m is the mass of the particles, g is the
interaction coupling constant and n. = n.(t) := |¥|?(t) is the density of
particles corresponding to the dynamics wave function ¥(z,t) in the BEC.

As mentioned above, W satisfies the cubic nonlinear Schrodinger equation
and the evolution of the condensate density distribution n., under some
further assumptions, follows the following differential equation (cf. [7, 42,
47))

dne = —n. [os QLf]dp, (1.4)
nc(O) =no, |
or, equivalently
Llogn. = — [gs Q[f]dp, (1.5)
log(nc(0) = log(no).

However, in the scope of our paper, we only focus on the study of the
quantum Boltzmann equation and leave the coupling quantum Boltzmann
equation - nonlinear Schrodinger equation topic for future research. We,
therefore, impose the following condition on the density distribution of the
condensate

n e Cl[O, o0), and there exists constants n., . > 0 such that
n, < n(t) <n., Vtel0,00).

This assumption is physically meaningful. It says that the condensate does
not vanish, and its density distribution is uniformly bounded from above
and below in time.

The collision operator ) describes the interaction between the condensed
and the excited atoms. The corresponding equilibrium distribution f., of
the collisional equation (1.1)-(1.2) has the form

1
foolP) = o —1 (1.7)

for B3 = (kgT)™!, as is usually referred as a Bose-Einstein distribution. In
this work, we restrict the range of the temperature T', the condensate density
n., and the interaction coupling constant g to values for which kg7 is much
smaller than (gn./m)Y/?, i.e. a cold gas regime. Under this condition, the
dispersion law w(p) in (1.3) is approximated by

1/2

1 gnc, 9 ‘p|2 ? C gnc
7’p| +\ 5= ~ T‘p|7 where c:= ;

kpT

m 2m kg m




when (gn./m)/?(kgT)~" = O(1) and kT < 1. In particular, the energy
will be now defined by the classical phonon dispersion law (still using the
same notation), see [15, 18, 29, 40]

gnc(t) ‘

- (1.8)

w(p) =¢lp|, forc:=c(t) =

Under this very cold gas regime, the transition probability M is approxi-
mated by

IM|? = Klpl|p1[|p] (1.9)
where 9
c
= 1.10
64m2mn, ( )

We observe that O(,/¢) < ¢(t) < O(ve) and O(Ve ') < k < O(/& )
uniformly in time.

Different from previous mathematical works [7, 5, 8, 9], we do not trun-
cate the transition probability | M|? from above, or assume that it is cut-off
near the origin.

Thus, we perform the analysis in the whole momentum space, not in a
piece of it or the torus [43], requiring a detailed control of the solution’s
tails.

Notice that in the pioneering experiments [3, 4, 10], one can observe
the growth of the condensate after fast evaporative cooling. Equation (1.1)-
(1.2) is the main term that leads to the growth of the BEC. Moreover, the
kinetic equation (1.1)-(1.2) is also used to describe phonon interactions in
anharmonic crystal lattices, first derived in this context by Peierls [37, 38],
then by several other authors [15, 43].

In particular the linearization of the Quantum Boltzmann equation (1.1)-
(1.2) about Bose-Einstein states is perform by setting

F(t,0) = foo(p) + foo(p) (1 + foo(p)) 2L, p), (L.11)

evaluated into collision operator in (1.2) and restricting the evaluation to
the linear terms. The resulting linearized equation was obtained in [23]

(9]

Jool(p) (1 + foo(p))a(t,p) = —M(p)Q(t,p) + /RS dp'U(p, )t p'),(1.12)

for some explicit function M (p) and measure U(p,p’). The Cauchy problem
and the convergence toward equilibrium of such linearized model (1.12) were



addressed in the aforementioned reference. The discrete theory of the equa-
tion, based on a dynamical system approach, was done in [17]. In reference
[36], it has been proved that positive classical solutions of the model have a
Gaussian in momenta barrier from below.

From now on, and without loss of generalization for the existence and
uniqueness results as well as high energy tails behavior, we assume the tem-
perature 7' < 1, such that 0 < c(kpT)™! < &(kpT)~! < 1 in the reduced
phonon dispersion law (1.8), and so the quantum collisional integral (1.2)
becomes

Q[f] = /RS /Rgdpldpz [R(p,p1,p2) — R(p1,p,p2) — R(p2,p1,D)]

(1.13)
R(p, p1,p2) == |pllp1llp2] [ (Ip| — p1] — |p2]) 6(p — 1 — p2)]
X [fp1)f(p2)(1+ f(p)) — (14 f(p1) (1 + f(p2)) f(p)] -

Clearly, from the interaction law p = p; + p2 and [p| = |p1| + |p2| mod-
eled in the collision operator by the singular Dirac delta masses, this cubic
collisional form (1.13) is reduced into a quadratic one, that can be split in
the difference of two positive quadratic operators, as will be shown in the
existence result.

In addition the low temperature quantum collisional form (1.13) can be split
into gain and loss operator forms

Q[f](t’p) = Q+[f](t7p) - Qi[.ﬂ(tvp)
= Q+[f](t7p) - f(tvp) l/[f](t,p),

as is done with the classical Boltzmann operator acting on an f(¢,v), for
binary elastic interactions, when the transition probability (or collision ker-
nel) is an integrable function with respect to the scattering angle as much
as is integrable respect with a velocity vy, the interacting with the velocity
v in the binary process.

Here, the gain operator is also defined by the positive contributions in
the total rate of change in time of the collisional form Q(f)(¢,p) in (1.13),

(1.14)

@)= [, [ dndpalpllmllpoto - p1 - po)

x o(lpl - !p1|—Ipzl)f(t,pl)f(t,pz)+243 /Rgdpldp2|p”p1||p2| (1.15)

x 8(p1 —p — p2)d(|p1| — |pl — |p2]) [2f (&, p) f(t, p1) + f(t,p1)] -
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In analog, the loss operator models the negative contributions in the total
rate of change in time of same collisional form Q(f)(t,p). It is local in f(¢, p)
and so written Q7 [f] := fv[f], where v[f](t,p), referred as the collision
frequency or attenuation coefficient, defined by

v[f](t,p) :== /R3 /]Rg dp1dpa|p||p1||p2]6(p — p1 — p2)

< pl =l = 2D A o) +1] +2 [ [ dpidmaplorlal 19

x 6(p1 —p — p2)d(p1| — |pl — Ip2|) f (¢, p2) ,
is nonlocal in f(¢,p).

Remark 1.1 In order to grant the split of the collision operator in gain
and loss parts, it is necessary that v[f]|(t,p) is well defined. This is se-
cured whenever solutions have at least the second moment finite throughout
the evolution. This property will be automatically granted by the proofs of
creation and propagation of statistical moments in Section 4 and the corre-
sponding existence theorem in Section 5.

Thus, our goal is to study the Cauchy problem of radial solutions for the
quantum Boltzmann gas model at low temperature (1.1)-(1.13), or equiva-
lently by (1.14, 1.15, 1.16). In addition we will show that the unique solu-
tions of this Cauchy problem have exponential decaying tails in the sense
of L*(R?), which we referred as Mittag-Leffler moments. This is the first
step to solve an equation of the kind without cut-off assumptions in the
transition probability kernels.

The existence and uniqueness arguments are based on techniques devel-
oped in the last few years for the classical Boltzmann equation in [2, 12, 24,
25, 45]. We point out that the propagation of polynomial moments enable
us to find a natural space to show existence and uniqueness of solutions
for equation using abstract ODE theory, without need of bounded initial
entropy.

A technical difficulty in the analysis is the fact that the natural con-
servation law for the model is energy conservation, that is, the solution’s
first moment, whereas the homogeneity of the kinetic potential kernel in the
model is 3. Due to this fact, it is essential to perform high moment analysis
which, in contrast, it is not central for the Cauchy problem in the classical
Boltzmann equation, refer to [6, 25, 35].



The organization of the paper is as follows. In Section 2 we present the
weak formulation and recall the main conservation laws as well entropy
estimate and corresponding analog to an h-Theorem for (1.1) with the low
temperature regime collisional form (1.13).

The next three sections regard the Cauchy problem and high energy tail
behavior, which will be fully developed in context of radially symmetric so-
lutions. Section 3 is devoted to a key a priori estimate on the moments
of equation (1.1)-(1.13) which will be used several times along the paper,
Proposition 3.1. Using Proposition 3.1, we prove the creation and prop-
agation of polynomial moments, Theorem 4.1 in Section 4. Then, using
the a priori estimates of Section 4, we prove, in Section 5, existence and
uniqueness of solutions of radially symmetric solutions for equation (1.1)-
(1.13)under natural conditions. Existence is based on a Holder estimate and
a condition of the sub-tangent type for @, see Theorem 5.2. Uniqueness is
based on a one-side Lipschitz estimate.

Theorems 6.1 and 6.2 are the main results of Section 6. They address
the propagation and creation of Mittag-Lefler moments for such solutions
to low temperature quantum collision evolution given by (1.1)-(1.13).

2 Conservation of energy and momentum

For notational convenience, we will usually omit the time variable ¢ unless
some stress is necessary in the context.

The following properties hold for the the low temperature quantum colli-
sional form (1.13).

Proposition 2.1 (Weak Formulation) For any suitable test function o,
the following weak formulation holds for the collision operator (1.13)

/RB dpn.Q[fl(p)e(p) = /RS /Rs /RS dp dpy dpy ne|p||p1||p2|d(p — p1 — p2)

X 0(Ipl = Ip1l = |p2) [f (p1) f (p2) — f(p1) f () — f(p2) f(p) — f(D)]

X [e(p) — (p1) — o(p2)] -
(2.1)

Proof. 1In this proof we use the short-hand [ := [po dpdp;dps. First,



observe that

[, avneQn)etr) -
/nclp\lpl\lpzl5(p —p1 —p2)6(|p| — |p1| — [p2|) R(p, p1, p2) ¢ (P)
= [ nelpllpllpelato — o1 = p2)3p] = 91| = ) Ror,pop) (o)

= [ nelpllpllpalate — o1 = p2)8(p] = Ip1] - D) Rip2. 1, pYolo).
(2.2)
Second, interchanging variables p <+ p; and p < po,

/nc\pleHpa\R(pl,p,pz)w(p) = /nclp\\pﬂlpz\R(p,pl,pz)w(pl), (2.3)

and

/nc\pleHm\R(pz,pl,p)w(p) = /nclp\Ipﬂlple(p,pl,pz)@(pz)- (2.4)

Finally, combining (2.2), (2.3), (2.4), we get (2.1). [ |

Corollary 2.1 (Conservation laws) If f is a solution of (1.1)-(1.13), it
formally conserves momentum and energy

/dpf(t,p)p = /defo(p)p, (2.5)
R3 ]R3
/ dp f(t,p) [p| = / dp fo(p) [p]. (2.6)
R3 R3

Remark 2.1 Since f is the density function of the thermal cloud, the mass
18 not conserved due to the fact that atoms could move in and out of the
condensate. In order words, the total mass of the system thermal cloud -
condensate is unchanged as time evolves, but the mass of each component of
the system the thermal cloud and the condensate is not conserved.

Now, let us look at the system that couples the two equations (1.1) and
(1.4). Integrating Equation (1.1) in p and taking the sum with the second
equation (1.5), we obtain

Z</RSf(t7p)dp + nc(t)> = 0, (2.7)

which confirms that the total mass of the whole system is conserved.



Corollary 2.2 (H-Theorem) If f(t,p) is a solution of (1.1)-(1.13), then
d

= | dp|F(p)10g () — (14 f(0) log (1 + () | < 0.
R3

A radially symmetric equilibrium of the equation has the following form

1
eaw(p) — 1’

flp) =

for some o > 0. (2.8)

Proof. We observe that
d

= [ [ @) 1og Fp) — (1+ £(p) log (14 /()] =
R3

/Rs dp O.f (p) log (M)-

In addition, we can rewrite

/RS dpnQ[f](p)¢(p) = /Rg nelpl|p1]|p216(p — p1 — p2)d(p| — |p1| — |p2])
x (14 f(p) (14 f(p1)) (1 + f(p2))

flp1)  f(p2) f(p)
g <f(p1)1+ 1 f(p2)2+ 1 flp)+ 1) [‘P(P) —(p1) — @(pz)]dpdpldpg.

Choosing ¢(p) = log ( fg;f)p)rl) we obtain, in the case of equality, that

flp1)  f(p2) f(p)

_ =0,
fp1) +1f(p2)+1  f(p)+1
or equivalently, putting h(p) = log (%), we get
h(p1) + h(p2) = h(p). (2.9)
The fact that h(-) is radially symmetric yields h(p) = —aw(p), for all p € R?
and some positive constant . This proves the claim. |

The rest manuscript concerns the existence,uniqueness and high energy
tail behavior of radially symmetric solutions.
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3 A priori estimates on a solution’s moments

f(t,p) = f(t,|p]) .

Furthermore, we consider solutions of (1.1)-(1.13) that lie in C ([0, c0); L' (R?, |p|*dp))
where

LY(R3, |p|*dp) := {f measurable | / dp |f(p)||p|F < o0, k > 1}.
R3

That is, in sections 3 and 4 the a priori estimates assume the existence
of a radially symmetric solution enjoying time continuity in such Lebesgue
spaces for k sufficiently large. Define the solution’s moment of order k as

MO = [ dnfelplol*. (3.1

Using spherical coordinates, the integral with respect to dp on R? can be
reduced to an integral on R with respect to d|p|. Therefore, we also use
the line-moment on R

mwﬁ@%—AMdemem“ (3.2)

We are going to use the definition of moments in two contexts: In one hand,
in sections 3, 4 and 6 we always consider the moment applied to a given
radial solution of the equation. Thus, there is no harm to omit the function
dependence and just write My(t), My, mg(t) or my to denote moments
and line-moments for simplicity. In the other hand, in section 5 we will
use moments as norms of the spaces L'(R?, |p|*dp), as a consequence, the
functional dependence will be important. In addition, time dependence will
not be key in this section, thus, we will write line-moments as my(-). Note
that, for radially symmetric functions, My and myo are equivalent. Then,
according to the conservation law (2.6) and assuming initial energy finite,
the following estimate hold

M (t) = M1(0) < o0, ms(t) = m3(0) < co.

Proposition 3.1 (Line-Moment Ordinary Differential Inequalities)
For 1/k < ~v <1, k > 1, we have the following a priori estimate on the

11



moments valid with some universal constants C1 and Cy
d
—m t

4]

k
<Ci Z <Z> (Mg 4M3 4 (k—i)y T+ iyt 3May (k—i)y) (E) — Co Mgy 18(1) -
=1

(3.3)

In order to prove Proposition 3.1, we first need the following lemmata

Lemma 3.1 For k > 3, we have the following equation for my
d

%mk(t) = C(n) / dri drane(ri + ro)rirs [f(t 1) f(t,r2)
Ry JR,

— Qf(t, ’I“l)f(t, 1+ 7'2) — f(t, r + 7"2)]

Proof.

(3.4)
X [|7°1 + ro|F72 — 7‘]1“2 - ré“*?] .
For simplicity we omit the t-time variable in this proof. Using

Ip|*=2 as a test function in (1.1)-(1.13) and recalling that the line-moment
my is equivalent to My _o, we obtain

ka/ / / dp dp1 dp2 |pl|p1||p2|6(p — p1 — p2)
R3 JR3

X 5(|p| - |p1| - ‘pZD[ (tvpl)f(t’p2) - f(tvpl)f(t’p)
- f(t7p2)f(t7p) - f(tvp)] X Up|k_2 - ’p1|k_2 - ‘p2’k_2] ’

where C' is some positive constant varying from line to line

The above
integral, thanks to the Dirac measure d(p— p;

— p2), can be reduced from an
integral on R? x R3 x R3 of dpdp; dps to an integral on R? x R3? of dp; dps
d

—mg =

/ / dprdpanclpr + psllp|[pld(p1 + pol — [p1| = Ipsl)
dt R3 JR3

X [f(t,p1) f(t,p2) — f(t,p1) f(t, pr + p2) — f(t,p2) f(t, p1 + p2)
— f(t,p1 +p2)] x [Ip1 + 2|72 — |y |2 - |p2|k_2} :
Using spherical coordinates one has dpy = |pa|?sinyd|pz|dydp, with v €
[0, 7], p € [0,27], and
d(|p1 + p2| — |p1| — |p2]) = 6(1 — cos 7).

Thus, we can reduce the integral of dps on R3 to an integral of d|pa| on R
d

gime =) [ [ apamalnlps < palplial[£16 0022
— f(t,p1) f(t,p1 + p2) — f(t,p2) f(t,p1 + p2) — f(E,p1 + p2)]
X [Ip1 + ol = |prF2 - |p2\k_2} p2|?.

12



This implies, by a similar change of variables, that one is able to reduce dp;
to d|p1|. More specifically,
d

= [ [ dpldpel nelipa] + pal) I lpaP
Ry JRy

LF(t ) £t Ip2l) = £ [ ) F (& Ipal + [p2l) = F( p2)) £ (2, [p1] + [p2l)
— f(t,|p1] + [p2])] * [Ip1 +polF 2 — |2 - \p2\k72} :
This estimate completes the proof of this Lemma 3.1. ]

Lemma 3.2 (From Ref. [13]) Assume that k > 1, let [2f2] denote the
integer part of % Then for all a,b > 0, the following inequality holds

2] 1

2 AV o
<i>(azbk—z —i—ak_lbl)
1

N ) (35)

< ((l—|— b)k _ ak _ bk < Z <.>(azbk—z +ak—zbz) )
; i
=1
Proof. (of Proposition 3.1) For simplicity we omit ¢, the time variable,
in the argument of this proof. From (3.4), we eliminate the negative term
—2f(t,r1) f(t,r1 + r2) and take into account the fact that
[+ ol =} =157 >0,

to get
d

amerg(t) < C(m) /R+ /th dridrone(ry + ro)r3rs [f(t,r)f(t,r2)—

(3.6)
— f(tory )] x [yl =T =]
By applying the inequality
1+ 7o < (I + 2" (3.7)
with 1/k <~ <1 into (3.6), it yields

d

—Mpyga(t) < C(Tranc)/ / dridra(ry + r2) ri 3 f(£,11) f(t,m2) %

[(Ir]” + |ro|7)* — rllw — TIQW] — C’(7r,nc)/ / dridry(ry + ro)rirs
Ry JR,

X f(t,r1 + o) [‘7"1 + 7“2]’” — 7“,1W — 7“12”} )
(3.8)

13



In order to obtain (3.3), we estimate the two terms on the right hand side
of (3.8). Using Lemma 3.2 with @ = r] and b = 3, the first term can be
estimated as follows

[ [ andrata eyt o3[ Gl ) = k7 = ] e (e
Ry JRy

2]

2

kN /iy (k—i —i)y i

g/ dridry(ry 4 ro)rirs E (J(r?’ré’“ )V—i—rgk hr?)f(t,n)f(t,m),
R

2 .
+ =1

which, by a simple expansion process, can be bounded by

[25]
2
k , » . i
/ / dridry Z (.)(r?“riﬂk 7y pirsy Sy
Ry JR4 o1\
TS O ) £ r2) (3.9)

k+1]

(4
k
S 2 Z <l> (miv+4 m3+(k—i)’y + My +3 m4+(k_i)7> (t) .
i=1

Note that in the above inequality, we only use the definition of m;y43, Miy+4,
M(k—i)y+3, and Mm(x_;),14. Regarding the second term on the right side of
(3.8), we rewrite it using the change of variables 71 +ro — r and 11 — r—ro

_/ / dridra(ry +ro)rirg[lr + ol =7 = 3] f(t 1+ r2)
R TRy (3.10)

o T
= / / drodrr (r — ?"2)3 rg’ Ur — T‘Q!’” + ?"57 - |7"’k7]f(t,7“) .
o Jo
et

S
.
I:= / dryr (r —ro)3r3 [\r — P + rl;’ - ]r\kv} .

0

Then, by (3.7), I <0. By the change of variables o — r — ry, one gets the
following identity

T T
st =g = [ it =
0 0

which implies the equality

I = / dry(r — 19)3r3 [27"]2“Y — T’m] . (3.11)
0

14



Develop (r — r3)? in the above integral, the following equality holds
T
I :/ dry(r — )3 [21"’2{7 — rkﬁq
0

T
= [ dro[r® — 3ror® 4 3r2r — r3] [20F7F3 k3
/0 2| ’ or =l [2ry d (3.12)

T
:/ dry [21”’;7—’_37“3 — 67”]57—‘_47"2 + 67“]267—’_57" — 2T§7+6
0
— R3S 3R 2l gkl rgr’”] = —CrkrtT7

where the last equality follows by evaluating the integral of dre in (0,7).
Since I < 0, the constant C' is explicit and positive. Combining (3.10),
(3.11), (3.12), we get the following equation for the second term on the right
hand side of (3.8)

—/ / dridra(ry + r2) ri)’ r% Url + 7“2\]w — rllw — réw]f(t,'rl +79)
Ry IRy (3.13)

= —C/ PRIt r)dr = —C mpy s .
0

Putting together (3.6),(3.9) and (3.13), we obtain the ordinary differential
line-moments inequality

[45°]

d k

&msz <C Z (z) <mi'y+4m3+(k7i)'y+mi'y+3m4+(k7'i)'y> —Clmkws-
i=1

that shows inequality (3.3). Thus, the proof of Proposition 3.1 is now com-
plete.
|

4 Creation and propagation of polynomial moments

Let us write the main result of this section.

Theorem 4.1 Suppose that fo(p) = fo(|p|), m3(0) < oo and my(t) defined
in (3.2). Then, there exists a constant Cy(hs) that depends only on bz =
h3(m3(0)), and on k such that we have the following creation of the k" line
moment

mu(t) < Cu(hs) (1— e C) 5 | vE>3. (4.1)
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Moreover, if my(0) < oo, we have the following propagation of the k' line
moment

my(t) < max {m(0), Cr(bs3)} . (4.2)

Lemma 4.1 (Moment interpolation) The line-moment my, = my(t) sat-
isfies
1—
mp <m) m, 7, (4.3)
where the positive constants p, p1, p2,y satisfy 0 < p1 < p < p2, 0 < v < 1,

and p = yp1 + (1 = 7)p2.

Proof. The proof of this statement is straightforward. Indeed, Holder’s
inequality imply

v 1—y
mgmgvz(é mwvvvﬁ (4 MVwaQ

> [ a2 [ s 2 m,.
R+ R+

[ |
Proof. (of Theorem 4.1) In this proof, we will use Lemma 3.1 with vy =1
which reduces to

[55]

d k
a2 <Ci Z <z) (mi+4m3+(k—z’) + mi+3m4+(k—z’)) — Comyys,
i=1

where C; and C5 are some universal positive constants. For the sake of
simplicity, we shift k£ + 2 — k in the above inequality to get

(3]
d k—2
LIS Cy ; < ; )(mi+4m1+(ki)+mi+3m2+(ki)) —Compqe. (4.4)

From (4.4), our goal is to construct a differential inequality for my = my(t)
from which the boundedness of m; could be deduced. In order to do that, we
will estimate the right hand side of (4.4) by some function of my, which leads
to a uniform in time upper bound of my. First, let us start bounding the
right hand side of (4.4) by estimating the term m;4mq4x—; with Holder’s
inequality,

k+2—i i+l it1
) k+3 k+3 __ E+3
Miys < My my e = ka+6,

16



kt1—i
where we notice that, by the conservation of energy (2.6), mg and m3"**?

are constants. Multiplying m;14 by miyx—; and using Young’s inequality

(ik+1)p q
i+1 m," 3 e m -
k43 k+6 1+k—i
Mipamiyg— < Cmylemyg i < ) + et (4.5)

We set ¢ = k’fgiz and p = ];rif and choose € > 0 in the sequel. The quantity
mi4k—; could be bounded by Hélder’s inequality again
k—i—2 i—1

k—3 k=3
mypk—i <My, mg .

Therefore, from (4.5) and the aforementioned bound on mq,%_;, we obtain
the estimate for the term m;;4mqyr—; on the right side of (4.4)

(k+3)(k—1—2)
(F+2—1)(k—3)

< Miyee? My
My aMyk—i S +
D qe?

(4.6)

Since
1 (k+3)k—i—2) k-1

= < <
2 S h+2-i)(k—3) k-3

an interpolation argument applied to inequality (4.6) leads to

My ee? m/? mk:?’
M4 M p i < +C—t ot (4.7)
p qe? qe?

where C' is some positive constant that can vary from line to line. Sec-
ond, we continue estimating the right side of (4.4) by controling the term
Mit3Moyi—i. We consider two cases: (1) ¢ > 2 (then 2+ k —i < k), and (2)
i =1 (then 1 + 3 =4 < k). Let us start with the latter.

Case (2). Using Holder inequality (4.3) and the conservation of momen-
tum on ms

441 k—i—1 k—i—1
. k+3 k+3 k+3
Maoyk—i < Mg "My = Cmy g

Multiplying the this inequality by m;t3 and employing Holder’s inequality
again, we have

s(k—i—1)

k—i—1 ml o, my k6+3 e
k+3 i+ +
MipaMmaoyk—; < Cmipzm, [o" < i S : (4.8)

17



where we set s = k’f{?’

inequality

and r = k3

> 11+ Since i +3 < k, we can use Holder’s

i k—3—1i
k—3 k—3
miy3 <My " Mg

One concludes that

kE—3 i+4 s 5(k—3
Mpqee® My M4 6E m,
Miy3Motk—i < + - = + — (4.9)
] T€ ] re

For Case (1) a similar argument is made to conclude that

k+3—1 7 7
] k+3 E+3 E+3
mi3 < My my e = Cmyie .

Multiplying m;y3 by moyr—; and using Young’s inequality

- !
18

i k+3 s’ 7/
_r m € m :
43 k+6 2+k—1
Mit3Mmayk—; < Cmypemoyg—; <

— /
8/ TIET

Y

k+3

ot ol
where we set ' = i

as

and s’ = @ The quantity moyx—; can be bounded

k—i—1 i—2
k—3 k—3
Moy f—i < My, mg .

Therefore, we obtain the estimate for the term m;y3moy_; for the right
side of (4.4)

§k+3)(k)zi—1§
k+3—1)(k—3
mg 66p m
MiygMoip—i < — o 4 —&
p qe?
Since
1 - (k+3)(k—i—1) < k—1
2 (k+3—-49)(k—-3) k-3
we can interpolate to conclude that
, 1 k-1
Mit6€° m} m;?
Mipsmak—i < — 5 + O + Ok (4.10)

Combining (4.4), (4.5), (4.9) and (4.10), we get

k-1 k+3 1

d k=1 1
e < Cle)mpye + C'(e) [m;f*g +m Y m;i] — C"myye,  (4.11)

where C'(e) and C’(€) are positive constants satisfying C(e) — 0 and C’(e) —
oo as € — 0, and C” is a positive constant depending only on b3 := mg3(0).
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Notice also that C'(e) and C’(€) also depend on k. For € > 0 sufficiently
small, the constant C(€) is absorbed by C” and we infer from (4.11) that

1 "

d k*l _k+3
PRI Ck[ P m T 4 mk] — 5 M6, (4.12)

for some Cy > 0 depending only on k > 3. In order to obtain a differential
inequality for my, it remains to estimate mgig. Indeed, using Holder’s
inequality (4.3)

k-3 _6
k+3 k+3
My g3 > mp,

k+3
which implies mgyg > mk . As a consequence, from (4.12) we finally arrive

to

d SR R L
Zmi(t) < ck[ L mk} 1) - Sm M. (413)
By Young inequality, there are positive constants C(e) and e such that

k 1 k+3 kk+3 k43
my? <emp () +Cle), m" Y <em P (t) + Cle),

and by Cauchy inequality

Combining the above inequalities, for € small, with (4.13) we conclude that
there are positive constants, still denoted by Cy and C”/2, such that

d k43
amk(t) < Cr(1+ me() — C"m (). (4.14)
By comparing (4.14) with the solution of the Bernoulli equation
Sy < G - v,
which is
c” o6t 1 —E=3
— —Cpt\—ws L Y = 6
V(1) = [(Y(O ) T 4 (1 e )]

Cpbt k=3

< C(hs)(1—e *3) & |

where Ci(bh3) := (Ck/C”)% is a constant depending linearly on /7. and
VD, since C" depends only on h3 = m3(0) and Cy only on k. Hence in-
equality (4.1) holds. In addition, if the initial k" line-moment my(0) is
finite, then clearly the bound may be improved at ¢t = 0, and my(t) clearly
satisfies inequality (4.2). [ ]
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5 The Cauchy Problem

This section is devoted to show existence and uniqueness of positive solutions
of the initial value problem associated to equation (1.14), (1.15) and (1.16),
which corresponds the to solutions of the initial value problem for equation
(1.1)-(1.13) where the collision operator has a transition probability given
by [M|? = |p||p1||p2| from (1.9) for p = p1 + p2 and |p| = |p1] + [p2].

The approach we use is based on an abstract framework for solving
ODE’s in Banach spaces applied in this context to find uniqueness of non-
negative homogeneous radially symmetric solutions of the quantum Boltz-
mann equation for bosons at very low temperature in L' (R3, \p]dp), the set
of measurable functions, integrable w.r.t. the measure |p|dp.

More specifically, we have the following theorem, whose proof can be
found in the Appendix 7.

Theorem 5.1 Let E := (E,||-||) be a Banach space, S be a bounded, convex
and closed subset of £, and Q) : § — E be an operator satisfying the following
properties:

Holder continuity condition
QL1 - QU < Cllf —gl®, Be©1), ¥Yfiges, (51
Sub-tangent condition

I%m(i)rifh_ldist(f +hQ[f], S) =0, VfeS, (5.2)

and, one-sided Lipschitz condition
[QUf] - Qlgl. f—g] <Clf —gll. VfgeS, (5.3)

where [(p,qb] = limy,_, - h_l(H¢ + ho|| = ||¢||)

Suppose that n = n(t) is a continuous function in C1([0, 00) and n is bounded
uniformly from below and above by positive constants n and m.
Then the equation

Oif =nQ[f] on [0,00) x E,  f(0)=foeS (5-4)

has a unique solution in C1((0,00), E) N C([0,00),S).
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This theorem is an extension of Theorem A.1 proved in [14] by Bressan in
the context of solving the elastic Boltzmann equation for hard spheres in 3
dimension. We point out that [14] does not properly show that (5.2) is sat-
isfied in that case. For completeness of this manuscript we rewrite Bressan’s
unpublished proof in the Appendix. The Bressan’s needed techiques can be
found in [34]. Indeed, referring to the argument given in [1], using conditions
(5.1) and (5.2) combined with [34, Theorem VI.2.2] one has that conditions
(C1), (C2) and (C3) in [34, pg. 229] are satisfied and hence, together with
(5.3), all needed conditions for the existence and uniqueness theorem [34,
Theorem VI.4.3] for ODEs in Banach spaces are fulfilled.

For our particular case, we need to identify a suitable Banach space and
a corresponding bounded, convex and closed subset S.

Indeed, choosing E = L! (Rg, |p|dp), the choice of the subspace S, de-
fined below in (5.5), specifically depend on the estimates to solutions of the
quantum Boltzmann equation (1.14), (1.15) and (1.16), whose collisional
operator satisfy conditions (5.1), (5.2) and (5.3) when the transition proba-
bility (1.9) is given by |M|? = &p||p1[|p2| for p = p1+p2 and [p| = |p1|+|[p2|.

More specificallly, such subset S C L' (R3 , |p\dp) is characterized by the
Holder continuity and sub-tangent conditions (5.1) and (5.2), respectively,
(to be shown next in subsection 5.2), and it is defined as follows:

S = { ferLl (]Rg, ]p\dp) ‘ i. f nonnegative & radially symmetric,
imalf) = [ dplf(Dlpl = b (55)
+

iii. mig(f) = /R dlp| f(Ip))Ip|"* < blo}a

where b3 is an arbitrary initial energy, and the specific ¢ is defined below
in (5.29). We are now in conditions to state and prove the existence and
uniqueness theorem.

Theorem 5.2 (Existence and Uniqueness) Let fo(p) = fo(lp]) € S.
Then, equation (1.1)-(1.13) with (1.9) has a unique momentum and energy
conservative solution

0 < f(t,p) = f(t|p) € C([0,00);S) NC'((0,00); L' (R?, |p|dp)). ~ (5.6)

Proof. The proof of this theorem consists of verifying the three conditions
(5.1), (5.2), and (5.3) in Subsections 5.1, 5.2, and 5.3, respectively. We start
first with the Holder continuity condition.
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5.1 Holder Estimate for ()

Recall the definition of mk< f), the k*-line-moment of a radially symmetric

f(p) = f(Ipl)
milf) = / apfDlpl, k>0, (5.7)

Ry
and observe that ms(|f]) is equivalent to the usual norm for a radially sym-
metric function in L' (R3, |p|dp).

Lemma 5.1 (Ho6lder continuity) The collision operator
Q: S — L' (R |p|dp)

is Holder continuous, with the following Holder estimate

ms(|QLf) — Qloll) < Ay ma(|f — g])7 + Aems(|f —gl),  (5.8)

valid for all f, g € S. The constants A;, for i = {1,2}, depend only on b3
and [)10.

Proof. We first observe that for any f € S, properties i. and ii. in (5.5)
yield the interpolation estimates shown in (4.3) for moments ms(f) < Cs

and mg(f) < Cg, with v = % and v = % and positive constants depending

only on h3 and b9, respectively.

Next, in order to estimate the L* (R, |p|dp)-norm of the difference of the
collision operator on any pair of functions f and ¢ in S, we use the weak
formulation shown in Proposition 2.1 applied to the test function p(p) =

sign(Q[f] — Q[g])(p), yielding the identity
/dep QLS = Qlal|(p)Ip| = /RS dp (QLf] - Qlg]) ()sign(QLf] - Qlg]) (»)Ip|

= [, dpdprdpa lppipaldt = p1 = p2)3(ol = lpi| = Ip2)

X [f(pl)f(pz) = 2f(p2)f(p) — f(p) — 9(P1)g(p2) + 29(p2)9(p) + g(p)}
x |Iplsign (QLf) — QIg]) (p)  Ipilsign(QLf] — Qlo]) (»1)
~ Ipalsign(QLf] — QIg)) (p2)]

So, using the triangle inequality, it follows
[, avlalfl - Qi)
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< [, avdmidpa lppipald(o = p1 = p2)3 (ol = lpa| = 2] (59)

x ‘f(pl)f(pz) —2f(p2)f(p) — f(p) — 9(p1)9(p2) + 29(p2)g(p) + 9(p)
< [lpl + o] + Ipa].

Hence, using the same change of coordinates (3.10) used to obtained the a
priori moment’s estimates, now applied to the above inequality (5.9), yields

L/dﬂ@ﬂ—@ﬂ@ﬁg
R4

C/Ooo /0" drodr [r — rol*|rer| f(r — r2) f(r2) — 2f (r2) f(r) — f(r) (5.10)

— g(r —r2)g(ra) + 2g(r2)g(r) + g(r)|(Ir] + [r — 72| + |r2]),

where C' is a explicit positive constant that varies from line to line. Now,
since |r| + |r — ra| + |r2] = 2r in the 0 < 79 < r domain of integration, the
simplified expression follows

Acwﬂﬂ—mvaS

C’/Ooo /OTdrdr2r2!7“—1"2|3|7“2|3|f(7“—rz)f(rz) —2f(ra)f(r) = f(r)  (5.11)

— g(r —r2)g(r2) + 29(r2)g(r) + g(r)|
= Q1 + Q2 + Q3,

where the Q;, with i € {1, 2, 3}, are defined by
Ql[f7 g] =

C/Ooo /07" drodr r?|r — ro*raP| £ (r — r2) f(r2) — g(r — 12)g(r2)] (5.12)

QﬂﬁdF=CAWZTwwvﬁv—m3MPU&ﬂﬂﬂ—y&ﬂdﬂh(5B)

and
Qmmw:clwﬁlmwﬂV—mmmﬂﬂm—mm« (5.14)

Therefore, the proof of the Holder estimate for the collision operator follows
from estimating these three terms.
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Estimating Q. First, splitting f(r — ) f(r2) — g(r — r2)g(r2) as the sum

of f(r—r2)(f(rz2) — g(rz)) and g(r2)(f(r —r2) — g(r — r2)) and applying the
triangle inequality from (5.12) yields

Qilf.g<C / h / "dradr il — roP oL f(r — )| [ (r2) — g(r2)
070 (5.15)

+C [ [ drade el = P raPlgrol| £ = 1) = g0 = )]
0 0

Exchanging variables r — 7o — 71, the right side of (5.15) is bounded by

/R ar|Qi[f1-Qulgl| () < © [ drydra(ry + )2 331 F )1 — gl(r2)

2
RJr

+C [ dridra(ry +72)*rirlg(ra)|If — gl(r1) -
IR‘i’

Next, using the inequality (71 +72)? < 2(r?+73), the right hand side integral

is simplifies to

Q.o <€ [ andra(rind + il ()l1£r2) = g(ro)

+C | dridry (rirs +rir3) lg(r2)[1 £ (r1) — g(r1)] (5.16)
R-‘r

<ChatCs) [l = o)+ 10
+
where last inequality holds by the propagation of moments estimate

/ dr 3 max{f,g}(r) < b3, / drr® max{f,g}(r) <Cs. (5.17)
Ry

R+

Finally, using Holder inequality

[ i) —gwir < (f arise - o)

X </R e g(r)”r‘ﬁyg ¢ 3</R dr|f(r) - 9(7“)||7"|3> "

leads to estimate for the term ()1 as follows,

1/3
Qilf.g) < cr]scé/g( [ arlse —g<r>|rr|3)

+

(5.18)
L CCs / arl £(r) — g(r)||r?

Ry
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where, we recall, the constants Cs and Cg are controlled by hs and hig.

Estimating Q2. Expressing f(r2)f(r) — g(r2)g(r) as the sum of (f(r2) —
g(r2)) f(r) and g(r2)(f(r) — g(r)) we estimate (5.13) as

%mmgcA Admmﬂv—wmmWﬂmwmwmum|

Jo J (5.19)
e / / dradr 2|7 — raf¥ a3 £(r) — g lg(r2)]
Since |r — 12| < |r|, we obtain from (5.19) that
Qalfgl < C /0 /0 dradr [rPlra2|| £ (r2) — g(ra)[1 ()]
e /0 /0 drodr [rPlraPl1£(r) — g(r)lg(r2)] (5.20)

< Chs /R ar|£(r) — g(r)|Irl® + C Cs /R ar | £(r) — g(r)||r?

+

where we have used in the last inequality (5.17). By the same argument as
(5.18), we get

1/3
Qulf.g] < cmcé“( [ s - g<r>||r|3>

Ry

—l—CCg,/R dr|f(r) —g(r)Hr]?’. (5.21)

Estimating Q3. Integrating in ro, we can rewrite (5.14) as an integral in r
only

Qslf.g) = C /R ar|f(r) — g(r)||rf°, (5.22)

where C' is some other universal constant. Thus, using Holder inequality as
in (4.3) on |f — g|(r) with v = g, one obtains

CHQulfgl = [ drlf - gl)lel

Ry

< (/R drrf—g\<r>|r\1°>6/7 X (/R dr\f—g|<r>rr|3> v (5.23)
< (21‘)10)6/7</]R+ dr|f—9\(7“)|7“|3>1/7-

Therefore, estimate (5.8) follows by gathering (5.18), (5.21) and (5.23). H
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5.2 Sub-tangent condition

This condition, jointly with the Holder continuity, characterize the subset
S C L' (R3,|p|dp) defined in (5.5).

First, we show that the collision operator () can be split as the sum of a
gain and a loss operators, as mentioned earlier in (1.14)

Qlf] = QT[f] - frifl,

provided v[f] is finite whenever f € S. Indeed, this property follows by the
nature of the interaction law (i.e. the form of the singular mass term in the
integrand) and transition probability M, since

A1) = [ drlpllpllo = pr18(0p] = 1] = lp = piD[26(p1) + 1

+2 [ apalpllp +pallpld(lp-+ p2l = ol = 2 S p2)

., (5.24)
= [ @bt n = nse) 1] +2 [ drpl(pl 17 0)
< Clpl (ma(£)T +malf) + Ipl°) .
and, therefore,
[V[f1(p)| < C(b3,b10)lpl (1 + p°), VfES. (5.25)

The sub-tangent condition (5.2) follows as a corollary of next Proposi-
tion 5.1.

Proposition 5.1 Fiz f € S§. Then, for any ¢ > 0, there exists h; =
hi(f,e) > 0, such that the ball centered at f + hQ[f] with radius he > 0
intersects S, that is,

B(f + hQ[f], he) NS, is non-empty for any 0 < h < hy.

Proof. First, set xr(p) the characteristic function of the ball of radius
R > 0 and introduce the truncated function fr(p) := xr(p)f(p), then set
wg = f + hQ[fl.

We can control wg from below to show it is possible to find an h; such
that wg remains non-negative for as long 0 < h < h;. Indeed, for any f € S
its truncation fr(p) € S as well, and since QT is a positive operator,

wrp = [+ QFfr] — hfrV[fr] > f — hfrV[fR]
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> f(1=hClhs, bi0)R(1+|RIP)) = 0 (5.26)

for any 0 < h < hy := 1/C(bs3,b10)R(1 + |R|?). In addition, since fr €
S, Q[fr] € L'(R?,|p|dp) by Lemma 5.1, and, as a consequence, wgr €
Lt (R3 , ]p\dp) as well. Moreover, by conservation of energy [p; dp Q| fR]) Ip|® =
0, yielding

mawr) = [ dpurlpDlof = [ dp (F+hQlfe)ol

(5.27)
= [ FUpDIpl® = s,
R3
with hs independent of the parameter R. In particular, wg satisfies,uniformly
in R, property i. in the characterization of the S defined in (5.5).
Finally we need to show that wg also satisfies property ii. in the set S.
First, recall the a priori estimate for developed in (4.13) for the line-moment
inequalities, namely

[ aQUip < £elmt) =
: (5.28)

k43 ar k+3

O [mrl£) 55 +mi (£ + mlf)3] = Zomi(£)F5

holds for any k > 3 and C}, only depending on k, and C” only depending on
ma(f) = h3. Note that the map L : [0,00) — R has only one root, denoted
as h¥, at which £, changes from positive to negative for any k > 3. Note
that this root only depends on h? and k. Thus, it is always the case that

[, QU < i) < max (Lu@)) €S,

0<z<hk
Fix k£ = 10 and define

b1o := 6% + max {Li(z)}. (5.29)

0<z<h°

For any f € S, we have two possibilities: mio(f) < b0, or mio(f) > pL0.
For the former, it readily follows that

miotwn) = [ dpwalpDlpl® = [ dp (F+hQlfa)lpl"

<hi+ hoggéo{ﬁlo(%)} < bo,

27



where in the last inequality we have assumed h < 1 without loss of generality.
For the latter, we can choose R := R(f) sufficiently large such that
mio(fr) > hi% and therefore,

/R3 dp Q[fr][p|"® < Lio(mio(fr)) < 0.

As a consequence,

mio(Wr) = /R3 dp (f + hQ[fr])Ip|" < /R3 dp f1p|" < 1o
The conclusion is that for any f € S, it is always the case that

mio(wgr) < bio, (5.30)

which ensures that wg satisfies property ii. of the set S in (5.5). We infer,
thanks to (5.26), (5.27) and (5.30), that wgr € S for any 0 < h < h, where

he = min {1,1/ (C(o)R(H) (1 + [R(NP)) |- (5.31)
The argument ends using the Holder estimate from Lemma 5.1 to obtain

h~'ms(| f+hQLf] — wrl) = ms(|Q[f] — QLfrI)
< Ayms(|f — fR’ﬁ + Aams(|f — frl) <,

for R := R(e) sufficiently large. Then, wr € B(f + hQ[f], he) for this
choice. Thus, choosing R = max{R(f), R(¢)} and h; := h1(f,€) as in (5.31)
one concludes that wr € B(f + hQ|f], he) N S. Consequently,

holdist(f + hQ[f],S) <€,  VO<h<h.

The proof of Proposition 5.1 is now complete. |

5.3 One-side Lipschitz condition

Using dominate convergence theorem one can show that

[, 9] < /]R3 dp o (p)sign(o)|p| .

Thus, the one-side Lipschitz condition is met after proving the following
lemma showing a Lipschitz condition for quantum-Boltzmann operator. The
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following proof, which yields a uniqueness results, is in the same spirit of
the original Di Blassio [?] uniqueness proof for initial value problem to the
homogeneous Boltzmann equation for hard spheres, using data with enough
initial moments.

Lemma 5.2 (Lipschitz condition) Assume f,g € S. Then, there exists
constant C := C (b3, h10) > 0 such that

[, 40 (QUAI) = Qlalw)sign(s = ) (1" + 1l?) < a1~ ).

Proof. We start with the identity valid for radial functions f := f(|p|) and
¢ = o(lpl)

/ dp Q[f](p)e( 271' / dridra(ry +r2)r1r2
R3
X [90(7“1 +72) — @(r1) — @(r2) |[R(f)(r1,72)
where
R(f)(r1,72) := f(r1)f(ra) —2f(r1) f(r1 +r2) — f(r1+7r2).

Thus,

[ ar @A0) — Qu)ee) =207 [ [Tananrerartd
X [@(r1 4+ 12) — o(r1) — @(r )] (R(f)(ﬁﬂ‘z — R(g)(r1,72))

where, by definition

R(f)(r1,m2) — R(g)(r1,7m2) = (f(r1) f(r2) — g(r1)g(r2))
—2(f(r) f(r1 +7r2) — g(r)g(r1 +12)) — (f(r1 +72) — g(r1 +12)) .

Now, let us particularize for o := o, = | - [Fsign(f — g), with k € {1,2}, and
control each of the natural 3 terms appearing in the right side of (5.32). For

the first, use simply |¢| < |- |* to obtain
(f(ro) f(r 2) 9(r1)g(r2)) [r(r1 +12) = ¢r(r1) — wr(r2)]
< (1£61) = 9|7 02) + gr0)| £ r2) = g(r2)]) [l + ol 4 [ + [ra]*].
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Since [r1 + 72| + [r1F + |ro|F < 2(r1 + rQ)k, it readily follows that

o oo
/ / dridra(r + rz)ri{’r%
0o Jo

x [p(r1 +1r2) — 0(r1) — @(r2)] (f(r1) f(r2) — g(r1)g(r2))
< 2"Mmng(f + g) myra(|f — gl) + 25 a(F + gy ma(|f — gl) -

(5.33)

Similar argument for the second term, together with the change of variable
r1 4+ ro — 79, leads to

oo o
— 2/ / dridra(ry + rg)ri)’rg’
o Jo

X [p(r1 +r2) — @(r1) — o(ra)] (f(r1) f(r1 4+ 72) — g(r1)g(r1 + r2))
< 2m3{g) mra{|f — gl) + 2muya(f) ms(|f — g) .

(5.34)

Now, the absorption (third) term is nonpositive for & = 1 since

—(f(r14+7r2) — g(r1 +72)) [e1(r1 +1r2) — p1(r1) — p1(r2)]
< ‘f(?’l +7r2) —g(ri + 7’2)| [‘7’1‘ + |ra| — |71 +7“2H =0.

In addition, for k = 2 it follows that

—(f(r1+712) — g(r1 +12)) [p2(r1 + 72) — @a(r1) — p2(r2)]
<|f = g|(re +r2) [Ir1? + r2l® = |r1 + rof*] = =2r1ra|f — g|(r1 +12).

In turn, this leads to
- /000 /000 dridry(ry + r2)rirs [90(7“1 +7r9) —p(r1) — gp(rg)] (f — g) (r1+12)
< —2/0Oo /000 dridra(ry + 7“2)7"%1"‘21‘]“(7“1 +79) —g(r1 + Tz)‘ (5.35)
_ /Ooo drrlf — g|(r) /0 dryrd(r — 1)t = —Cmo(|f — g1,

for some universal C' > 0. Gathering (5.33), (5.34) and (5.35) we conclude
that for f, g€ S

14 (@LA®) — Qo) (o1 + p)sien(f — ) < exma(1f ~ g

+02m5<\f—g|>+03m6<!f—g\> —Cm10<|f—9’> < C4m3<\f—9|>,
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where the constants ¢;, with i € {1,2, 3,4}, depend on h3 and h19. The last
inequality follows noticing that c;72 + cor® + c3r® — Cr10 < ¢4 for any
r > 0. |

The proof of Theorem 5.2 is now completed, as an application of Theorem
5.4, where the three conditions (5.1), (5.2), and (5.3) have been verified in
Subsections 5.1, 5.2, and 5.3, respectively.

|

6 Mittag-Leffler moments

6.1 Propagation of Mittag-LefHler tails

In this section we are interested in studying the propagation and creation of
Mittag-Leffler moments of order a € [1,00) and rate o > 0. In terms infinite
sums, see [45], this is equivalent to control the integral

a _ = Mk(t)aak
R > T (61

where
0 k

L T ~ xl/a .
Ealz) = Tk 1)~ 1, z>1. (6.2)

We have excluded the term & = 0 to account for the fact that equation
(1.1)-(1.13) does not conserves mass. For convenience define for any a > 0
and a € [1,00) the partial sums
n n
Mk(t)aak My, (t)a®™
EN(a,t) == Y d 77 t) = e >0.
a(av ) k; F(ak+ 1) an (Z,P(a7 ) kz; F(ak+ 1) ’ P
This notation will be of good use throughout this section.

Theorem 6.1 (Propagation of Mittag-Leffler tails) Let f be a solu-
tion of -(1.13) in S associated to the initial condition fo > 0, a € [1,00),
and suppose that there exists positive o such that

| o foo) Eutalol) < 1.

Then, there exists positive constant o := a(M1(0), g, a) such that

[ dftnean <2 vezo. (63

31



Lemma 6.1 (From Ref. [45]) Let k > 3, then for any a € [1,00), we

have
[5]

> (?)B(ai +1,a(k —i) +1) < Co(ak)™'77,

=1

for some constant Cy depending on a.
Lemma 6.2 (Moment interpolation)
M, < MM, (6.4)

where the positive constants p, p1, p2,7 satisfy 0 < p1 < p < p2, 0 < v < 1,
and p = yp1+ (1 —7)p2.

Remark 6.1 Contrary to section 4, we will work in this section with the
moments M. rather than work with the line-moments my. It turns out to
be clearer in terms of notation.

Lemma 6.3 Let o >0, a € [1,00). Then, the following estimate holds

% (’“) (MiaM + MM ) ot
. i+2/V1 4 (k—i) i+ 124+ (k—i) ) 1 7 1)
k=ky 1 ¢ F(ak + 1) (65)
<o ot engn S,

with universal constant C, depending only on a.

Proof. First, we estimate the sum of the left side of (6.5) by controlling
the sum Mi+2./\/l1+(k_i) + Mz’+1M2+(k_i) with 2M; My_;13 for any ¢ > 3.
This can be done using Holder’s inequality (6.4)

k+1-24 2 2 k+1-24
i k+3—21 k+3—21 . k+3—21 k+3—21
MZ+2 S MZ Mk—i+3 and Ml-l—(k—l) S MZ Mk—i+3 .

Thus, the product of these terms is controlled by
/\/l7;+2./\/l1+(k_i) < MiMk—i+3-

Similarly, from (6.4), the following inequalities also hold

k—2i+2 1 1 k—2i42
i k+3—21 k+3—27 . k+3—21 k+3—21
Mg S MEFPEMER . and My iy < MEP 5 MES 2
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which lead to the estimate
MipiMoy iy < MiMpg—iys.
As a consequence,
MitoMyL iy + MitiMog iy < 2MiMs i) -

Therefore, it readily follows that

n [%] k aak
J = Z Z (z) (Mi+2M1+(kﬂ') +Mi+1M2+(k7i)>m
k:ko =1 (6 6)
(5] '
<2 Zn: i: ) MM iy
> i i 3+(k—z)F(ak T 1) .
k=ko 1=1
Using the following identities for the Beta and Gamma functions
B(ai+1,a(k —1) + 1)
~ T(ai+1)T(a(k—4)+1) T(ai+1)T(a(k —i)+1)
S T(a(i+1)+alk—d)+1) [(ak +2) ’
and the identity a® = a®*a**=%) we deduce from (6.6) that
J <2 Zn: [%23] (k) M;a® My 300D
< . . .
> 55 7 F(al + 1) F(a(k: — 7/) + 1) (67)

I'(ak +2)

X B(ai—{—l,a(k‘—i)—i—l)m.

Since I'(ak+2) = (ak+1)I'(ak+1), the term IEEZ:ﬁ; in (6.7) can be reduced
to ak + 1. That is,

J <2 i (ak +1)
k:kiﬂ] (6.8)

5 | N
k) Ma® My_ipza0t=9 » |
X ZZ; (i>T(ai+1)F(a(1{;_i)+1)B(az+1,a(k N+ 1).
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Also, each component in the sum on the right side of (6.8) can be bounded
as

[E42]
B\ Mia® My g0t ' B
Z:: ( ) I(ai+1) F(a(kj_i)+1)B(al+17a(k i)+ 1)

i

i
Z /\/la Mk z+3a Z() aj+17a<k_j)+1)7

Fai+ 1) T(a(k—1i)+1)

which implies, by Lemma 6.1, that

(3]

2 ai a(k—1)
- (k) Mia™ Mi—ics@™" g1 gk — i) +1)

2 \i) Tai+ D Talk— ) + 1)
) (6.9)
. Ca Z Mia® My 3a2h0)
= (ak)tte = T(ai+1)T(a(k —i)+1)
Combining (6.8) and (6.9) yields the estimate on J
J <20, Zn: okt 1 [g] Mo Misgot™ (6.10)
(ak)+e —~ T(ai+1)(a(k—i)+1)° '

Notice that (“k)'ﬂa decreases towards 0 as k increases to infinity. Therefore,

from (6.10) one concludes that

k+1
ok
Z Z ( >< it2eMiy (k—i) T MitaMoay o >7(ak:+1)
k=ko 1=1
i . .
< o0 o+ 1 Z”: 22: M;a® Mk i3 (6.11)
= T (ako) e p (ai+1)T(alk —i)+1)

akO +1 MiOé Mi_l,-?,Oé sz'() +1
< 2Ca - - < C 7571 T .
>~ (ak0)1+a ; F(az —+ 1) ; F(G'L —+ 1) - (ak.o)l—‘,-a a *~a,3

Lemma 6.4 The following control is valid for any a > 0 and a € [1,00)

1
gl t) > 55;1(04, t) — M€ (a—1/2). (6.12)

1
o5/2
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Proof. Observe that

k+6 ak
Tialan) = - Mol >Z / g )

k=1 ‘p|>\/*}
k
Note that in the set {|p| > ﬁ} one has |p[F*6 > ‘Z—L,, therefore

p|Fa®

as(@t) = —5 Z/W PPak+1)
plFat Ip!’“ o
QS(Z/RS Fak D) Z/|p|< (0 p>>.

In the set {|p| < ﬁ} one has |p|* < [pla~*~1/2 consequently

f(t,p)

rolont) > ( Z [ M@,pnm)

1 (a—1/2)k
a3 £al a5/QZF ak +1)

Since
n (a—1/2)k 0 (a—1/2)k
=Eu(a—1/2
Z [(ak +1) Z [(ak +1) (a=1/2),
k=1 k=1
estimate (6.12) follows. [ ]

Proof. (of Theorem 6.1) The proof consists in showing that for any
a € [1,00), there exists positive constant a such that

EM(a,t) <2, Vt>0,Yne N\{0}. (6.13)

For this purpose we define for sufficiently small o > 0, chosen in the sequel,
the sequence of times

T, :=sup{t > 0| & (a,7) <2,V7 € [0,t]}

and prove that T,, = +o00. This sequence of times is well-defined and posi-
tive. Indeed, for any a < ag

n _ - Mi(0)a G Mg(0)agh a
£ =3 T < Tt 1 /R dp fo(p)Ealaflpl) < 1



Since each term My(t) is continuous in ¢, the partial sum &7 (a,t) is also
continuous in ¢. Therefore, £ (c,t) < 2 in some nonempty interval (0,%,)
and, thus, T}, is well-defined and positive for every n € N.

Now, let us establish a differential inequality for the partial sums that
implies T;, = +00. Note that (3.3), with v = 1, implies that

4]

d k
a/\/lk < Z <Z> (Mi+2M1+(k—z‘) + Mi+1M2+(k—i)) — CoMpys -

=1

Multiplying the above inequality by F(ak =y and summing with respect to
k in the interval kg < k < n, with ky > 1 to be chosen later on sufficiently
large,

" n (4]
d M« k
PP olzz()mmﬂ >
ak +1) k—ho i1 (6.14)
Mipg o
+Mi+1M2+(k—i)) ( Cs Z k+6

We observe that the sum on the left side of (6.14) will become dtS”(oz t)
after adding

ko—1 k
d /\/l a
k

to this expression. The latter inequality holds due to the choice o < g and
the control of moments (3.3). Therefore, from (6.14) and (6.15), we obtain
the differential inequality

n [5]
k
7571(04 t) < Cy E E <Z> (MH_QMlJr(k,i) +
k=ko i=1 (6.16)

Co Z Mk%a + C(ko, ap, a).

Mipi Moy (- Tlak + 1)

“>(k+1

Let us now estimate the sum on the right side of (6.16). We deduce from
Theorem 4.1 that

ko ko k
Mgy oF M6 g
Z e UL k
kz T(ak + 1) kzl T(ak+1) — ko, a0, ),



which leads to the following estimate for (6.16)

n 5]
d k
glalant) <Oy >N (Z> (Mi+2M1+(k—z’) +

k=ho i=1 (6.17)

My 16 of
Mi+1M2+(kfi)) Co Z (ak+ D) C(ko, o, a) .

By the definition of Z'¢

[3]

d .. S [k
s () <C1 Y Y <> (Mi+2M1+(k—i) +
: i
k=ko i=1 (6.18)
ot n
MH—IMQJr(kfi)) m -y Ia,ﬁ + C(ko, a0, a).
Thus, thanks to Lemma 6.3, we have the control on (6.18)
d ko+1
£ < O L gngn 010+ Clho,a0,0) . (6.19)

aife = Colgpyrrata

We now estimate the right hand side of (6.19) starting with the term Zp; 5
Using Cauchy inequality [p|® < % + %|p|6 , then

1 1
Mz < 5./\/11{ + 5Mg+6, k>0.

Multiplying this inequality with
the interval 0 < k < n yields

m and summing with respect to k in

1
as < 5n+2 a6 -

Since we are considering ¢ € [0,7,] one has £} < 2 and, as a result, the
following inequality is valid

1
:Z3§1+§I:,6'

This implies from (6.19) the estimate on

ign<20 ako +1

FTRC W(l—l-% 36) —021-276—1-0(]60,@0,0,). (6.20)
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Choosing kg sufficiently large, the term QCQ%ISG is absorbed by

&1 Thus,
d.,_ G
dtga -
Recall that Cy only depends on the energy M; = M;(0), thus, ko only
depends on the initial energy and a. Let us estimate the right side of (6.21)
in terms of &;'. Lemma 6.4 provides a lower bound on Iy in terms of &;
which can be used in (6.21) to obtain

In6+C(M17a07 ) (621)

7571 _&gn Ca

ETACIS W %0 5/2./\/(15( —1/2) + C(My,ap,a).

Integrating the differential inequality

en <142 ( g

Coy \ 20y 5/2M15( 1/2)+C(M1,a0,a)) <2, tel0,T,],

(6.22)
provided that « := a(M1,ag,a) > 0 is such that

Co
02 (2a M1 &, ((1—1/2)4—0(/\/11,050, )> <1.

Given the continuity of £ («, t) with respect to ¢, estimate (6.22) contradicts
the maximality of T, unless T,, = +oco. Therefore, £ (a,t) < 2 for t €
[0,00) and n € N\{0}. Now taking the limit as n — oo and using the
definition of Mittag-Leffler moments of order a € [1,00) and rate a > 0, as
defined in (6.1), yields

/def(t PE(a’lp)) = lim &7 (a,t) <2,

This concludes the argument. |

6.2 Creation of exponential tails

Theorem 6.2 Let f be a positive solution of (1.1)-(1.13) in S. Then, there
exists constant a > 0 depending only on m3(0) such that

1 1
/ dp f(t,p)|ple®™niltoHel < — g >0, (6.23)
R3 2c
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Y

Proof. Thanks to equation (4.1) we have the control
_ k=3
6, VE>3.

() < Cr(h3) (1 — e )
(6.24)

1
a>0.

t6

This implies that
EMtsa,t) = /Rs dp f(t,p)ET (tsalpl) < Cn(e)

Fix parameters «, 9 € (0,1] and define
T, := sup {t € [0,1]|EF (t5a,t) <t 19}

We proof that for sufficiently small o > 0 depending only on mg3(0), T,, = 1
]. One notices first that T, > 0 for each n thanks

tGOZ)k 1

(k-1

for all n € N and 9 € (
(6.24). Also, for n > kg > 1 we have
n 1 n 1
d (tea)” (t6a
k=ko k=ko
(6.25)
Observe that for the last term in the right side of (6.25)
A (tea)h1
5 Mk( )
6t o g,; (k—1)!
n - ko+5 k-1
a (tea)k—t a (tov)
=—5 M (t) +— ) M)
6t6 k;%. (k=1! 66 kzk (k—1)
n—6 ko+5 _
tea)” g (tea)k—1
M (t
6 g kg k( ) (k‘ 1)|

L\k k
a o
C(ko,m3(0)) .

)

n
< 2 M0
Thus, arguing as in (6.14)-(6.19) we conclude that for the quantities
g = E(tvat), Iig:=Tis(tvat),
it follows that
Lot < Ceiziy — (0o %) T+ O ms(0)
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for a universal constant C' > 0 and constant Co > 0 depending only ms(0).
Using that
& I
n o 1
135 5 5
and the definition of T,, it follows from (6.26)

d C b C

Er 2k, ~ (G-

(0%
G —ﬁ) ﬁ6+t—%C(ko,m3(0)), 0<t<T,. (6.27)

Now fix k, € N and « € (0, 1] such that

C 02 046 02
< VR n S VR
2k, — 4 6 4
to conclude from (6.27) that
d ¢ G
gn Z2n Cko, L 0<t<T,. 6.28
dtl_% 7 16+ (Ko, m3(0)) < (6.28)
Also observe that
1
t6a k
e = ZMk+6 )
n+6 k n k
1 (tsa) 1 (tsa)
6 1
1 1 (tsa)d _ 1 C(m3(0))
tab tab > Mi() B st FEY
k=1
Together with (6.28), this leads finally to
d C C(ko,mg(O)) 02
- n t<T,.
s 2k, FERN stastt s 0<ts

Thus, using a comparison principle for ode’s, we can choose o > 0 sufficiently

small, say
C -1
a = Cy [I{T + QC(]{O, m3(0>)]

o
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to deduce that &' < t5. That is,

/ dp f(t,p)Er(tsalp|) <ts, 0<t<T,.
R3

Time continuity of £' and the maximality of 7;, imply that 7;, = 1 for all
n > 1 and ¥ € (0,1]. In particular, sending ¥ — 0 and, then, n — oo one
arrives to

/<@fmmau&mm§t& 0<t<1.
]R3

Furthermore, this estimate shows that

[ avspEals) <1

Then, using Theorem 6.1, the exponential moment propagates for ¢t > 1,
and choosing o > 0 sufficiently small

/]R3 dp f(t,p)1(alp]) <1, t>1.

The result follows after noticing that

1,
Si(tsalp|) > toalple!®slPl,  0<t<1.
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7 Appendix: Proof of Theorem 5.1

Our proof follows the same lines of the argument of Bressan’s proof of The-
orem A.1 in [14]. The proof is divided into three steps:
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Step 1. Since S is bounded, there exists a uniform bound Cg of Q(u),
for all w in S. Let 7 be in [0,00) and u be in S, there exists hy r > 0 such
that for 0 < h < h,,; and for all € > 0 sufficiently small,

e the intersection B(u+n(7)hQ(u), €)NS\{u+n(7)hQ(u)} is non-empty;

e and, from properties on n(t) as stated in Theorem 5.1,

n(r +s) — n(r)] < ﬁ,vs e [0, 7). (7.1)

In addition, since n = n(t) < 7, then we can estimate n(7)[|Q(u) — Q(v)|| <
T if lu —v|| < n(Cqg + 1)h. Hence, take w to be a point inside B(u +
n(T)hQ(u),e) NS\{u + n(r)hQ(u)} satisfying
eh
lwo = = n(n)hQu)] <

We consider the linear map

s(w —u)

T s€ [0, h].

s p(s) =u+

w—u

By the convexity of S, p(s) € S for all s in [0, h]. Moreover, since p(s) = “7*,

15(s) = n(1)Qu)]| <

=~

Now, we can see that

s(w —u)

h
|| < o = ull < n(RIQM| + 5 <7(Co + D,

lo(s) = ull =

which implies

n(T)[[Q(p(s)) — Q)| < i, Vs € [0,h].

Therefore,

1£(s) = n(T)Q(p(s))]| < g, Vs € [0, h]. (7.2)
Using (7.1), we deduce that

1p(s) = n(s)Q(p(s)) <€, Vs €[0,h]. (7.3)
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A consequence of this fact is that
lp(s)] <1+7mCq (7.4)

for all s in [0,h] and € < 1.

Step 2. From Step 1, we have proved the existence of solution p to the
equation (7.3) on an interval [0,h]. From this solution, we carry on the
following process.

(1) We start with the solution p, defined on [0, h] of (7.3).

(2) Suppose that the solution p of (7.3) is constructed on [0,7]. Since
p(7T) € S, by the same process as in Step 1, the solution p could be
extended to [1,7 + h.].

(3) Suppose that the solution p of (7.3) is constructed on a series of inter-
vals [0, 71], [11,72], -+ [Tn, Tnt1], - - - Moreover, suppose the increas-
ing sequence {7,,} is bounded. Set

7= lim 7,.
n—oo
Since G(p) is bounded by Cg on [7y,, Tpt1] for all n € N, p is bounded
by € + Cg on [0, 7). Therefore, we can define p(7) satisfying
p(r) = lim p(7y), p(7) = lim p(7y),

n—oo n—oo
which implies that p is a solution of (7.3) on [0, 7].

By (3) of this process, we can see that if the solution p, constructed as above,
is defined on [0,7), it could be extended to [0,T]. Suppose that [0, 7] is the
maximal closed interval that p could be constructed, by Step 2 of the pro-
cess, p could be extended to a larger interval [T, T + T}], which means that
p can be constructed on the whole interval [0, c0).

Step 3. Let us now consider two sequences of approximate solutions u€,

w€, where € tends to 0. From Step 1 and Step 2, one can see that the time
interval [0, 7] can be decomposed into

() us
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where I, are countably many open intervals and 91 is of measure 0.
Taking the derivative of the difference ||u(t) — we(t)|| gives

d € €
@) — w0

[w—wmﬂw—w@ﬂ

IN

[w—wmﬂw—wwﬂ_+%
Llut(t) — w ()| + 2,

IN

which yields

lu(t) —w ()| =0 as e€—0,

and we have the convergence u¢ — u uniformly on [0, 7]. The function wu is,
then, a solution of our equation.

References

1]

R. Alonso, V. Bagland, Y. Cheng, and B. Lods. One dimensional dis-
sipative boltzmann equation: measure solutions, cooling rate and self-
similar profile. Submitted, 2016.

R. Alonso, J. A. Canizo, I. M. Gamba, and Clément Mouhot. A new
approach to the creation and propagation of exponential moments in the
Boltzmann equation. Comm. Partial Differential Equations, 38(1):155—
169, 2013.

M.H. Anderson, J.R. Ensher, M.R. Matthews, C.E. Wieman, and E.A.
Cornell. Observation of BoseEinstein Condensation in a dilute atomic
vapor. Science, 269(5221):198-201, 1995.

M. R. Andrews, C. G. Townsend, H.-J. Miesner, D. S. Durfee, D. M.
Kurn, and W. Ketterle. Observation of interference between two Bose
condensates. Science, 275 (5300):637-641, 1997.

L. Arkeryd and A. Nouri. Bose condensate in interaction with excita-
tions - a two-component space-dependent model close to equilibrium.
ArXiv e-prints, July 2013.

Leif Arkeryd. On the Boltzmann equation. I. Existence. Arch. Rational
Mech. Anal., 45:1-16, 1972.

Leif Arkeryd and Anne Nouri. Bose condensates in interaction with
excitations: a kinetic model. Comm. Math. Phys., 310(3):765-788,
2012.

44



8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

Leif Arkeryd and Anne Nouri. A Milne problem from a Bose condensate
with excitations. Kinet. Relat. Models, 6(4):671-686, 2013.

Leif Arkeryd and Anne Nouri. Bose condensates in interaction with
excitations: a two-component space-dependent model close to equilib-
rium. J. Stat. Phys., 160(1):209-238, 2015.

L. Barbara Goss. Cornell, Ketterle, and Wieman share Nobel Prize
for Bose-Einstein Condensates. Search and Discovery. Physics Today
online., 2001.

MJ Bijlsma, E Zaremba, and HTC Stoof. Condensate growth in trapped
bose gases. Physical Review A, 62(6):063609, 2000.

A. V. Bobylev and I. M. Gamba. Boltzmann equations for mixtures
of Maxwell gases: exact solutions and power like tails. J. Stat. Phys.,
124(2-4):497-516, 2006.

A. V. Bobylev, I. M. Gamba, and V. A. Panferov. Moment inequalities
and high-energy tails for Boltzmann equations with inelastic interac-
tions. J. Statist. Phys., 116(5-6):1651-1682, 2004.

A. Bressan. Notes on the Boltzmann equation. Lecture notes for a
summer course, S.1.5.5.A. Trieste, 2005.

F. A. Buot. On the relaxation rate spectrum of phonons. J. Phys. C:
Solid State Phys., 5(1):5-14, 1972.

Thomas Chen, Christian Hainzl, Natasa Pavlovi¢, and Robert Seiringer.
Unconditional uniqueness for the cubic Gross-Pitaevskii hierarchy via
quantum de Finetti. Comm. Pure Appl. Math., 68(10):1845-1884, 2015.

Gheorghe Craciun and Minh-Binh Tran. A toric dynamical system
approach to the relaxation to equilibrium of quantum Boltzmann equa-
tions for bose gases. arXiv:1608.05438v2.

U. Eckern. Relaxation processes in a condensed bose gas. J. Low Temp.
Phys., 54:333-359, 1984.

Laszlé Erd6s, Benjamin Schlein, and Horng-Tzer Yau. Derivation of
the Gross-Pitaevskii equation for the dynamics of Bose-Einstein con-
densate. Ann. of Math. (2), 172(1):291-370, 2010.

45



[20]

[21]

[22]

M. Escobedo, S. Mischler, and J. J. L. Veldzquez. Singular solutions
for the Uehling-Uhlenbeck equation. Proceedings of the Royal Society
of Edinburgh, 138(A):67-107, 2008.

M. Escobedo and J. J. L. Veldzquez. Finite time blow-up and condensa-
tion for the bosonic Nordheim equation. Invent. Math., 200(3):761-847,
2015.

Miguel Escobedo, Federica Pezzotti, and Manuel Valle. Analytical ap-
proach to relaxation dynamics of condensed Bose gases. Ann. Physics,
326(4):808-827, 2011.

Miguel Escobedo and Minh-Binh Tran. Convergence to equilibrium
of a linearized quantum Boltzmann equation for bosons at very low
temperature. Kinetic and Related Models, 8(3):493—531, 2015.

I. M. Gamba, V. Panferov, and C. Villani. On the Boltzmann equation
for diffusively excited granular media. Comm. Math. Phys., 246(3):503—
541, 2004.

I. M. Gamba, V. Panferov, and C. Villani. Upper Maxwellian bounds for
the spatially homogeneous Boltzmann equation. Arch. Ration. Mech.
Anal., 194(1):253-282, 2009.

C. Gardiner and P. Zoller. Quantum kinetic theory. A quantum ki-
netic master equation for condensation of a weakly interacting Bose
gas without a trapping potential. Phys. Rev. A, 55:2902, 1997.

C. Gardiner and P. Zoller. Cold Atoms: Volume 2 The Quantum World
of Ultra-Cold Atoms and Light Book I: Foundations of Quantum Optics.
Imperial College Press, 2014.

C. Gardiner, P. Zoller, R. J. Ballagh, and M. J. Davis. Kinetics of
Bose-Einstein condensation in a trap. Phys. Rev. Lett., 79:1793, 1997.

M. Imamovic-Tomasovic and A. Griffin. Quasiparticle kinetic equa-
tion in a trapped bose gas at low temperatures. J. Low Temp. Phys.,
122:617-655, 2001.

D. Jaksch, C. Gardiner, and P. Zoller. Quantum kinetic theory. II.
Simulation of the quantum Boltzmann master equation. Phys. Rev. A,
56:575, 1997.

46



[31]

[32]

[33]

T. R. Kirkpatrick and J. R. Dorfman. Transport theory for a weakly
interacting condensed Bose gas. Phys. Rev. A (3), 28(4):2576-2579,
1983.

T. R. Kirkpatrick and J. R. Dorfman. Transport in a dilute but con-
densed nonideal bose gas: Kinetic equations. J. Low Temp. Phys.,
58:301-331, 1985.

Elliott H Lieb and Robert Seiringer. Proof of Bose-Einstein conden-
sation for dilute trapped gases. Physical review letters, 88(17):170409,
2002.

R. H. Martin. Nonlinear operators and differential equations in Banach
spaces. Pure and Applied Mathematics. Wiley-Interscience, 1976.

Stéphane Mischler and Bernt Wennberg. On the spatially homoge-
neous Boltzmann equation. Ann. Inst. H. Poincaré Anal. Non Linéaire,
16(4):467-501, 1999.

Toan Nguyen and Minh-Binh Tran. Uniform in time lower bound for
solutions to a quantum Boltzmann equation of bosons at low tempera-
tures. submitted.

R. Peierls. Zur kinetischen theorie der warmeleitung in kristallen. An-
nalen der Physik, 395(8):1055-1101, 1929.

R. E. Peierls. Quantum theory of solids. In Theoretical physics in
the twentieth century (Pauli memorial volume), pages 140-160. Inter-
science, New York, 1960.

N. Proukakis, S. Gardiner, M. Davis, and M. Szymanska. Cold Atoms:
Volume 1 Quantum Gases Finite Temperature and Non-Equilibrium
Dynamics. Imperial College Press, 2013.

L. E. Reichl. A modern course in statistical physics. A Wiley-
Interscience Publication. John Wiley & Sons, Inc., New York, fourth
edition, 2016.

Linda E. Reichl and Minh-Binh Tran. On the Peletmiskii-Yatsenko
method and derivations of quantum kinetic equations. In Preparation.

H. Spohn. Kinetics of the bose-einstein condensation. Physica D,
239:627-634, 2010.

47



[43]

[44]

[45]

[46]

[47]

[48]

Herbert Spohn. The phonon Boltzmann equation, properties and link
to weakly anharmonic lattice dynamics. J. Stat. Phys., 124(2-4):1041—
1104, 2006.

H. Stoof. Coherent versus incoherent dynamics during bose-einstein
condensation in atomic gases. J. Low Temp. Phys., 114:11-108, 1999.

M. Taskovic, R. Alonso, I. M. Gamba, and N. Pavlovic. On Mittag-
Leffler moments for the Boltzmann equation for hard potentials without
cutoff. Submitted.

Uhlenbeck G.E. Uehling, E.A. Transport phenomena in einstein-bose
and fermi-dirac gases. Phys. Rewv., 43:552-561, 1933.

S. M’etens Y. Pomeau, M.A. Brachet and S. Rica. Théorie cinétique
d’un gaz de bose dilué avec condensat. C. R. Acad. Sci. Paris S’er. IIb
M’ec. Phys. Astr., 327:791-798, 1999.

Nikuni T. Griffin A. Zaremba, E. Dynamics of trapped bose gases at
finite temperatures. J. Low Temp. Phys., 116:277-345, 1999.

48



